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ABOUT THIS BOOK

The following three themes have been fully integrated throughout the Pearson Edexcel International
Advanced Level in Mathematics series, so they can be applied alongside your learning.

1. Mathematical argument, language and proof
» Rigorous and consistent approach throughout
* Notation boxes explain key mathematical language and symbols

2. Mathematical problem-solving The Mathematical Problem-Solving Cycle

» Hundreds of problem-solving questions, fully integrated specify the problem

into the main exercises
* Problem-solving boxes provide tips and strategies interpret results

collect information
» C(Challenge questions provide extra stretch

process and
3. Transferable skills represent information

» Transferable skills are embedded throughout this book, in the exercises and in some examples
» These skills are signposted to show students which skills they are using and developing

Finding your way around the book

1 ALGEBRAIC
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Each chapter starts with a
list of Learning objectives

The Prior knowledge check
helps make sure you are
ready to start the chapter

= ; The real world applications of
= b, it ] the maths you are about to learn
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Glossary terms will be
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Step-by-step worked
examples focus on the
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ALGEBRAIG METRODS CHAPTER 1
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key types of questions
you'll need to tackle

Transferable skills are
signposted where
they naturally occur
in the exercises and
examples

Exercise questions
are carefully graded
so they increase in
difficulty and gradually
bring you up to exam
standard

Exam-style questions
are flagged with (§)

Problem-solving
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Exercises are packed
with exam-style
questions to ensure you
are ready for the exams

Each chapter ends with a Chapter review
and a Summary of key points

After every few chapters, a Review exercise
helps you consolidate your learning with
lots of exam-style questions

Each section begins
with explanation and
key learning points
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Problem-solving boxes provide hints,
tips and strategies, and Watch out
boxes highlight areas where students
often lose marks in their exams

174 EXAM PRACTICE

Exam practice
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Time: 1 hour 30 minutes
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viii QUALIFICATION AND ASSESSMENT OVERVIEW

QUALIFICATION AND
ASSESSMENT OVERVIEW

Qualification and content overview

Pure Mathematics 3 (P3) is a compulsory unit in the following qualifications:
International Advanced Level in Mathematics

International Advanced Level in Pure Mathematics

Assessment overview

The following table gives an overview of the assessment for this unit.

We recommend that you study this information closely to help ensure that you are fully prepared for
this course and know exactly what to expect in the assessment.

‘ Percentage ‘ Mark | Time ‘ Availability
P3: Pure Mathematics 3 16% 9% of 1AL 75 1 hour 30 min January, June and October
Paper code WMA13/01 First assessment June 2020

IAL: International Advanced A Level.

Assessment objectives and weightings Minimum

weighting in
IAS and IAL

Recall, select and use their knowledge of mathematical facts, concepts and techniques in a

el variety of contexts.

30%

Construct rigorous mathematical arguments and proofs through use of precise statements,
logical deduction and inference and by the manipulation of mathematical expressions,
including the construction of extended arguments for handling substantial problems
presented in unstructured form.

AO2 30%

Recall, select and use their knowledge of standard mathematical models to represent
situations in the real world; recognise and understand given representations involving
standard models; present and interpret results from such models in terms of the original
situation, including discussion of the assumptions made and refinement of such models.

AO3 10%

Comprehend translations of common realistic contexts into mathematics; use the results of
AO4 | calculations to make predictions, or comment on the context; and, where appropriate, read 5%
critically and comprehend longer mathematical arguments or examples of applications.

Use contemporary calculator technology and other permitted resources (such as formulae
AO5 | booklets or statistical tables) accurately and efficiently; understand when not to use such 5%
technology, and its limitations. Give answers to appropriate accuracy.
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Relationship of assessment objectives to units

Assessment objective
P3 AO1 AO2 AO3 AO4 AO5
Marks out of 75 25-30 25-30 5-10 5-10 5-10
% 331-40 331-40 65-131 65-131 65-13+

Calculators

Students may use a calculator in assessments for these qualifications. Centres are responsible for
making sure that calculators used by their students meet the requirements given in the table below.
Students are expected to have available a calculator with at least the following keys: +, —, x, +, 7, X2,
: %, X, In x, e, x!, sine, cosine and tangent and their inverses in degrees and decimals of a degree,
and in radians; memory.

VX

Prohibitions

Calculators with any of the following facilities are prohibited in all examinations:
+ databanks

« retrieval of text or formulae

* built-in symbolic algebra manipulations

« symbolic differentiation and/or integration

+ language translators

» communication with other machines or the internet



x EXTRA ONLINE CONTENT

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides a full worked solution for questions in the book.
Download all the solutions as a PDF or quickly find the solution you need online.

Use of technology O "D

% g i : . 333
Explore topics in more detail, visualise @ Find the point of intersection 5
problems and consolidate your understanding. graphically using technology.

Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

GeaGebra CASIO.

GeoGebra-powered interactives Graphic calculator interactives
L imes B [EXE]:Show coordinates
/" E Vi=xZog=8 | | 1y [ | | | 17
i I INTSECT
Interact with the mathematics you are Explore the mathematics you are learning and
learning using GeoGebra's easy-to-use tools gain confidence in using a graphic calculator

Calculator tutorials

Our helpful video tutorials will
guide you through how to use : to access the function press:
your calculator in the exams.

They cover both Casio's scientific gV & @ @ e

and colour graphic calculators.

P Pearson

Finding the value of the first derivative

@ Work out each coefficient quickly using % Step-by-step guide with audio instructions

the "C, and power functions on your calculator. on exactly which buttons to press and what
should appear on your calculator's screen




1 ALGEBRAIC
METHODS 7, .

1.2

)

Learning objectives

After completing this chapter you should be able to:
Multiply algebraic fractions - pages 2-5
Divide algebraic fractions - pages 2-5
Add and subtract algebraic fractions - pages 2-5

Convert an improper fraction into ’
partial fraction form - pages 5-8

Prior knowledge check
1 Simplify:
@ ¥8ix? x 52 . « Pure 1 Section 1.1

The earliest evidence of written
mathematics dates from 3000 BCE
with the ancient Sumerians, but
the equals sign (=) had to wait

2 Factorise each polynomial:
a x2—-6x+5 b x-16x ¢ 9x2-25
« Pure 1 Section 1.3

3 Simplify fully the following algebraic fractions.

another 4500 years. It was invented
by the Welsh mathematician Robert
Recorde. In his book The Whetstone
of Witte he explained that he wanted
to avoid ‘tedious repetition’.

¥y et g
B 6x2—Tx -3
3(2 — =l

e < Pure 2 Section 1.1
-x°+3x+18




2 CHAPTER1 ALGEBRAIC METHODS

m Arithmetic operations with algebraic fractions

= To multiply fractions, cancel any common factors, then multiply the numerators
and multiply the denominators.

Example o | skiLLs JEVETRVITE

Simplify the following products:
x+1 3

a 3 X 2 b L e c X
5°9 b a 2 x2-1
2 ” 5 Cancel any common factors and multiply
y 2 2s Ix3 3 numerators and denominators.

b 8 & hwl B L Cancel any common factors and multiply
numerators and denominators.

c\‘+1x 3 :x+1x 3
2 x2 -1 2 (x + T(x—1) —‘
1 Factorise (x° —1).
— M x 3
2 ST (x = 1)
3 L Cancel any common factors and multiply
= 20— 1) numerators and denominators.

= To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.

Example o i) Prosiem-soLving

Simplify:
a _a x+2 3x+6
A7 m b +
b ¢ x+4 x2-16
T N Multiply the first fraction by the reciprocal of the
bl i a i second fraction. Cancel the common factor a.
s < :
B | Multiply numerators and denominators.

Xt 2, 0%+ 6

x+4 7 x2-16
_x+2_ x2-16 Multiply the first fraction by the reciprocal of the
BTN T second fraction.

_x¥2 (x + 4)x — 4)
Tx+4 3(x+ 2) L Factorise as much as possible.
_x4? A - 4
o v _/le e
S(x+2) L Cancel any common factors and multiply
B numerators and denominators.

S




ALGEBRAIC METHODS CHAPTER 1 3

Exercise @ m PROBLEM-SOLVING

x?—64 64— x?
1 Show that 53—+ 5 — 2= -1 (4 marks)
2x2-11x-40 x2+8x+16 _ 8x?+20x—-48 « .
2 Show that ST A 30, NEs_95eds 1025 ds b and find the values
of the constants ¢ and b, where a and b are integers. (4 marks)
N x?+2x-24 %=y
3 Simplify fully 722+ 10x < %2 13%_ 13 (3 marks)

2x2-3x-2 x—2
4 ) == * 31 14x 04

x2+13x+6

2
a Show that f(x) =
< m Differentiate each term
b Hence differentiate f(x) and find f'(4). (3 marks) separately. < Pure 1 Section 8.5

(4 marks)

= To add or subtract two fractions, find a common denominator.

Simplify the following:

5 el g | g3
3 4 2x 3x x+3 x+1 x+1 x2-1
1,43
: e
o Ve
b d
"zt
'E'—' The lowest common multiple of 3 and 4 is 12
=i
b 2‘: + % The lowest common multiple of 2x and 3x is 6x
_3a_ 2b . T
e - Multiply thezﬁrst fraction by 5 and the second
fraction by £
_3a+2b

Gx
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2 L The lowest common multiple is (x + 3)(x + 1), so

c e
X+3 x+1 ’— change both fractions so that the denominators

__2x+1) x+3) are (x +3)(x+ 1)
T+ 3)(x+1) x+3)(x+1)
_ 2t )= gk 3] Subtract the numerators.
ST e B8 )
2x+2-1x-3 Expand the brackets.

x+3)x+1)

x—] Simplify the numerator.

(x + 3)(x + 1)

3 4x
ST
o BN 4x
T e =1) Factorise x2 — 1 to (x + 1)(x — 1)
__3x=1 4x
T+ -1 x+NDx-1) The LCMof (x+ 1) and (x + 1)(x = 1) is (x + 1)(x = 1)
_3(x-1)-4x
Tx+ Dx -1
. X =3 « Simplify the numerator: 3x — 3 — 4x = —x - 3
T+ Dx -1

Exercise @ m INTERPRETATION

1 Write as a single fraction:

11 32 11 P R N | a_3
3 4 4 5 P4 4x  8x x? x 56 2b
2 Write as a single fraction:
3. 2 b 2 3 c 4 N 2
x x+1 x—-1 x+2 2x+1 x-1
1 1 3x 1 5 4
¢ 3r+2-5x+3) © rd2 x+4 t o+ 3-D
3 Write as a single fraction:
a 2 0 1 b 7 & 3 c 2 B 3
X2+2x+1 x+1 x2—-4 x+2 X2+6x+9 x2+44x+3
d 2 N 3 o 3 3 1 xXx+2 3 x+1
y2-x* y-x X?+3x+2 x’+4x+4 x?2=x-12 x?+5x+6

6x + 1 4 : E @ g w
® 4 Express 2115 x_3352 single fraction in its simplest form. (4 marks)




ALGEBRAIC METHODS CHAPTER 1 5

5 Express each of the following as a fraction in its simplest form.

a ;_‘_ 2 1 i_ 2 7 1 g 3 " 2 P 4
x x+1 x+2 3x x-2 2x+1 x=1 x+1 x-3
6 E b i A ingle fraction in its simplest f 4 mark
® Xpress 36x2 - 1 +6x— I as a single fraction 1n 1ts simplest form. (4 marks)

6 36 )
T M) =x+ 5+ 5, g ERx=-2x24

x3-2x2-2x+12
(x+2x—-4)

a Show that g(x) = (4 marks)

x?—4x+6

b Using algebraic long division, or otherwise, further show that g(x) = - ~a (4 marks)

@ Improper fractions

= An improper algebraic fraction is one whose numerator has degree greater than or equal to
the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

2 , =3 5
2k i and —~ +_}5”X 2 are both improper fractions.
x=-2 xP—4x?+7Tx -3
The degree of the The degrees of the numerator
numerator is greater and denominator are equal.

than the degree of the

denominator. m The degree of a polynomial

is the largest exponent in the expression.

; 5 : : For example, x* + 5x — 9 has degree 3.
= To convert an improper fraction into a mixed fraction,

you can use either:
+ algebraic long division m The divisor and

+ the relationship F(x) = Q(x) x divisor + remainder the remf‘:under cartibe Gubee
or functions of x.

Method 1
Use algebraic long division to show that: 00
l X
F(x) x2+5x+8 _ 22
0 =A+?+x— o e remainder

divisor ] l
Method 2
Multiply by (x — 2) and compare coefficients to show that:

1 Q(x)
F(x) X2+5x+8=x+Tx—-2)+22 remainder

divisor I
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=N
Given that m
x-3

=Ax?+Bx+ C+ 5
x-3

Using algebraic long division:

X2 +4x + 12
¥—3 e NP Ox— T
X0 =8N
4x2 + Ox
4x% —12x
lox =
12x - 36
29
So o ol =x+4x+12
x-3
with a remainder of 29.
l—ﬁ—ix: fda_ z =x2+4x+12 + T-3

SoAd="1,8B=4, C=12 and D)= 22

ET G o ANALYSIS

find the values of 4, B, Cand D.

Problem-solving

Solving this problem using algebraic
long division will give you an answer
in the form asked for in the question.

The divisor is (x — 3) so you need to write the

remainder as a fraction with denominator (x — 3).
29

It's always a good idea to list the value of each
unknown asked for in the question.

Given that x3 + x2 = 7= (4Ax? + Bx + C)x — 3) + D, find the values of 4, B, C and D.

Let x =3:
27 +9-7=9A+3B+C)x 0+ D
=29
Let x. =0):
O+0-7=Ax0+Bx0+C()
x(0-3)+D
-7=-3C+D
-7=-3C+29
3C=36
Ei=il 2

Compare the coefficients of x3 and x?
1=4
1=-34+ B

Compare coefficients in x3:

Compare coefficients in x2:

1=-3+8

Therefore A=1,B=4,C=12and D = 29

and we can write

X34+ x2-7=x2+4x+12)x - 3)+ 29

This can also be written as:

x3+x%2-7
x—3

2

E,\"‘+4x+12+_\__3

Problem-solving

The identity is given in the form
F(x) = Q(x) x divisor + remainder,
so solve by equating coefficients.

Set x = 3 to find the value of D.

Set x = 0 and use your value of D to find the
value of C.

You can find the remaining values by equating
coefficients of x* and x2

Remember there are two x? terms when you
expand the brackets on the RHS:

x? terms: LHS = x?, RHS = A4x?

x2terms: LHS = x% RHS = (=34 + B)x?
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x*+x3+x-10

f(x) =

x2+2x-3
. Dx+ E .
Show that f(x) can be written as Ax2+ Bx + C + 2 i0%_3 and find the values of 4, B, C, D and E.
Using algebraic long division: When you are dividing by a quadratic

expression, the remainder can be a constant or a
linear expression. The degree of (-12x + 5) is less
than that of (x2 + 2x — 3) so stop your division here.
The remainder is =12x + 5.

x>- x+ 5
x4 2x—3lx*+ @+ 0x%+ x-10
xt + 2x3 - 3x2
-x>+3x+ X
—-x3 - 2x% + 3x

5x2 - 2x-10
5x% + 10x — 15
-12x+ 5
¥ +x3+x-10 . —-12x+ 5 Write the remainder as a fraction over the whole
X2+ 2x -3 = xZ2+2x -3 divisor.

S0A=18B=-1,C=5D==12and E=5

Exercise @ m ANALYSIS

.3 52 =
® 1° i S Y DR
x+1 x+1
Find the values of the constants 4, B, C and D. (4 marks)
.3 2 A
® 2 Given that ek 3:+ 34A w =ax?+bx+c+ . i 3 find the values of a, b, ¢ and d. (4 marks)

® 3 f(x):”:_’f

Show that f(x) can be written in the form px? + gx + r and find the values of
p.gandr. (4 marks)

2x2+4x+5=m+"v\’+ﬂ
x2-1 - 2]

Given that find the values of m, n and p. (4 marks)

O,

® 5 Find the values of the constants 4, B, C and D in the following identity:

8x3 4+ 2%2+ SEUx+ B)2x2+ D+ Cx+ D (4 marks)
4x3 - 5x2+3x-14 _ Cx+D
® g x2+2x-1 =AX+B+x2+2x—l

Find the values of the constants 4, B, C and D. (4 marks)
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x4 +3x2-4 : : g 5 o e SX + ¢
@ 7 g(x)= 2.1 Show that g(x) can be written in the form px? + gx + r + 211
and find the values of p, ¢, r, s and 1. (4 marks)
4 3 9w _ ;
® 8 Given that 2 Sl o P e s e =ax’+bx+c+ jdli find the values
x2+x-2 xX2+x-2
of a, b, ¢, dand e. (5 marks)
@ 9 Find the values of the constants 4, B, C, D and E in the following identity:
3x4—4x3-8x2+ 16x-2=(Ax*+ Bx+ C)(x2-3)+ Dx+ E (5 marks)
(E/P) 10 a Fully factorise the expression x* — 1 (2 marks)
b Hence, or otherwise, write the algebraic fraction '\_ _:1 in the form
(ax + b)(ex? + dx + ¢) and find the values of a, b, ¢, d and e. (4 marks)
Chapter review o
1 Simplify these fractions as far as possible:
" 3x*=21x b x2—-2x-24 " 2x2+7x -4
3x xX2=-Tx+6 2x2+9x+4
2 Divide 3x° + 12x* + Sx + 20 by (x + 4)
Ce 2X343x 45
3 Simplify R
4 Simplify:
a x—4x2x+8 bxz—3x—1(}x 6x% + 24 5 dc+12%+9 = 4x*-0
6 x2-16 3x2 =21 x2+6x+8 x2+6x  2x2+9x-18
. . 4x?—-8x xT4+6x+5
5 a Simplify fully 234" 93ha 0% (3 marks)
b Given that In[4x2 - 8x)(x2 + 6x + 5)] = 6 + In[(x2 — 3x — 4)(2x2 + 10x)]
find x in terms of e. (4 marks)

6 (r)_4x3—9x2—9x; x2-3x
EIL=" 505208 " o175

a Show that g(x) can be written in the form ax? + bx + ¢, where a, b and ¢
are constants to be found. (4 marks)

b Hence differentiate g(x) and find g'(-2). (3 marks)
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6x + 1 S5x+3

® 7 Express w_5 o ax_ 1022 single fraction in its simplest form. (4 marks)
3 12 )
@ 8 flx)=x+—— -x2+2x_3,,\e[@.,x>1
X2+ 3x+3
Show that f(x) = e (4 marks)
9 Find the values of the constants 4, B, C and D in the following identity:
=62+ 1lx+2=(x-2)(Ax>+ Bx+ C)+ D (5 marks)
3 2 P
® 10 Show that dx —ow & oxr can be put in the form Ax*> + Bx + C+ +—
2x+1 2x+ 1
Find the values of the constants 4, B, C and D. (5 marks)
-4
(® 11 Show that *2 _ Ax?+Bx+C+
x2- x2-1
where A, B, C and D are constants to be found. (5 marks)

Challenge

1 Given that67§Ax+ B+

CREATIVITY

X2—T7x2+3 @ i

+
B =) 3x-5 x+2

find the values of the constants 4, B, C and D.

2 Prove that if f(x) = ax® + bx? + ex + d and f(p) = 0, then (x — p) is a factor of f(x).

3 Given that f(x) = 2x3 + 9x2 + 10x + 3:
a show that =3 is a root of f(x)

b express%as partial fractions.

Summary of key points

1

To multiply fractions, cancel any common factors, then multiply the numerators
and multiply the denominators.

To divide two fractions, multiply the first fraction by the reciprocal of the second fraction.
To add or subtract two fractions, find a common denominator.

An improper algebraic fraction is one whose numerator has degree greater than or equal to
the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

To convert an improper fraction into a mixed fraction, you can use either:
+ algebraic long division
+ the relationship F(x) = Q(x) x divisor + remainder
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¢ Learning ohjectwes

[o) After completing this chapter you should be able to:

e Understand and use the modulus function - pages 11-15
® Understand mappings and functions,
and use domain and range - pages 15-20
Combine two or more functions to make
a composite function - pages 20-23
Know how to find the inverse of a function
vy graphically and algebraically -> pages 24-27
Sketch the graphs of the modulus functions
y=|f(x)| and y = f(|x|)
Apply a combination of two (or more)

transformations to the same curve

- pages 28-32

- pages 32-35
Transform the modulus function

S s

Prior knowledge check

- pages 35-40

1 Make y the subject of each of the following:
2y + 8x

3]
« International GCSE Mathematics

absbx=9-1y
€ 5x—-8y=4+9xy

b p=

@ 2 Write each expression in its simplest form.
- 1

a (5x—32—4 -
- B—5) 4

“ X+ 4 5
A _{+2+

+4
X+2

« International GCSE Mathematics

3 Sketch each of the following graphs. Label any points
where the graph cuts the x- or y-axis.

a y=x(x+4)(x-5 b y=sinx, 0° < x <360°
« Pure 2 Section 6.1
4 f(x) = x2—3x.Find the values of:
a f(7) b f(3) c f(=3)

A 4
@\

N

« Pure 1 Section 2.3 |

-
r

Code breakers at Bletchley Park
in the UK used inverse functions
to decode enemy messages
during World War Il. When the
enemy encoded a message

they used a function. The code
breakers’ challenge was to find
the inverse function that would
decode the message.
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m The modulus function

The modulus of a number g, written as |a|, is its non-negative numerical value.

So, for example, |5 = 5 and also |-5| = 5. m
The modulus

® A modulus function is, in general, a function of the function is also known as the
type y = |f(x)| absolute value function. On a
+ When f(x) = 0, |f(x)| = f(x) calculator, the button is often
. When f(x) <0, [f(x)] = —F(x) labelled ‘Abs’.
ETHE o
Write down the values of:
1 4
a |-2] b [6.5] ¢ 1373
a |-2]=2 The positive numerical value of -2 is 2.
Bleal=es L 6.5is a positive number.
S Ry PR
8l 18 185 S 1816 L Work out the value inside the modulus.
e e
flx)=2x-3|+ 1
Write down the values of:
a f(5) b f(-2) ¢ f(1)
a f(5)=|2x5-3]| +1 m The modulus function acts like a
= |7]| #1=7 4128 pair of brackets. Work out the value inside the

modulus function first.
b f(-2)=|2(-2)- 3| +1
=|-7|+1=7+1=8

N
e f=[2x1-3]+1 @ Use your calculator to work out
= |

values of modulus functions.

—1|+1=1+1=2

® To sketch the graph of y = |ax + b|, sketch YA y=x p=ix| 74
» = ax + b then reflect the section of the \
graph below the x-axis in the x-axis. “‘-‘_:e‘tﬁsd
|
> x-axis
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Example o INTERPRETATION Ny
- m @ Explore graphs of f(x) and '

Sketch the graph of y = [3x — 2| [f(x)] using technology.

L y=3x-2
Step 1

Sketch the graph of y =3x -2
(Ignore the modulus for the moment.)

-2
/ Step 2

VA For the part of the line below the x-axis
y=|3x-2] (the negative values of y), reflect in the x-axis.
For example, this will change the y-value -2
5 into the y-value 2.

You could check your answer using a table of

2 '."_% i values:
& — | 0 1 2
y=[3x-2| 5 2 1 4
Example o m INTERPRETATION
Solve the equation [2x — 1| =5
A Start by sketching the graphs of y = [2x — 1| and
\BJ A/ y=5 il y g grap y
T\ /1 '
y=|2x-1| ) .
The graphs intersect at two points, 4 and B,
oF % so there will be two solutions to the equation.
3 ~_ Ais the point of intersection on the original part
4 of the graph.
At A: 2x-1=5
2x=6 ___ Bisthe point of intersection on the reflected
x=3 part of the graph.

At B: -(2x - 1) =
S m The function inside the modulus

—-2x + 1‘ i S is called the argument of the modulus. You
2x = -4 can solve modulus equations algebraically by
x=-2 considering the positive argument and the

The solutions are x = 3 and x = -2 negative argument separately.
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Solve the equation [3x - 5| =2 - %x

Va
\ y=|3x-5|

CHAPTER 2

N
@ Explore intersections of

straight lines and modulus graphs
using technology.

Start bylsketching the graphs of y = [3x — 5| and

e

y=2—zx

- The sketch shows there are two solutions, at 4

and B, the points of intersection.

This is the solution on the original part of the

}—2—51\
AtA:3\P5=2-%x
g,\‘=7
=t

AL B (Bx —5l= 2~ %x
—3x+5=2v—%x

x=-3

r |

t When f(x) <0, [f(x)] = —F(x), s0 ~Bx = 5) = 2 -+

oo

X =

The solutions are x = 2 and x = g

Solve the inequality [5x — 1] > 3x

Vi
y=|5x-1| y=3x

graph.

=
2
gives you the second solution.

L This is the solution on the reflected part of the

graph.

“y

0

At 4: 5x - 1= 3x
2x =1
1

X =

2

At B: —(5x - 1} = 3x
-5x+1=3x

First draw a sketch of y = |5x — 1| and y = 3x

Solve the equation [5x — 1| = 3x to find the
x-coordinates of the points of intersection, A4 and B.

| Thisis the intersection on the original part of the

graph.

Consider the negative argument to find the point

Gx=il
-
e

of intersection on the reflected part of the graph.
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Problem-solving

The points of intersection are
Look at the sketch to work out which values of

1 1
res and x = 3 x satisfy the ineqluality.y1= [5x — 1] is above
So the solution to |5x - 1] >3xis y=3xwhen x> Sorx<e You could write the
X <é or x> % solution in set notation as {x:x > %} U {x:x < é}
m INTERPRETATION
Write down the values of:
3
sl blo2s e o ‘——— e 0-6x4  f M2x2-3x7l

2 f(x) =17 - 5x| + 3. Write down the values of:
a f(1) b f(10) ¢ f(-6)

3 g(x)=|x? - 8x|. Write down the values of:
a g4) b g(-5) c g@®)

4 Sketch the graph of each of the following. In each case, write down the coordinates of any
points at which the graph meets the coordinate axes.

ay=Ix-1| b y=[2x+3| c y=lx-7 dyzéx—S‘
=7 - xl| f y=16-4xl
e m v =—|x| is a reflection of y = |x|
g y=—|x h y=-13x-1l in the x-axis. « Pure 1 Section 4.5
5 gx)= ‘4 = %x and h(x) =5
a On the same axes, sketch the graphs of y = g(x) and y = h(x).
b Hence solve the equation |4 — —x‘ 5
6 Solve:
al3x-11=5 b x;5=1 ¢ l4x+3l=-
4 - 5x X
d [7x-3= =2 f |6 1|_
7 a On the same diagram, sketch the graphs y = -2x and y = %x = 2‘
b Solve the equation —2x = %x = 2‘
@ 8 Solve|3x-5|=11-x (4 marks)

9 a On the same set of axes, sketch y =16 — x| and y = %x 5

’ : : 1
b State with a reason whether there are any solutions to the equation |6 — x| = 5% = 5
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® 10 A student attempts to solve the equation |3x + 4] = x. The student writes the following working:

Ax+4=x —-Bx+4)=x
4 =-2x or -3x-4=x
X =-=-2 -4 = 4x
==
Solutions are x = =2 and x = —.

Explain the error made by the student.

11 a On the same diagram, sketch the graphs of y = —|3x + 4l and y =2x -9
b Solve the inequality —[3x + 4/ <2x -9

® 12 Solve the inequality [2x + 91 < 14 — x (4 marks)
13 The equation |6 — x| = %x + k has exactly one solution. Problem-solving
a Find the value of k. (2 marks) The solution must be at the vertex of
b State the solution to the equation. (2 marks) i Septoric medil e o

Challenge

f(x) =Ix?+9x+8land g(x) =1 - x
INTERPRETATION 3 On the same axes, sketch graphs of y = f(x) and y = g(x)
b Use your sketch to find all the solutions to |x? + 9x + 8l =1 — x

@ Functions and mappings

A mapping transforms one set of numbers into a different set of numbers. The mapping can be
described in words or through an algebraic equation. It can also be represented by a graph.

® A mapping is a function if every input has a distinct output. Functions can either be one-to-one
or many-to-one.

| - =
| N

one-to-one function many-to-one function not a function

Many mappings can be made into functions by changing the domain. Consider y = vx:

y=v% m The domain is the set of all possible

inputs for a mapping. The range is the set of all
possible outputs for the mapping.

V4

=¥
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If the domain were all of the real numbers, R, then y = x would not be a function because values of
x less than 0 would not be mapped anywhere.

However, if we restrict the domain to x = 0, then every element in the domain is mapped to exactly
one element in the range.

We can write this function together with its m LA i e

domainas f(x) =vVx,xeR, x = 0. fxmVxxeR x>0

Example o m ANALYSIS

For each of the following mappings:
i state whether the mapping is one-to-one, many-to-one or one-to-many

ii state whether or not the mapping is a function.

a b i
y=xt-1

=Y

:
\
AN

a i Every element in set A gets mapped to

two elements in set B, so the mapping i You couldn’t write down a single value for f(9).
is one-to-many.

Al R Rl For a mapping to be a function, every input in the

b i Every value of x gets mapped to one domain must map onto exactly one output.
value of y, so the mapping is one-to-one.

i The mapping is a function.

¢ i The mapping is one-to-one. The mapping in part ¢ could be a function if
i x =0 does not get mapped to a value ———— x = 0 were omitted from the domain. You could
of y so the mapping is not a function. write this as a function as f(x) = % xeR, x=0.
d i On the graph, you can see that x and —x
both get mapped to the same value of y.
Therefore, this is a many-to-one mapping. m Normally the domain is all the reals
i The mapping is a function. (x € R), unless otherwise stated.

Find the range of each of the following functions:
a f(x)=3x-2,domain {x=1, 2, 3, 4} b g(x)=x2, domain {x€R,-5<x<35}
€ (x)= %, domain {xeR, 0 < x = 3}

State whether the functions are one-to-one or many-to-one.
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a f(x) =3x—2,{x= 12,3, 4]

—
—

Y

S O R\
N

10

Range of f(x) is {1, 4, 7, 10}.
f(x) is one-to-one.

The domain contains a finite (non-infinite)
number of elements, so you can draw a mapping
diagram showing the whole function.

The domain is the set of all the x-values that
correspond to points on the graph. The range is

b g(x)=x2{-5 < x=< 5}

=y

=5 o 5

Range of g(x) is O = g(x) = 25
g(x) is many-to-one.

¢ h(x) = 1T xeR, 0 < x <= 3}

y=h(x)

the set of y-values that correspond to points on
the graph.

Calculate h(3) = % to find the minimum value in
1

X

0 3

Range of h(x) is h(x) =
h(x) is one-to-one.

The function f(x) is defined by

- 5-2x,x<1
HReER x2+3,x=1

w|—

a Sketch y = f(x), and state the range of f(x).

b Solve f(x) = 19.

the range of h. As x approaches 0, - approaches

oo, 50 there is no maximum value in the range of h.

m This is an example of a piecewise-

defined function, that is, a function defined by
more than one equation. Here one part is linear
(for x < 1) and one quadratic (for x = 1).

A
@ Explore graphs of functions se

on a given domain using technology.
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a V4 m Although the graph jumps at x = 1,

the function is still defined for all real values of x:
f(09) =5-2(09) =3.2
f=(1)2+3=4

y=f(x)

5
41\ — Sketch the graph of y =5 — 2x for x < 1, and the
Byl graphof y = x2+ 3 forx =1

f(1) lies on the quadratic curve, so use a solid dot
on the quadratic curve, and an open dot on the

X

1

]

line.
The range is the set of values that y takes
and therefore f(x) > 3 L Note that f(x) #3at x =1
b VA S0 iod=3
y=5-2x | y=x+3 not  f(x)=3

There are two values of x such that f(x) = 19

Problem-solving

“y

0
The positive solution is where Use x2 + 3 = 19 to find the solution in the range
¥2 4+ 3 =19 x = 1and use 5 - 2x =19 to find the solution in
P therangex <1
X =+4
=l L Ignore x = —4 because the function is only equal
The negative solution is where tox?+3forx=1
5= ="19
-2x =14
x=-7

The solutions are x = 4 and x = =7

Exercise @ m INTERPRETATION

1 For each of the following functions:
i draw the mapping diagram
ii state if the function is one-to-one or many-to-one
iii find the range of the function.
a f(x)=5x -3, domain {x =3, 4,5, 6}
b g(x)=x?-3,domain {x=-3,-2,-1,0,1, 2, 3}
¢ h(x)=

7 .
i domain {x=-1,0, 1}
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2 For each of the following mappings:
i state whether the mapping is one-to-one, many-to-one or one-to-many

ii state whether or not the mapping could represent a function.
a V4 b <‘ c V4

N
N —

d A e Ya f Va

- \
= = o[/

Q
=Y
]

=y
=Y

3 Calculate the value(s) of a, b, ¢ and d given that:
a pla)=16wherep:x—3x-2, xeR b q(b)=17whereq:x— x2-3, xeR
¢ r(¢)=34wherer:x— 229 +2, xeR d s(d)=0wheres: x> x>+ x—-6,xER

4 For each function below:
i represent the function on a mapping diagram, writing down the elements in the range
ii state whether the function is one-to-one or many-to-one.
a f(x)=2x + 1 for the domain {x =1, 2, 3, 4, 5}

b g: x> Vx for the domain {x=1,4,9,16,25,36} (T o) Remember, /¥ means
¢ h(x)=x?for the domain {x =-2,-1,0, 1, 2} the positive square root of x.

d jx H%for the domain {x=1, 2, 3, 4, 5}
e k(x)=e*+ 3 for the domain {x=-2,-1,0, 1, 2}

5 For each function:
i sketch the graph of y = f(x)
ii state the range of f(x)
iii state whether f(x) is one-to-one or many-to-one.
a fx— 3x+ 2 for the domain {x = 0} b f(x)= x?+ 5 for the domain {x = 2}

x+2

¢ fx— 2sinxforthedomain {0=x<180} d fx— for the domain {x = -2}

e f(x)=e¢"for the domain {x = 0} f f(x)=7logux, for the domain {x € R, x > 0}

6 The following mappings f and g are defined on all the real numbers by

) = 4-x, x<4 B 4-x, x<4
B xX2+9, x=4 8(x) = xX2+9, x>4

a Explain why f(x) is a function and g(x) is not. b Sketch y = f(x)
¢ Find the values of: i f(3) ii f(10) d Find the solution of f(a) =90
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® 7 The function s is defined by
2-6, x<0
o { X—=0 X

10-x, x=0

a Sketch y =s(x) Problem-solving

b Find the value(s) of a such that s(a) = 43 The solutions of s(x) = x are the values in the

¢ Solvesy=% domain that get mapped to themselves in the range.

8 The function p is defined by

e, S=x<0
P(x) = x*+4, 0sx=<4

a Sketch y = p(x) (3 marks)
b Find the values of «, to 2 decimal places, such that p(a) = 50 (4 marks)

9 The function h has domain —10 < x =< 6, and is linear from (-10, 14) to (-4, 2)
and from (-4, 2) to (6, 27).

a Sketch y = h(x) (P2 VIO Problem-solving
b Write down the range of h(x) (1 mark) The graph of y = h(x) will consist of two
¢ Find the values of a, such that h(a) = 12 (4 marks) line segments which meet at (~4, 2).

® 10 The function g is defined by g(x) = cx + d where ¢ and d are constants to be found.
Given g(3) = 10 and g(8) = 12, find the values of ¢ and d.

® 11 The function f is defined by f(x) = ax® + bx — 5 where « and b are constants to be found.
Given that f(1) = =4 and f(2) = 9, find the values of the constants ¢ and b.

12 The function h is defined by h(x) = x2 — 6x + 20 and has m First complete the square
domain x = a. Given that h(x) is a one-to-one function, for h(x).

find the smallest possible value of the constant a. (6 marks)

@ Composite functions

Two or more functions can be combined to make a new function. The new function is called a
composite function.

® fg(x) means apply g first, then apply f.
= fg(x) = f(g(x)

g f m The order in which the

functions are combined is important:
fg(x) is not normally the same as gf(x).

fg
S ETTHE @ L {|N3) INTERPRETATION

Given f(x) = x2and g(x) = x + 1, find:
a fg(1) b gf(3) ¢ fi(-2)
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a fg(1)=f(1+1) g)=1+1
=22
=i L-ma:zz
b gf(3) = g(32
@B)—i;) L—ﬂﬂ:?
2 +1
=10 {—-gm=9+1
fi(-2) = f((—2)2
c fi( )2%} ) L T
=16 L-ﬂ@:@

The functions f and g are defined by f(x) = 3x + 2 and g(x) = x*> + 4. Find:
a the function fg(x)
b the function gf(x)

¢ the function f2(x) m F2(x) is ff(x)

d the values of b such that fg(b) = 62.

a fg(x) =f(x2 + 4) g acts on x first, mapping it to x% + 4
=3x2+4)+ 2
=3x2+14

f acts on the result.

b gf(x) = g(3x + 2)
=3x+2)¢2+4
=9x7 +12x+ 8

Simplify answer.

facts on x first, mapping it to 3x + 2

c f2(x) = f(3x + 2) g acts on the result.

r i

=33x+2)+ 2
=9x+8 fmaps xto3x +2
d fg(x) = 3x% + 14 L factson the result.
i fg(b) = 62
then 3b% + 14 = 62 Set up and solve an equation in b.
bh? =16
b =14

The functions f and g are defined by:

f:x - 2x - 8
x+1
2

a Find fg(3). b Solve fg(x) = x.

X
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—f3+1 (3+1
a fq3) = {22) g0 =(234)
= f(2)
=|2x2-8]| f(2) =12 x 2 - 8]
= |-4]
=4
b First find fg(x):
fg(x) = ('Y ; 1] g acts on x first, mapping it to x-g 1
x+1
= ‘2( > ) = 5‘ facts on the result.
=|x-7|
00 = x L— Simplify the answer.
[x-7] =x
Va Y=
\ — Drawasketchof y=|x-7]and y = x
7 y=|x-7| The sketch shows there is only one solution to
" the equation |x — 7| = x and that it occurs on the
0 7 X reflected part of the graph.
When f(x) <0, |f(x)| = —f(x). The solution is on the
—(x-7)=x [ reflected part of the graph so use —(x — 7)
-x+7=x
S o This is the x-coordinate at the point of
- | intersection marked on the graph.

Exercise @ SKILLS PROBLEM-SOLVING

1 Given the functions p(x) =1 — 3x, q(x) = %and r(x) = (x = 2)%, find:

a pq(-8) b qr(5) ¢ rq(6) d p*-5) e pqr(8)
2 Given the functions f(x) =4x + 1, g(x) = x> =4 and h(x) = ,_L find expressions for the functions:
a fg(x) b gf(x) ¢ gh(x) d fh(x) e f2(x)

® 3 The functions f and g are defined by:
f(x)=3x-2,xeR
gx)=x%, xeR
a Find an expression for fg(x). (2 marks)
b Solve fg(x) = gf(x). (4 marks)

® 4 The functions p and q are defined by:

I
p(x)_x_z,AE[R,x:Z

gx)=3x+4,xeR
f': : 2 (3 marks)

b Solve qp(x) = 16. (3 marks)

a Find an expression for qp(x) in the form
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® 5

® 6

7

® 8

9

@

The functions f and g are defined by:
f: x 19 — 4xl
Ix-2
z

X

a Find fg(6).

b Solve fg(x) = x.
1

leenf(x)zx_i_ ],x?&—l
Stk 1
a Prove that f3(x) = =

The functions s and t are defined by
s(x)=2xeR
t(x)=x+3,xeR

a Find an expression for st(x).

b Find an expression for ts(x).

Given f(x) = e>* and g(x) = 4 Inx, find in its simplest form:
a gf(x)
b fg(x)

The functions p and q are defined by
prx—Inx+3),xeR x>-3
Qgxepe-1L,xeR

a Find qp(x) and state its range.

b Find the value of qp(7).

¢ Solve gp(x) =124

The function t is defined by:
t:x—-5-2x
Solve the equation t3(x) — (t(x))> =0

Problem-solving

b Find an expression for f3(x).

23

(2 marks)
(5 marks)

(2 marks)
(2 marks)

@ The range of p will be the set of

possible inputs for g in the function gp.

(3 marks)
(1 mark)
(3 marks)

(5 marks)

You need to work out the intermediate steps for this problem yourself, so plan
your answer before you start. You could start by finding an expression for tt(x).

The function g has domain -5 = x = 14 and is linear from

(-5, -8) to (0, 12) and from (0, 12) to (14, 5).

A sketch of the graph of y = g(x) is shown in the diagram.

a Write down the range of g. (1 mark)
b Find gg(0). (2 marks)
The function h is defined by h: x — 263

10 — x
¢ Find gh(7). (2 marks)

V4
12

h

w

=Y

14




24 CHAPTER 2 FUNCTIONS AND GRAPHS

m Inverse functions

The inverse of a function performs the opposite operation VA

y=fx)
to the original function. It takes the elements in the range 61 Sy=x
of the original function and maps them back into elements 2

of the domain of the original function. For this reason,
inverse functions exist only for one-to-one functions.

2 P
® Functions f(x) and f-1(x) are inverses of each other. )/ /
ff-1(x) = f-1f(x) = x - -

® The graphs of y = f(x) and y = f-1(x) are
reflections of each other in the line y = x

® The domain of f(x) is the range of f-1(x)
® The range of f(x) is the domain of f-1(x)

Find the inverse of the function h(x)=2x2 -7, x =0

The inverse of
f(x) is written
as f1(x).

square X —7

An inverse function
—— can often be found
using a flow diagram.

square root =7 +7

Range of h(x) is h(x) = =7, so0 domain of h™'(x) is x = =7
4 e L The range of h(x) is
Therefore, h™(x) = |=——. x = =7 the domain of h-1(x).

Example @ m ANALYSIS

Find the inverse of the function f(x) =

x € R, x # 1, by changing the subject of the formula.

x-U
Let y = f(x) You can rearrange to find an inverse function.
3 Start by letting y = f(x)

y=—"

3 x-=1 L

yx-10)=3 Rearrange to make x the subject of the formula.
yx—y=3
yx=3+y Define f=1(x) in terms of x.

By

s

Range of f(x) is f(x) # O, so domain of f=(x) is
xz0

Therefore 10

X

Check to see that at least one element works. Try 4.
Note that f-1f(4) = 4

f"'(TJ=31+1=

X)
3
s =g ST
i
1
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The function f(x) is defined by f(x) =vx -2, xR, x =2
a State the range of f(x). b Find the function f~!(x) and state its domain and range.

¢ Sketch y = f(x) and y = f~!(x) and the line y = x

a Therangeof flx)isyeR, y =0 f(2) = 0. As x increases from 2, f(x) also increases
b y=/x-2 without limit, so the range is f(x) = 0,0ry =0
yi=x-=2
x2=y-2
y=x%2+2 Rearrange to make y the subject of the equation.

The inverse function is f~(x) = x2 + 2 .—L
=0 Always write your function in terms of x.
2

The domain of f-1(x)is x € R, x »—L
The range of f(x) is the same as the domain of f=(x).

The range of f-1(x)is ye R, y =

c y=fx)=x*+2
Y

&1 R The range of f1(x) is the same as the domain of f(x).
54 ;
e The graph of f-}(x) is a reflection of f(x) in the line
& A y=fx)=Vx—2 ¥ = x.This is because the reflection transforms y
27 4 toxand x to y.

‘]_

O - T T T T T T

The function f(x) is defined by f(x) = x2 -3, x € R, x =0

a Find f~!(x). b Sketch y = f~!(x) and state its domain. ¢ Solve the equation f(x) = f~!(x)
a lety=1fx)
y=x2-3 k‘
y+3=x° Change the subject of the formula.
X = \'."II'}" + 3 J

i x)=vx + 3

b y=1f(x) @ Explore functions and their o

i inverses using technology.

First sketch f(x). Then reflect f(x) in the line y = x

The range of the original function is f(x) = -3
The domain of F'(x) is x € R, x = -3. ,_r
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c When f(x) = f'(x) Problem-solving

fx) =% »y = f(x) and y = f-1(x) intersect on the line y = x.
x2 -3 =x This means that the solution to f(x) = f~1(x) is the
X2 =x-3=0 same as the solution to f(x) = x
1+/13
Sox=
2 L From the graph you can see that the solution
must be positive, so ignore the negative solution

to the equation.

1 For each of the following functions f(x):
i state the range of f(x)
ii determine the equation of the inverse function f~!(x)
iii state the domain and range of f~!(x)
iv sketch the graphs of y = f(x) and y = f~!(x) on the same set of axes.

afixe2x+3,xeR bf:xszs,xER

¢c ix—»4-3x,xeR d ffx—=x3-7,x€R

2 Find the inverse of each function:

af(x)=10-x,xeR
b g(x) = % xeER m Two of these functions are

self-inverse. A function is self-inverse

) =% x#0, xR if £-1(x) = f(x). In this case ff(x) = x

d k(x)=x-8,xeR
® 3 Explain why the function g: x —» 4 — x, x € R, x > 0, is not identical to its inverse.

4 For each of the following functions g(x) with a restricted domain:
i state the range of g(x)
ii determine the equation of the inverse function g='(x)
iii state the domain and range of g~!(x)
iv sketch the graphs of y = g(x) and y = g-'(x) on the same set of axes.

a g(x)z%,xell%,x23 b gx)=2x-1,xeR, x=0
c g(x)z\‘iz,xem,x‘}Z d glx)=vx-3,xeR,x=7
e g)=x*+2,xeER,x>2 f glx)=x*-8,xeR, x=2

® 5 The function t(x) is defined by
t(x)=x’-6x+5,xeR, x=5
Find t-1(x). (5 marks)

m First complete the square for the function t(x).

6 The function m(x) is defined by m(x) = x> + 4x + 9, x € R, x > «, for some constant a.
a State the least value of @ for which m~!(x) exists. (4 marks)

b Determine the equation of m~'(x). (3 marks)
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¢ State the domain of m~!(x). (1 mark)
7 The function h(x) is defined by h(x) = 2:1-21 ,XER, x#2
a What happens to the function as x approaches 2?

b Find h-'(3).
¢ Find h~!(x), stating clearly its domain.

d Find the elements of the domain that get mapped to themselves by the function.

8 The functions m and n are defined by:

mxe—2x+3, xeR
x-3

nx—=—-xR
2 b

a Find nm(x).

b What can you say about the functions m and n?

® 9 The functions s and t are defined by:

e ST 3 -
S()L)—X_i_l_,,\?ﬁ 1
t(,t)=3;x,,t¢0

Show that the functions are inverses of each other.

10 The function f(x) is defined by f(x) =2x2 -3, x € R, x <0
) y

Determine:
a f-!(x), clearly stating its domain (4 marks)
b the values of « for which f(a) = f-(a). (4 marks)

@ 11 The functions f and g are defined by:
ffxme'-5xeR
gxIn(x-4),x>4

a State the range of f. (1 mark)
b Find f-!, the inverse function of f, stating its domain. (3 marks)
¢ On the same axes, sketch the curves with equation y = f(x) and y = f~!(x),

giving the coordinates of all the points where the curves cross the axes. (4 marks)
d Find g*!, the inverse function of g, stating its domain. (3 marks)
e Solve the equation g-!(x) = 11, giving your answer to 2 decimal places. (3 marks)

12 The function f is defined by:

" 3(x+2) 2 3
P ex-20 x-4%7
a Show that f: x — , x>4 (4 marks)
xX+35
b Find the range of f. (2 marks)

¢ Find f~!(x). State the domain of this inverse function. (4 marks)
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@ »=Ifwland y=f(lx)
® To sketch the graph of y = [f(x)]: YA y=£(x) }f’; ’

+ sketch the graph of y = f(x)
« reflect any parts where f(x) <0 N R \/\/
(parts below the x-axis) in the x-axis fa -(/3 x =2 -10

+ delete the parts below the x-axis. by

YA

A

® To sketch the graph of y = f(|x|): 1.2,2) 12, z)y 1.2, 2)

« sketch the graph of y = f(x) for x =0 i /\: feh 220 ; /\1/\: b

« reflect this in the y-axis. 0 \; / 0 \;
Example 0 m INTERPRETATION

f(x)=x2-3x-10

a Sketch the graph of y = f(x)
b Sketch the graph of y = |f(x)|
¢ Sketch the graph of y = f{(|x])

a f(x)=x2-3x-10=(x-5)x+2)
f(x) = O implies (x - 5)(x + 2)=0
Sox=50crx=-2

f(0) = -10

The graph of y = x2 — 3x — 10 cuts the x-axis at
x=-2and x =5.

r L The graph cuts the y-axis at (0, —10).

This is the sketch of y = x2 - 3x - 10

The sketch includes the points where the graph
intercepts the coordinate axes.

A sketch does not have to be to scale.

N
b y=|fx)| = [x*-3x-10| @ Explore graphs of modulus O '

VA functions using technology.

|
Mo

|

&/ &

K@
-y

t Reflect the part of the curve where y = f(x) <0
(the negative values of y) in the x-axis.

=Y
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c y="f(x]|)=|x|2-3|x] =10

CHAPTER 2 29

VA
y=1(|x|)
-5 ] ‘f
=10
e G @
g(x) =sinx, -360° = x = 360°
a Sketch the graph of y = g(x)
b Sketch the graph of y = |g(x)|
¢ Sketch the graph of y = g(|x
a VA
/\ 1 y=sinx
—360° —180° 9 150\_7-’?
—1
b i
y=|sinx]
1
-360° -180° O 180°  360°A
=1
[= VA
1 y=sin|x|
0

J@OW

150‘\3?

Reflect the part of the curve where x =0
(the positive values of x) in the y-axis.

The graph is periodic and passes through
the origin, (+180°, 0) and (+360°, 0).
< Pure 1 Section 6.5

Reflect the part of the curve below the
x-axis in the x-axis.

Reflect the part of the curve where
x = 0in the y-axis.
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Example @

) i . _J(' A
The diagram shows the graph of y = h(x), with five
points labelled. B(-25 15)
Sketch each of the following graphs, labelling the 11 <
points corresponding to 4, B, C, D and E, and any p B b
: 5 : : . '=h(x
points of intersection with the coordinate axes. = 5 3 i >
a y=lh(x)| / s
b y=h(x) ’
a VA
B(=2.5,19) ~————— The parts of the curve below the x-axis are
C reflected in the x-axis.
;s 11 E'(6,5) | The points A4, B, C.and D are unchanged.
i=— re
5 : The point E was reflected, so the new
-7 0 3 x coordinates are E'(6, 5).
b y

————— The part of the curve to the right of the y-axis
is reflected in the y-axis.

y=h(|x|) The old points A and B had negative x-values
& so they are no longer part of the graph.

73 0 3 x The points C, D and E are unchanged.

There is a new point of intersection with the

E' (-6, -5) E(6.-5) x-axis at (=3, 0).

The point E was reflected, so the new
coordinates are E'(—6, =5).

Exercise @ L1 {|NE 3 INTERPRETATION

1 f(x)=x>-T7x-28
a Sketch the graph of y = f(x) b Sketch the graph of y = |f(x)|
¢ Sketch the graph of y = f{(|x])

2 g x—cosx, -360° = x < 360°
Sketch the graph of y = g(x) b Sketch the graph of y = |g(x)|
Sketch the graph of y = g(|x|)

-~}

e}

3hxe(x-1D(x-2)(x+3)
a Sketch the graph of y = h(x) b Sketch the graph of y = |h(x)|
Sketch the graph of y = h(|x])

e}
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® 4 The function k is defined by k(x) = %, a>0,xeR,x#0
a Sketch the graph of y = k(x)
b Explain why it is not necessary to sketch y = |k(x)| and y = k(

x])
The function m is defined by m(x) = %, a<0,xeR,x#0
¢ Sketch the graph of y = m(x) )
d State with a reason whether the following statements are true or false:

i k(ol=|m@)| i k(x)=m(x) i m(x)=m(x)

® 5 The diagram shows the graph of y = p(x) with five points
labelled.
Sketch each of the following graphs, labelling the points
corresponding to 4, B, C, D and E, and any points of
intersection with the coordinate axes.

a y=|p(x)| (3 marks)
b y=p(x) (3 marks)

® 6 The diagram shows the graph of y = q(x) with seven
points labelled.

Sketch each of the following graphs, labelling the points
corresponding to 4, B, C, D, E, Fand G, and any points
of intersection with the coordinate axes.

a y=|q(x) (4 marks)
b »=q(x) (3 marks)
a
7 k(x)z;,a>0,x;¢0

a Sketch the graph of y = k(x)
b Sketch the graph of y = |k(x)|
¢ Sketch the graph of y = k(|x])

a
X

8 m(x)=7,a<0,x#0

a Sketch the graph of y = m(x)

b Describe the relationship between y = |m(x)| and y = m(|x])

9 f(x)=2*and g(x) =2~
a Sketch the graphs of y = f(x) and y = g(x) on the same axes.
b Explain why it is not necessary to sketch y = |f(x)| and y = |g(x)|
¢ Sketch the graphs of y = f(|x]) and y = g(|x|) on the same axes.
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10 The function f(x) is defined by: Problem-solving

f(x) = {—Zx - 62 ===l A piecewise function like this
(x+1)-1<sx<2 does not have to be continuous.

a Sketch f(x), stating its range. (5 marks) Work out the value of both

(3 marks) expressions when x = -1 to

help you with your sketch.

b Sketch the graph of y = [f(x)
x|) (3 marks)

¢ Sketch the graph of y = f(

@ Combining transformations

You can use combinations of the following transformations of a function to sketch graphs of more
complicated transformations.

® f(x + a) is a translation by the vector (—oa) ® f(ax) is a horizontal stretch of scale factor%
® f(x) + ais a translation by the vector (g) m gf(x) is a vertical stretch of scale factor a
m f(-x) reflects f(x) in the y-axis

m You can think of f(—x) and —f(x) as stretches
m —f(x) reflects f(x) in the x-axis with scale factor —1. « Pure 1 Sections 4.5, 4.6

4
Example @
The diagram shows a sketch of the graph of y = f(x). B 4)
The curve passes through the origin O, the point
A(2, -1) and the point B(6, 4). y=Ffx)
Sketch the graphs of:
a y=2f(x)-1 b y=f(x+2)+2 0 X
| A2, -1)
cy= ZfQX) d y=-f(x-1)

In each case, find the coordinates of the images of the points O, 4 and B.

Apply the stretch first. The dotted curve is the
graph of y = 2f(x), which is a vertical stretch with
scale factor 2.

Next apply the translation. The solid curve is
the graph of y = 2f(x) — 1, as required. This is a

translation of y = 2f(x) by vector (_01)

m The order is important.

If you applied the transformations in
The images of O, A and B are (O, -1), the opposite order you would have the
(2, —=3) and (6, 7) respectively. graph of y = 2(f(x) — 1) or y = 2f(x) - 2

(2, -3)
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'y

Apply the translation inside the brackets first.
The dotted curve is the graph of y = f(x + 2)

which is a translation of y = f(x) by vector (_0 )

Next apply the translation outside the brackets
The solid curve is the graph of y = f(x + 2) + 2,
> as required. This is a translation of y = f(x + 2)
“’ 1 i 0
O, -1) \“ by vector (2)
The images of O, 4 and B are (-2, 2)
(O, 1) and (4, €) respectively
g s %f(&\‘)
% (3, 4)
' vy Apply the stretch inside the brackets first. The
\ ;' “r dotted curve is the graph of y = f(2x), which is a
B :' ", horizontal stretch with scale factor 5
“\ ! (3,1) | Then apply the stretch outside the brackets. The
N ;' ' solid curve is the graph of y = %f(z,x), as required
ol(1=0L2E) i This is a vertical stretch of y = f(2x) with scale
©,0f 7 N\ factor
(1) '
The images of O, 4 and B are (O, Q)
(1, =0.25) and (3, 1) respectively.
dy=-flx-1)
e
‘\‘ (7 4} A ¥ A
\ oo, pply the translation inside the brackets first.
N '.’ ", The dotted curve is the graph of y = f(x — 1),
“\{1 O (3, 1) ! \\ which is a translation of y = f(x) by vector (é)
O
{3""—1 )

(7. -4)
The images of O, 4 and B are (1, O)

Then apply the reflection outside the brackets
(3, 1) and (7, —4) respectively.

The solid curve is the graph of y

=—f(x -1), as
required. This is a reflection of y = f(x — 1) in the
X-axis.
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Exercise @ m INTERPRETATION

|

The diagram shows a sketch of the graph y = f(x).
The curve passes through the origin O, the point
A(-2, -2) and the point B(3, 4).

On separate axes, sketch the graphs of:

a y=3f(x)+2 b y=fx-2)-5
c y= %f(x +1) d y=-f(2x)
e y=[f(x) f y=I[f(-x)|

In each case, find the coordinates of the images of the
points O, A and B.

The diagram shows a sketch of the graph y = f(x).
The curve has a maximum at the point A(-1, 4) and
crosses the axes at the points (0, 3) and (-2, 0).

On separate axes, sketch the graphs of:

a y=3f(x-2) b y= %f(%\)
¢ y=—fx)+4 d y=-2f(x+1)
e y=2f(lx)

For each graph, find, where possible, the coordinates
of the maximum or minimum and the coordinates of
the intersection points with the axes.

The diagram shows a sketch of the graph y = f(x).
The lines x = 2 and y = 0 (the x-axis) are asymptotes
to the curve.

On separate axes, sketch the graphs of:

a y=3flx)-1 b y=fx+2)+4
¢ y=-f(2x) d y=1(x)

For each part, state the equations of the asymptotes
and the new coordinates of the point 4.

The function gis defined by g: x —» (x = 2)’ -9, xR

FUNCTIONS AND GRAPHS
y A
B(3.4)
0 *
A(=2,-2) y=1fx)
ya
A(-1,4)

Vi

h

a Draw a sketch of the graph of y = g(x), labelling the turning points

and the x- and y-intercepts.

(3 marks)

b Write down the coordinates of the turning point when the curve is transformed

as follows:
i2g(x-4)
ii g(2x)

i [g(x)]

(2 marks)
(2 marks)
(2 marks)

¢ Sketch the curve with equation y = g(]x|). On your sketch, show the coordinates

of all turning points and all x- and y-intercepts.

(4 marks)
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5 h(x)=2sinx, —180° = x = 180°
a Sketch the graph of y = h(x)
b Write down the coordinates of the minimum, A, and the maximum, B.
¢ Sketch the graphs of:
i h(x-90°) +1 ii %h(%x) iii %|h(—x)|
In each case, find the coordinates of the images of the points O, 4 and B, with O being the origin.

m Solving modulus problems

You can use combinations of transformations together with
domain and range to solve problems.

Given the function t(x) = 3

f(x)| and f(|x|]) and an understanding of

x-1]-2,xeR:
a sketch the graph of the function

b state the range of the function

¢ solve the equation t(x) = %x +3

p? i Problem-solving

y=|x| Use transformations to sketch
thegraphof y=3|x-1] -2

L Sketch the graph of y = |x|

X

Step 1

Horizontal translation by vector (é)

=Y
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\ y=3|x-1]|
3

Step 2
Vertical stretch, scale factor 3

=Y

=l y=3|x-1]-2

Step 3
1 \ Vertical translation by vector (_02)

b The range of the function t(x) is y € R,
y=-=2 The graph has a minimum at (1, -2).

First draw a sketch of y = 3|x — 1| — 2 and the line
y= %x +3

h
.
The sketch shows there are two solutions, at 4
(] =2) and B, the points of intersection.

Atk Bx—1) =2 =2xi3

2
3x-5=7x+3
s 16 This is the solution on the original part of the
T8 graph.
AL B -3(x-1)-2=—x+3
12 L When f(x) <0, |f(x)] = —f(x), souse-(3x—-1) -2 to
-3x+3-2= >%+ 3 find the solution on the reflected part of the graph.
—gﬁc =iz
_— L This is the solution corresponding to point B on
) 7 the sketch.

NIES

The solutions are x = % and x = —
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The function f is defined by f: x = 6 — 2|x + 3|
A sketch of the graph of the function is shown in the diagram.
a State the range of f.

b Give a reason why f~! does not exist.

¢ Solve the inequality f(x) > 5

y=1x)

a The range of f(x) is f(x) = €

b f(x) is a many-to-one function.
Therefore, f~' does not exist.
c f(x) =5 at the points 4 and B.
f(x) > 5 between the points 4 and B.

ya

BAA Problem-solving

/ 5 Only one-to-one functions have inverses.

G 0 X Add the line y = 5 to the graph of y = f(x)

The greatest value f(x) can take is 6 (when x = -3).

For example, f(0) = f(-6) =0

y=1f(x)

Between the points 4 and B, the graph of y = f(x)
is above the line y =5

At 4: 6 -2(x+3)=5

—2(x + 3)=-1
x+ 3= %
_ 5 This is the solution on the original part of the
e graph.
At B: 6 - (-2(x+3)=5
2(x+ 3) = -1 L When f(x) <0, [f(x)| = —f(x), so use the negative
argument, —2(x + 3)
x+3=-

This is the solution on the reflected part of the
graph.

X =-

VRN T[N

The solution to the inequality f(x) > 5 is

e P i @ Explore the solution using O

: & technology.

]
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m INTERPRETATION

® 1 For each function:
i sketch the graph of y = f(x)

ii state the range of the function. m L
afix—4x]-3, xeR

l + atranslation by vector (_02)
b f)=3lx+2-1xeR

¢ fx)==2x-1|+6,xeR

- avertical stretch with scale factor%

5 + atranslation by vector ( 01)
d f:x|—>—5|x|+4,xEIR

2 Given that p(x) =2|x +4| -5, x e R:
a sketch the graph of y = p(x)
b shade the region of the graph that satisfies y = p(x)

3 Given that q(x) = -3|x] + 6, x € R:
a sketch the graph of y = q(x)
b shade the region of the graph that satisfies y < q(x)

4 The function f is defined as:
fix-4x+6/+1,xeR
a Sketch the graph of y = f(x)

b State the range of the function.

¢ Solve the equation f(x) = —%x +1

5 Given that g(x) = —%|x -2/+7,xeR:

a sketch the graph of y = g(x)
b state the range of the function

¢ solve the equation g(x) = x + 1

6 The functions m and n are defined as:
m(x) = -2x + k, x €R Problem-solving
n(x)=3x -4+ 6, x eR ‘m(x) = n(x) has no real roots’ means that
) ’ =m(x) and y = n(x) do not intersect.
where k is a constant & u

The equation m(x) = n(x) has no real roots.
Find the range of possible values for the constant k. (4 marks)



FUNCTIONS AND GRAPHS CHAPTER 2

7

EP) 10

The functions s and t are defined as:
s(x)=-10-x,xeR
tx)=2lx+b -8, xR

where b is a constant.

The equation s(x) = t(x) has exactly one real root. Find the value of b.

The function h is defined by:
h(x =%|x— l|-7,xeR
The diagram shows a sketch of the graph y = h(x)

a State the range of h. (1 mark)
b Give a reason why h~! does not exist. (1 mark)
¢ Solve the inequality h(x) < -6 (4 marks)

d State the range of values of k for which the

equation h(x) = %x + k has no solutions. (4 marks)

The diagram shows a sketch of part of the graph
y=h(x), where h(x) =a -2|x + 3|, x € R

The graph crosses the y-axis at (0, 4).

a Find the value of a. (2 marks)
b Find the coordinates of P and Q. (3 marks)
¢ Solve h(x) = %x +6 (5 marks)

39

(4 marks)

VA
N /s

o X

y=h(x)
i
4
\e
/ 0 X
y=h(x)

The diagram shows a sketch of part of the graph y = m(x),

where m(x) = —-4|x + 3|+ 7, x €ER
a State the range of m.

b Solve the equation m(x) = %x +2

¢ Given that m(x) = k, where k is a constant,
has two distinct roots, state the set of possible
values for k.

(1 mark)
(4 marks)

(4 marks)

VA

A
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Challenge

1 The functions f and g are defined by:

CREATIVITY fo)=2|x-4/-8, xeR

gx)=x-9,xeR

The diagram shows a sketch of the graphs of y = f(x) and y = g(x)

N y=f)
0 y=gx)
A R/
/
a Find the coordinates of the points 4 and B.
b Find the area of the region R.
2 The functions f and g are defined as: VA y=glx)
f(x) ==|x-3]+10,xeR
glx)=2|x-3|+2xER \
Show that the area of the shaded region is 9
3] /
y="f(x)
0 S
Chapter review o
1 a On the same axes, sketch the graphs of y =2 — xand y = 2|x + ||
b Hence, or otherwise, find the values of x for which 2 — x = 2|x + 1|
2 The equation [2x — 11| = %x + k has exactly two distinct solutions.
Find the range of possible values of k. (4 marks)
3 Solve |5x - 2|= -%x iR (4 marks)
4 a On the same set of axes, sketch y=|12 — 5x|and y = -2x + 3 (3 marks)

b State, with a reason, whether there are any solutions to the equation
[12-5x]=-2x+3 (2 marks)
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5 For each of the following mappings:
i state whether the mapping is one-to-one, many-to-one or one-to-many
ii state whether or not the mapping could represent a function.

a ¥ b »4 c VA

s /
L2

=y
RN
]
=y
]
“y

A
N2

-
7

=y
Q
=y
]
=y

/ 0

6 The function f(x) is defined by: f —{ e
® he function f(x) is defined by: f(x) = pesh g i
a Sketch the graph of f(x) for-2=x=6 (4 marks)
b Find the values of x for which f(x) = —% (3 marks)
® 7 The functions p and q are defined by:
p:x—x2+3x-4,xeR
gx—2x+1,xeR
a Find an expression for pq(x). (2 marks)
b Solve pq(x) = qq(x) (3 marks)
® 8 The function g(x) is defined as g(x) =2x+ 7, x € R, x =0
a Sketch y = g(x), and find the range. (3 marks)
b Determine y = g~!(x), stating its range. (3 marks)
¢ Sketch y = g7!(x) on the same axes as y = g(x), stating the relationship between
the two graphs. (2 marks)
® 9 The function f is defined by:
f:Xp—)z”‘\’—j]?), xeR,x>1
a Find f-1(x). (4 marks)

b Find: i the range of f~!(x)
ii the domain of f~!(x) (2 marks)
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10 The functions f and g are given by:

X 1
f.)u—)xz_l—x_i_l, xeR,x>1

g:XH%,XER,X>O
1

a Show that f(x) = m (3 marks)
b Find the range of f(x). (1 mark)
¢ Solve gf(x) =70 (4 marks)
® 11 The following functions f(x), g(x) and h(x) are defined by:

f(x)=4x-2),xeR,x=0

gx)=x*+1,xeR

h(x)=3x€eR
a Find (7), g(3) and h(-2). b Find the range of f(x) and the range of g(x).
¢ Find g'(x). d Find the composite function fg(x).
e Solve gh(a) = 244

@ 12 The function f(x) is defined by f:x = x? + 6x — 4, x € R, x > a, for some constant a.
a State the least value of a for which f~! exists. (4 marks)
b Given that @ = 0, find f~!, stating its domain. (4 marks)
(E/P) 13 The functions f and g are given by: f:x » 4x - I, x €R
3 1
g:x - T = 1,,\’6 [R_,x:z
Find in its simplest form:
a the inverse function ! (2 marks)
b the composite function gf, stating its domain (3 marks)
¢ the values of x for which 2f(x) = g(x), giving your answers to 3 decimal places. (4 marks)
® 14 The functions f and g are given by

fix— x:2,xe R, x=2

g:XH%,xe[R,x:O
a Find an expression for f~!(x) (2 marks)
b Write down the range of f~!(x) (1 mark)
¢ Calculate gf(1.5) (2 marks)
d Use algebra to find the values of x for which g(x) = f(x) + 4 (4 marks)

15 The function n(x) is defined by:

: S5-x, x<0
n(x) = x2, x>0

a Find n(-3) and n(3). b Solve the equation n(x) = 50

2
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16 g(x)=tanx, —180° = x < 180°
a Sketch the graph of y = g(x)
b Sketch the graph of y = |g(x)|
¢ Sketch the graph of y = g(|x|)

® 17 The diagram shows the graph of f(x).
The points A(4, —3) and B(9, 3) are turning points
on the graph.

):l
B(9,3)

/N

0 >

Sketch, on separate diagrams, the graphs of:

a y=f2x)+1 (3 marks)
b y=|f(x) (3 marks)
c y=-f(x-2) (3 marks) A(4,-3)

Indicate on each diagram the coordinates of any turning
points on your sketch.

® 18 Functions f and g are defined by:
fixm4-x,x€R
gix-3xLxeER
a Write down the range of g. (1 mark)
b Solve gf(x) =48 (4 marks)
¢ Sketch the graph of y = |f(x)| and hence find the values of x for which |f(x)| = 2 (4 marks)

19 The function f is defined by f:x — |2x — a|, x € R, where « is a positive constant.
a Sketch the graph of y = f(x), showing the coordinates of the points

where the graph cuts the axes. (3 marks)
b On a separate diagram, sketch the graph of y = f(2x), showing the

coordinates of the points where the graph cuts the axes. (2 marks)
¢ Given that a solution of the equation f(x) = 5X is x =4, find the two possible

values of a. (4 marks)

20 a Sketch the graph of y =[x — 24|, where « is a positive constant.

Show the coordinates of the points where the graph meets the axes. (3 marks)
b Using algebra, solve, for x in terms of a, |x — 2a| = %x (4 marks)
¢ On a separate diagram, sketch the graph of y = a — |x — 2a|, where a is a positive constant.

Show the coordinates of the points where the graph cuts the axes. (4 marks)

21 a Sketch the graph of y = |2x + a|, @ > 0, showing the coordinates of the points where
the graph meets the coordinate axes. (3 marks)

b On the same axes, sketch the graph of y = % (2 marks)

¢ Explain how your graphs show that there is only one solution of the equation
X2x+al-1=0 (2 marks)

2x+al-1=0. (3 marks)

d Find, using algebra, the value of x for which x
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22 The diagram shows part of the curve with equation y = f(x), where
fix)=x>-7x+5Inx+8, x>0
The points A and B are the stationary points of the curve. n

a Using calculus and showing your working, find the = 100
coordinates of the points 4 and B. (4 marks) A '

b Sketch the curve with equation y = =3f(x — 2) (3 marks)

¢ Find the coordinates of the stationary points of the
curve with equation y = —=3f(x — 2). State, without .
proof, which point is a maximum and which point © / *
is a minimum. (3 marks)

23 The function f has domain -5 < x < 7 and is linear from 74 (7,18)
(-5, 6) to (-3, -2) and from (-3, -2) to (7, 18).
The diagram shows a sketch of the function.

a Write down the range of f. (1 mark)

b Find ff(-3). (2 marks)

¢ Sketch the graph of y = |f(x)|, marking the points at
which the graph meets or cuts the axes. (3 marks)

The function g is defined by g: x = x? = 7x + 10
d Solve the equation fg(x) =2 (3 marks)

® 24 The function p is defined by: YA
p:x =2x + 4|+ 10
The diagram shows a sketch of the graph.

a State the range of p. (1 mark)
b Give a reason why p~! does not exist. (1 mark) 2\ N
¢ Solve the inequality p(x) > -4 (4 marks) 0 *
d State the range of values of k for which the equation

p(x) = —%x + k has no solutions. (4 marks) y=plx)

Challenge

a Sketch, on a single diagram, the graphs of y = > - x2and y = |x + a|, where a is
CREATIVITY a constantand a > 1.

b Write down the coordinates of the points where the graph of y = a® — x? cuts
the coordinate axes.

¢ Given that the two graphs intersect at x = 4, calculate the value of a.
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Summary of key points

1

O 0 =~ & wun

10

11
12
13
14
15
16

A modulus function is, in general, a function of the type y = |f(x)|
® When f(x) = 0, |f(x)| = f(x)
® When f(x) <0, |f(x)] = —f(x)

To sketch the graph of y = |ax + b|, sketch y = ax + b and then reflect the section of the
graph below the x-axis in the x-axis.

A mapping is a function if every input has T o >

a distinct output. Functions can either be X : | 7]
one-to-one or many-to-one. 5 [
one-to-one many-to-one not a function
function function

fg(x) means apply g first, then apply f.
fg(x) = f(g(x))

g f

fg
Functions f(x) and f-1(x) are inverses of each other. ff-1(x) = x and f-f(x) = x
The graphs of y = f(x) and y = f-1(x) are reflections of each other in the line y = x
The domain of f(x) is the range of f-1(x).
The range of f(x) is the domain of f-1(x).

To sketch the graph of y = [f(x)|:

® sketch the graph of y = f(x)

o reflect any parts where f(x) < 0 (parts below the x-axis) in the x-axis
e delete the parts below the x-axis.

To sketch the graph of y = f(|x|):
® sketch the graph of y =f(x) forx =0
e reflect this in the y-axis.

f(x + a) is a horizontal translation by —a.
f(x) + a is a vertical translation by +a.

f(ax) is a horizontal stretch of scale factor%
af(x) is a vertical stretch of scale factor a.
f(—x) reflects f(x) in the y-axis.

—f(x) reflects f(x) in the x-axis.
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After completing this chapter you should be able to:

Learning objectives

e Understand the definitions of secant, cosecant and cotangent
and their relationship to cosine, sine and tangent -> pages 47-49

Understand the graphs of secant, cosecant and cotangent and
their domain and range — pages 49-53

Simplify expressions, prove simple identities and solve equations
involving secant, cosecant and cotangent - pages 53-57

Prove and use sec?x =1 +tan?xand cosec?x =1+ cot?x - pages 57-61

Understand and use inverse trigonometric functions and
their domain and ranges - pages 62-65

s
Ny »

Prior knowledge check Ll i_u

1 Sketch the graph of y = sin.x for -180° = x =< 180°. ; |
Use your sketch to solve, for the given interval, the
equations:

a sinx=08 b sinx=-04

< Pure 1 Section 6.5 |

Provethat-_——l———— . =tan x

sinxcosx tanx

« Pure 2 Section 6.3 |

Find all the solutions in the interval 0 = x = 27
to the equation 3 sin2(2x) = 1

¢ Pure 2 Section 6.6 |

" Trigonometric functions can be used

to model oscillations and resonance in
bridges. You will use the functions in this
chapter together with differentiation and
integration in chapters 6 and 7.

[

Il".
i

=




TRIGONOMETRIC FUNCTIONS

m Secant, cosecant and cotangent

CHAPTER 3 47

Secant (sec), cosecant (cosec) and cotangent (cot) are known as the reciprocal trigonometric functions.

1
M SeCY=osx

1
B cosec X =——
sin x

® cotx =__tar11x

You can also write cot x in terms of sin x and cos x.

Cos X
" cotx =———
sin x

Use your calculator to write down the values of:

a sec 280° b cot 115°
e 1 =
a sec 280° = o 280° = 5.76 (3 s.)
e B
b cot 115° = — =5 = ~0.466 (3 sf)

Example o

Work out the exact values of:

3
a sec 210° b cosec Tﬁ
a sec 210° = A
~ cos 210°
Y
S A

30° -

30° o X

Q) C
l

G N8 Eei B
cos 30° = > s0 —cos 30° = >
So sec 210° = ——._2—

V3

(undefined for values of x for which cos x = 0)
(undefined for values of x for which sin x = 0)

(undefined for values of x for which tan x = 0)

Make sure your calculator is in degrees mode.

Exact here means give in surd form.

210° is in the 3rd quadrant, so cos 210° = —cos 30°

Orsec 210° = —% if you rationalise the

denominator.



48 CHAPTER 3 TRIGONOMETRIC FUNCTIONS

37
b cosec = =

3% is in the 2nd quadrant, so sin 3% = +sin%

BNE
SNE

37 " 1
5'|r1(%)

So cosec

i

5'|r1(%) = \L2

So cosec (.347") SWE

Exercise @ mmmsm

1 Without using your calculator, write down the sign of:
a sec 300° b cosec 190°
d cot 200° e sec 95°

¢ cot110°

2 Use your calculator to find, to 3 significant figures, the values of:

a sec 100° b cosec 260° ¢ cosec 280°
d cot 550° e cot 4% f sec2.4rad
Il
g cosec - h sec 6rad
3 Find the exact value (as an integer, fraction or surd) of each of the following:
a cosec 90° b cot 135° ¢ sec 180°
d sec 240° e cosec 300° f cot(-45°)
g sec 60° h cosec (-210°) i sec225°
L An AL (-2
i cot 3 k sec 6 I cosec 4

Prove that cosec(m — x) = cosec x

Show that cot 30° sec 30° =2

® 6 Show that cosec 2% + sec 2% =a + bV3, where a and b are real numbers to be found.
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Challenge

The point P lies on the unit circle, centre O. The radius OP makes an
CREATIVITY  acute angle of 4 with the positive x-axis. The tangent to the circle at P
intersects the coordinate axes at points 4 and B.

Prove that: VA
a OB=secl

b 0OA = cosect \
¢ AP=cotf A

@ Graphs of sec x, cosec x and cot x

You can use the graphs of y = cos x, y = sin x and y = tan x to sketch the graphs of their reciprocal
functions.

Example (€N skiis FEen

Sketch, in the interval —180° < # =< 180°, the graph of y =sec ¢

First draw the graph y = cos @

y=sect

For each value of 8, the value of sec 8 is the
— reciprocal of the corresponding value of cos f.

In particular: cos 0° =1, sosec0° = 1;
and cos 180° = -1, so sec 180° = -1

L As @ approaches 90° from the left, cos @ is +ve but
approaches zero, and so sec f is +ve but becomes
increasingly large.

At 8 = 90°, sec # is undefined and thereis a
vertical asymptote. This is also true for @ = —90°

L As @ approaches 90° from the right, cos @ is —ve
but approaches zero, and so sec @ is —ve but
becomes increasingly large negative.
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® The graph of y = sec x, x € R, has symmetry in the y-axis and has period 360° or 27 radians.
It has vertical asymptotes at all the values of x for which cos x =0

y=Ssecx

w The domain can also be given as
-450°  —270°  -90° 90° 270°  450° (@n+ 1w
_ﬁ _3|_ﬂ_ _ﬁ() i E i i AGR,X$72 HE L
2 2 2 2 2 2 .
: : P10 | | Z is the symbol used for integers, which are
' ' ' the positive and negative whole numbers
including 0.

+ The domain of y =sec x is x € R, x #90°, 270°, 450°, ... or any odd multiple of 90°

« In radians the domainis x € R, x # %, 1275, 5—275, ... or any odd multiple of-z"'E
« Therangeof y=secxisy=-lory=1

® The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at all
the values of x for whichsinx =0

¥ = cosec x
J-JU: :\
14 ! !
—3:60° —1$0° 1$0° 3:60‘3
— 3

xeR xznmnel”Z

—21T -

\

+ The domain of y = cosec x is x € R, x # 0°, 180°, 360°, ... or any multiple of 180°

T 0
/\1 ; ; m The domain can also be given as

+ Inradians the domainis x € R, x # 0, 7, 2, ... or any multiple of =
+ Therangeof y=cosecxisy=-lory=1

® The graph of y = cot x, x € R, has period 180° or 7 radians. It has vertical asymptotes at all the
values of x for whichtan x =0

y=cotx
Fa

! ! 1r : !
-360° \ -180° 180° 360°
-2 -1 o T 2r

. ; al i .
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* Thecomalnoly =Kot tls LSRG 00 1805 m The domain can also be given as
360°, ... or any multiple of 180° e R Xt e ne

« Inradians thedomainisx €R, x#0, 7, 27, ...
or any multiple of

+ Therangeof y=cotxisy € R

a Sketch the graph of y =4cosecx, -t =x =7
b On the same axes, sketch the line y = x

¢ State the number of solutions to the equation 4cosec x —x =0, -r = x =7

é';l_k U}' =4 cosecx | |
G

44

e

y=x

ik v =4cosec x is a stretch of the graph of

y = cosec x, scale factor 4 in the y-direction.
You only need to draw the graphfor-r=x ==

J .
y s
™ X

S SR
|

M

hNERS

c 4cosecx —x=0

4cosec x = X
¥ =4 cosec x and y = x do not intersect
for —m = x = 7 so the equation has no

solutions in the given range.

Problem-solving

The solutions to the equation f(x) = g(x)
correspond to the points of intersection
of the graphs of y = f(x) and y = g(x)

Sketch, in the interval 0° =< # = 360°, the graph of y =1 + sec 20

J“J : : QB,
1) : 5

e

)
@ Explore transformations

of the graphs of reciprocal
trigonometric functions using technology.

> Step 1

ol 7 900  180°  270°  360° 6

Draw the graph of y = sec f
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y=sec 20

r4 5 ; 5 5 Step 2
/ | ; \/ | | \ Stretch in the #-direction with scale factor%
TENEE L VS

0| 45° 90° 135°180°225°270°315°360° &

ya | | | | Step 3
/ \/ \ Translate by the vector (?)
2ie : E :

0 45ﬂ5° 1600227T1503600 9

Exercise @ m INTERPRETATION

1 Sketch, in the interval —540° < @ < 540°, the graphs of:

a y=secl b y =cosect ¢ y=cotl

2 a Sketch, on the same set of axes, in the interval -7 < x < 7,
the graphs of y =cotxand y = —x

b Deduce the number of solutions of the equation cotx + x = 0 in the interval -t = x = 7

3 a Sketch, on the same set of axes, in the interval 0° < 0 < 360°,
the graphs of y =secf and y = —cos§

b Explain how your graphs show that sec # = —cos # has no solutions.

4 a Sketch, on the same set of axes, in the interval 0° < 0 < 360°,
the graphs of y = cotf and y = sin 20

b Deduce the number of solutions of the equation cot # = sin 26 in the interval 0° < § < 360°

5 a Sketch on separate axes, in the interval 0° = 6 = 360°,
the graphs of y = tan # and y = cot(f + 90°)

b Hence, state a relationship between tan # and cot(f + 90°)
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® 6

@ 1

a Describe the relationships between the graphs of:

iy= tan(9 + %) and y =tanf ii y=cot(-#)and y =cot @
iii y= cosec(9 + %) and y = cosec iv y= sec(9 - %) and y = secf

b By considering the graphs of y = tan(9 - %) y=cot(-#), y= cosec(9 + %) and y = sec(9 - —),

state which pairs of functions are equal.

Sketch on separate axes, in the interval 0° = 6 = 360°, the graphs of:

a y=sec2d b y=—cosecd ¢ y=1+secl
d y =cosec(f — 30°) e y=2sec(f-60°) f y=cosec(20 + 60°)
g y=—-cot(20) h y=1-2secd

In each case, show the coordinates of any maximum and minimum points,
and of any points at which the curve meets the axes.

Write down the periods of the following functions. Give your answers in terms of .

a sec3d b cosec %9 ¢ 2cotd d sec(—0)
a Sketch, in the interval =27 = x =< 2, the graph of y = 3 + 5cosecx (3 marks)
b Hence deduce the range of values of k for which the equation 3 + 5cosecx = k

has no solutions. (2 marks)
a Sketch the graph of y =1 + 2 secf in the interval -7 < 0 < 27 (3 marks)
b Write down the #-coordinates of points at which the gradient is zero. (2 marks)
¢ Deduce the maximum and minimum values of m and give the smallest

positive values of # at which they occur. (4 marks)

@ Using sec x, cosec x and cot x

You need to be able to simplify expressions, prove identities and solve equations involving sec x,
cosec x and cot x.

m sec x = k and cosec x = k have no solutions for-1 < k <1

Simplify:

a sind cotf secl

b sin# cosf(sect + cosect)
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a sinfl cot@ sech Write the expression in terms of sin and cos,
g /lﬂ'f?l’x Qo.gﬁ]{ 1 using cbtﬁz%and secﬁzﬁ
t— & |
;m»@’] 5951?1 |
=1
1 1 Write the expression in terms of sin and cos,
b sech + cosech = +— ; 1 1
cosf  sind using sec § = ——and cosec=——
cos f sin

sinf + cos b
sinf cos
Put over a common denominator.

So sinfl cosfl(sect + cosech)
= sinfl + cosf —T
Multiply both sides by sin @ cos 6.
Example o

cot ) cosect
a Prove that — — =cos’d
sec” ) + cosec’

cot ) cosect

= 8 has no solutions.
sec? 0 + cosec?

b Hence explain why the equation

a Consider the LHS:

The numerator cot f cosec
Write the expression in terms of sin and cos,

:co59x 1 26058 p 1
T sinf  sinf T sin?d using cotGEc_&and cosecl=——
siné sinfd
The denominator sec? @ + cosec?
. 1 1 ! o .
E——+— Write the expression in terms of sin and cos,
cos2f  sincf 1\ 1
H e ] [ —
_ sin?f + cos?6 | using secf = (cos 6') " cosz
== 29 H 29
e cosec?fl = _1
il | sin2
T cos?6 sin?

cotf cosecl — Remember that sin?# + cos?f = 1

sec?fl + cosec?

s (;{Eiz) e (6052635][‘129)

S0

_cosf  cos20 sin2f Remember to invert the fraction when changing
= Sinzg 1 from + sign to x.
= cos’ 0

i cotf cosech 3
b Since =cos°f we are

sec? 8 + cosec? g
; : e Problem-solving
required to solve the equation cos®8 = &

Write down the equivalent equation, and state
the range of possible values for cos 6.

cos30 =8 = cos0 = 2 which has no
solutions since =1 = cosfl = 1
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Solve the equations:
a secf=-25 b cot20=10.6

in the interval 0° = 0 = 360°

: 1 e
Substitute —— fi ¢ and th lify to get
_;_6.:_25 US|uecos€ or sec# and then simplify to ge
e an equation in the form cosf = k
1
cosf = E =-04
i y=cosf Sketch the graph of y = cos @ for the given interval.
i /‘ The graph is symmetrical about § = 180°
Find the principal value using your calculator then
subtract this from 360° to find the second solution.
113.6° 246.45 N
0 90° 180° 4 f270° 360° 6
gy 10 RS e SR P e e D R
You could also find all the solutions using a CAST
¢ diagram. This method is shown for part b below.

0 = 113.6° 246.4° = 114°, 246° (3 =.f)

- 1 - :
1 Substitute for cot 26 and then simplify to
T PR ity
get an equation in the form tan26 = k
tan 26 = 4 i = =
06 3

Let X = 26, so that you are solving

tan X = % in the interval 0° = X = 720°

A

5 ®

Draw the CAST diagram, with the acute angle
59.0° . = tan‘l(§] drawn to the horizontal in the
52.0°5 1st and 3rd quadrants.

Q) C

X =590° 239.0° 419.0°, 599.0° 1 Remember that X = 26
so @ = 225%120° 210°% 300° (3 &f)



56 CHAPTER 3 TRIGONOMETRIC FUNCTIONS
m ANALYSIS

1 Rewrite the following as powers of sec 6, cosec§ or cot 6.

a 1 4 . 1 d 1 —sin’ 0

sin3 ¢ tan® ¢ 2cos20 sin2 6

sec / 3 2 cosec’f tan’ @
e f Vcosec’f cotl sec g T G

2 Write down the value(s) of cot x in each of the following equations:

3sinx cosx
COosSXx  sinx

a Ssinx=4cosx b tanx=-2

3 Using the definitions of sec, cosec, cot and tan, simplify the following expressions.

a sindcotd b tané cotd
¢ tan 26 cosec 24 d cosfsinf (cotd + tanf)
e sin?x cosecx + cos® x secx f secA —secAdsin?A4

g sec’x cos’ x + cot x cosec x sin* x

® 4 Prove that:

a cosf+sinftanf =sect b cotf + tan @ = cosecf) secl
¢ cosecl —sinf) =cosf cotd d (1 -cosx)(1 +secx)=sinxtanx
CcOS X l —sinx _ ) cosf) _  sind
. =2secx =
l —sinx COS X l1+cotfl 1+tan@

® 5 Solve the following equations for values of @ in the interval 0° = 6 = 360°
Give your answers to 3 significant figures where necessary.

a secf=y2 b cosectl =-3 ¢ Scotfl==2 d cosectl=2

e 3sec’l—-4=0 f S5cosf=3coth g cot?’f0-8tanf=0 h 2sin# = cosecl

® 6 Solve the following equations for values of @ in the interval —180° = # = 180°

a cosecl =1 b secfl=-3 ¢ cotf =345
d 2cosec?fl — 3 cosecl =0 e secl =2cosl f 3cotf =2sind
g cosec20 =4 h 2cot?’d —cotf—5=0

® 7 Solve the following equations for values of @ in the interval 0 =< 0 =< 27
Give your answers in terms of .

a secl =-1 b cotf=-V3

2/3 = s 3w
3 dsecH_VZtanﬁ,H;tZ,Q#z

[WR S

¢ cosec



TRIGONOMETRIC FUNCTIONS CHAPTER 3

8

@

@

In the diagram, AB = 6 cm is the diameter of the circle and BT is the T
tangent to the circle at B. The chord AC is extended to meet this D
tangent at D and ZDAB =10

a Show that CD = 6(sec  — cos ) cm. (4 marks)

b Given that CD = 16 cm, calculate the length of the
chord AC. (3 marks)

Problem-solving

AB is the diameter of the circle, 6 cm
so ZACB=90°

cosec.x — cotx
a Prove that =222 = cogec x (4 marks)
l —cosx

cosecx — cotx _

b Hence solve, in the interval -7 = x < m, the equation |~ cos 2 (3 marks)
—Ccosx
i t
a Prove that % —1=secx (4 marks)
. . _sinxtanx 1 .
b Hence explain why the equation ﬁ -1= ) has no solutions. (1 mark)
. . . l+4+cotx
Solve, in the interval 0° < x < 360°, the equation —TERX (8 marks)

l+tanx

Problem-solving

Use the relationship cot x = ﬁ to form a quadratic

equation in tan x. « Pure 1 Section 2.1

m Trigonometric identities

You can use the identity sin® x + cos® x = 1 to prove the following identities.

m 1+tan?x =secx

m 1+ cot?x =cosec’x

m ANALYSIS

a Prove that 1 + tan? x = sec2x

b Prove that 1 + cot? x = cosec? x
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Unless otherwise stated, you can assume the
identity sin? x + cos? x = 1 in proofs involving

a sinx+cosfx=1

sinfx  cosfx _ 1
S L P . cosec, sec and cot in your exam.
(S, o (L) . | o
cosx) t1= (cos X Divide both sides of the identity by cos? x.
so0 1 +tan?x =sec?x
_ sinx o
Use tanx = c=-and secx = -~

b sinfx +cosfx=1
sinfx  cosfx 1
e = Divide both sides of the identity by sin®x.
sinfx  sin?x sin? x

V2

‘cos X\2 ( 1 ’ 1
il = Use cot x = 5% and cosec x = ——
(. sSinx ) SIF'I_\._) Sin,\f sin e
so 1+ cot?x = cosec?x

Example @

Given thattan 4 = —%, and that angle 4 is obtuse, find the exact values of:

a secA b sinA4

a Using 1 +tanfd = 53::“1/1 0 =%
25 152

SEcf A & 4 s ame

13
sec A = tl—z—

A
S A
Problem-solving
g You are told that A is obtuse. This means it lies
in the second quadrant, so cos 4 is negative,
T C and sec 4 is also negative.
secA = —%
sin A
b Using tand = ——
5IT1<3 an —

sind =tanAd cos A

So sind=(-3) x (-5 cos A = -1, since cos A4 = seiA

5
713
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Prove the identities:

1 +cos?d

a cosectf —cot?f =
1 —cos?d

b sec’f — cos? ) = sin’ O(1 + sec’ )

a LHS = cosect — cot* This is the difference of two squares, so factorise.
= (cosec? ) + cot? B)(cosec? ) — cot?f)
= cosec2f + cot2 [ As 1 + cot?# = cosec?f), so cosec?fl — cot?f =1
e i o cos? 6
sinf  sin® L Using cosecﬂz_i. cotéza_)—sg
= sinf sinf
- | dsgos P
T sinZ2f
29 — Using sin?@ + cos?@ =1
" HL{ = RHS
1 —cos®f
b RHS = sin?f + sin?f sec?f Write in terms of sin # and cos 6.
in2
=sin?f + 5'”.,9 Use secf=—1_
cos?f cosf
= sin?f + tan?f
inZ i z
= (1 - cos?l) + (sec2 — 1) - BE(Slng) = tan2@
cos?f \cosf

sec?l — cos?

=1HS Look at LHS. It is in terms of cos2# and sec2 6,

so use sin?f +cos?f =1and 1 + tan?# = sec?f

Problem-solving

You can start from either the LHS or the RHS when
proving an identity. Try starting with the LHS using
cos2fl =1 —sin?f and sec2f =1 + tan2#

Solve the equation 4 cosec’d — 9 = cot f in the interval 0° =< # = 360°

This is a quadratic equation. You need to write it
The equation can be rewritten as

in terms of one trigonometric function only,
401 + cot?2l) — 9 = cotf so use 1 + cot?f = cosec?d

S 4cot?f —cotl —5=0

(4cot® — S)cotf +1) =0 Factorise, or solve using the quadratic formula.
So cotf = Z or cotfl = —1

tam‘?:%or tanf = -1
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For tanf = i}
5 ®

Astan@is +ve, f is in the 1st and 3rd quadrants.
SO

> The acute angle to the horizontal is
tan-1(%) = 38.7°

38.7°
@ G

f = 387° 219° (3 =.1)
For tanfl = -1

If o is the value the calculator gives for tan-(%),
then the solutions are a and (180° + )

A As tanf is —ve, f is in the 2nd and 4th quadrants.
The acute angle to the horizontal is tan-1 1 = 45°
©) A

45° If ev is the value the calculator gives for tan-! (-1),

45° — then the solutions are (180° + «) and (360° + «),
as v is not in the given interval.

i ©

. : : o
@ Solve this equation numerically

gi=i352 315 using your calculator.

Exercise @ m ANALYSIS

Give answers to 3 significant figures where necessary.

1 Simplify each of the following expressions.

al+ tanz(%] b (secfl — 1)(secl + 1) ¢ tan?f(cosec?f — 1)

d (sec2@ - 1)cotf e (cosec?d — cot?0)? f 2—tan?0 + sec20
tan @ sect . cosec ) cot 0
— h (1 —sin?0)(1 + tan?0 i
1 +tan?6 (L =amrd an=o) 1 + cot?0

i (sec*f — 2sec?d tan? @ + tan*f) k 4cosec?20 + 4 cosec? 26 cot? 20

® 2 Given that cosec x = where k > 1, find, in terms of k, possible values of cot x.

cosec x?

3 Given that cot @ = —/3, and that 90° < # < 180°, find the exact values of:

a sind b cosé@

4 Given that tan@ = %, and that 180° < 0 < 270°, find the exact values of:

a secf b cosé@ ¢ sind

5 Given that cosf = %, and that @ is a reflex angle, find the exact values of:

a tanf b cosec?
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® 6

@EP 12

Prove the following identities:

a sect? —tan*0 = sec? 6 + tan?0 b cosec?x —sin?x = cot®> x + cos?x
¢ sec’ A(cot* 4 — cos? A) = cot* 4 d 1 -cos’d =(sec’d — 1)(1 —sin’H)
_ 2
1-tan'd =1-2sin’4 f sec?® + cosec?0 = sec? @ cosec?d
1 +tan? 4
g cosec A sec’ 4 = cosec A + tan A sec A h (secf —sinf)(secf + sin f) = tan’d + cos” 6

Given that 3tan?@ + 4sec?f = 5, and that @ is obtuse, find the exact value of sin 6.

Solve the following equations in the given intervals:

a sec’f@=3tand, 0° = § = 360° b tan?# —2secl+1=0,-r=sf=7

¢ cosectf+1=3cotd, —180° =0 = 180° d cotf@=1-cosec?t,0=0<2n

e 3sec%9=2tan3%9,0°£9$360° f (secl —cosO)Y=tanf -sin?0,0<0<n
g tan’20 =sec20 - 1,0° =6 = 180° h sec20—(1+V3)tanf+/3=1,0<60<2rx

Given that tan?k = 2 seck,

a find the value of sec k (4 marks)
b deduce that cosk =v2 — 1. (2 marks)
¢ Hence solve, in the interval 0° = k = 360°, tan?k = 2seck,

giving your answers to 1 decimal place. (3 marks)

Given that « = 4secx, b=cosx and ¢ = cot x,

a express b in terms of « (2 marks)
b show that ¢? = —; 0 (3 marks)
at-16
Given that x = sec + tan 0,
a show that 11- =secl —tand (3 marks)
b Hence express x° + % + 2 in terms of #, in its simplest form. (5 marks)
y — 1
Given that 2 sec? ) — tan’ @ = p, show that cosec’f = Pt 2 (5 marks)

p-2
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@ Inverse trigonometric functions

You need to understand and use the inverse trigonometric functions arcsin x, arccos x and arctan x
and their graphs.

m The inverse function of sin x is called arcsin x.

A

[aSTE

y=arcsinx

m The sin~! function on your calculator will
give principal values in the same range as arcsin.

,___
=y

| 0

NII =

e Thedomainof y=arcsinxis-1sx=<1

. . ™ f ™ .
e The range of y = arcsinx is =5 < arcsin x < —-or —90° =< arcsin x < 90°

Sketch the graph of y = arcsin x

y=snx, ——=sx=

=

VIE]
ST

Step 1
Draw the graph of y = sin x, with the restricted

-

1 ¥ = sinx = ~
domainof ——=sx=—
2 2

Restricting the domain ensures that the inverse
function exists since y = sin x is a one-to-one

-1 function for the restricted domain. Only one-to-
one functions have inverses. < Pure 1 Section 2.3

=y

ISMEE

Vi

T Step 2
‘§ V = arcsinx Reflect in the line y=x

The domain of arcsin x is =1 = x = 1; the range is

w B i
——=arcsinx < —
2 2

Remember that the x and y coordinates of points
interchange (swap) when reflecting in y = x
_% For example:

3)-(3)
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m The inverse function of cos x is called arccos x.

y=arcosx

-1 o 1 X

e Thedomainof y=arccosxis-1sx=<1

e The range of y = arccos x is 0 < arccos x < 7 or 0° < arccos x < 180°

m The inverse function of tan x is called arctan x.
Y

--------------------- y=arctanx
2 \VELO RIS (nlike arcsin x and

arccos x, the function arctan x is
defined for all real values of x.

=]
-y

e Thedomainof y =arctanxisxeR
e Therange of y =arctan x is —% s arctanx < -2“—- or —90° < arctan x < 90°

Work out, in radians, the values of:

) —
a arcsin (— \7) b arccos(-1) ¢ arctan(v3)
a A
o |
2
5] A You need to solve, in the interval —
. 3 \f"?
the equation sin x = =

BN

itis in the 4th quadrant.

2

arcsin

Use your calculator to evaluate

2 i A - 5 A - ;
2y i inverse trigonometric functions in radians.

63

T
sXx=

The angle to the horizontal is = and, as sin is —ve,
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& ¥y = cosx
You need to solve, in the interval 0 = x = 7,
0 7 T X the equation cos x = -1
2
e Draw the graph of y = cos x

arccos(-1) =
c T A
5 2 @ You need to solve, in the interval —g << g
A the equation tan x = 3
3 - The angle to the horizontal is g and, as tan is +ve,
it is in the 1st quadrant.
T &
-5

You can verify these results using the sin-!, cos™

arctan(y3) = ul
e and tan-! functions on your calculator.

Exercise @ m INTERPRETATION

In this exercise, all angles are given in radians.

1 Without using a calculator, work out, giving your answer in terms of 7

a arccos(0) b arcsin(1) ¢ arctan(-1) d arcsin(—%_]
1 1 infsin nfsin )
e arccos( V:,_) f arctan T g arcsm(sm 3) h arcsm(sm 3
2 Find:

a arcsin(%_] + arcsin(—%_] b arocos(%] = arccos(—%) ¢ arctan(l) — arctan(-1)
® 3 Without using a calculator, work out the values of:

a sin(arcsin(%_]) b sin(arcsin(—%_])

¢ tan(arctan(-1)) d cos(arccos 0)
® 4 Without using a calculator, work out the exact values of:

a sin(arccos(%_]) b cos(arcsin(—%_]) c tan(arccos(—%))

d sec(arctan(v3)) e cosec(arcsin(-1)) f sin (2arcsin(%))
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® 5 Given that arcsin k = a, where 0 < k < 1, write down the first two positive values of x satisfying
the equation sin x = k

6 Given that x satisfies arcsin x = k, where 0 < k < %,
a state the range of possible values of x (1 mark)

b express, in terms of Xx,

i cosk ii tank (4 marks)
Given, instead, that —% <k<0,
¢ how, if at all, are your answers to part b affected? (2 marks)
® 7 Sketch the graphs of:
ay= % + 2 arcsin x b y=m - arctanx
¢ y=arccos(2x + 1) d y=-2arcsin(—x)

8 The function f is defined as f: x + arcsinx, -1 = x < 1,
and the function g is such that g(x) = f(2x)

a Sketch the graph of y = f(x) and state the range of f. (3 marks)
b Sketch the graph of y = g(x) (2 marks)
¢ Define g in the form g: x — ... and give the domain of g. (3 marks)
d Define g!in the form g1 x — ... (2 marks)
9 a Prove that for 0 < x < 1, arccos x = arcsin'1 — x? (4 marks)
b Give a reason why this result is not true for -1 = x <0 (2 marks)

Challenge

a Sketch the graph of y = sec x, with the restricted domain0 = x = 7, x yég

INTERPRETATION o
b Given that arcsec x is the inverse function of secx, 0 = x = m, x # E’

sketch the graph of y = arcsec x and state the range of arcsec x.
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Chapter review °

Give any non-exact answers to equations to 1 decimal place.

1 Solve tan x = 2 cot x, in the interval —180° < x < 90° (4 marks)
Given that p = 2sec and ¢ = 4 cos 0, express p in terms of q. (4 marks)
3 Given that p = sinf and ¢ = 4 cot 6, show that p°¢> = 16(1 - p?) (4 marks)

4 a Solve, in the interval 0° < 0 < 180°,

@ Q0606

i cosect =2cotf ii 2cot?d = 7cosect — 8
b Solve, in the interval 0° < 0 < 360°,
i sec(20 — 15°) = cosec 135° ii sec’0+tanfl=3

¢ Solve, in the interval 0 = x = 27,

. ™ Iy s 4
1 COS@C(JC + 1—5‘) =—y2 ii sec?x= 3

Given that 5sin x cos y + 4 cos x sin y = 0, and that cot x = 2, find the value of coty. (5 marks)

@ B

6 Prove that:

a (tand + cot)(sin @ + cos ) = sec 6 + cosec 6 b — €Y sec?x
cosec x — sin x
¢ (1 -sinx)(1 + cosecx) = cosxcotx O COS.X =2tanx
cosecx—1 1 +sinx
1 1 (sec — tanO)(secH + tan @)
e + = 2secf tanf f = =cos’f
cosec —1 cosecl + 1 1 + tan0
sin x l +cosx )
7 a Prove that T S 2 cosec x (4 marks)
b Hence solve, in the interval =27 < x < 2, SHLX . 1 +.COSX = —é (4 marks)
1 +cosx sin x V3
8 Prove that enene = (cosecf + cot #)? (4 marks)
1 —cosf
® 9 Given that sec A = -3, where % <A<m,
a calculate the exact value of tan 4 (3 marks)
3\-‘6
b show that cosec 4 = I (3 marks)

10 Given that secf = k, |k| = 1, and that 6 is obtuse, express in terms of &:

a cosf b tan2# ¢ cotf d cosect
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® ® 6

©@B® 6

6

@ B 6

©)

11

12

13

14

15

16

17

18

19

20

21

22

23

o " . m
Solve, in the interval 0 = x = 27, the equation sec(x +El) =12
giving your answers in terms of .

Find, in terms of m, the value of arcsin(%) - arcsin(—%_]

. : : 2/3
Solve, in the interval 0 = x = 27, the equation sec’ x — \T tanx —2=0,

giving your answers in terms of .

a Factorise sec x cosec x — 2sec x — cosecx + 2

b Hence solve sec x cosec x — 2sec x — cosec x + 2 = 0 in the interval 0° = x = 360°
. T L

Given that arctan(x — 2) = -3 find the value of x.

On the same set of axes, sketch the graphs of y = cosx, 0 = x = 7, and y = arccos x,
—1 = x = 1, showing the coordinates of points at which the curves meet the axes.

a Given that sec x + tan x = -3, use the identity 1 + tan® x = sec’ x to find the value
of secx —tanx

b Deduce the values of:
i secx ii tanx

¢ Hence solve, in the interval —=180° =< x = 180°, secx + tanx = -3

Given that p = secf — tan f and ¢ = sec + tan f, show that p = %

Prove that sec* @ — tan*# = sec? @ + tan? 0

Hence solve, in the interval —180° = @ = 180°, sec* @ = tan*# + 3 tan 0

=]

=

Sketch the graph of y = sin x and shade in the area representing J;]:sin xodx.

1
b Sketch the graph of y = arcsin x and shade in the area representing J; ] arcsin x dx.
7 ! l
¢ By considering the shaded areas, explain why J; sin x dx + J; arcsin x dx =%
=Y
Show that cot 60° sec 60° = 2;3

a Sketch, in the interval =27 = x =< 2, the graph of y =2 — 3secx

b Hence deduce the range of values of k for which the equation 2 — 3secx = k
has no solutions.

m

> showing clearly the exact coordinates

a Sketch the graph of y = 3arcsin x —
of the end-points of the curve.

b Find the exact coordinates of the point where the curve crosses the x-axis.

(5 marks)

(4 marks)

(5 marks)

(2 marks)
(4 marks)

(3 marks)

(4 marks)

(3 marks)

(3 marks)
(3 marks)

(4 marks)

(3 marks)
(4 marks)

(3 marks)

(2 marks)

(4 marks)
(3 marks)

67
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V1 — x?

24 a Prove that for 0 < x = 1, arccos x = arctan =

/1 —x2 .
b Prove that for =1 = x < 0, arccos x = k + arctan ! 5 where k 1s a constant to be found.

Summary of key points

1 - secx= colsx (undefined for values of x for which cos x = 0)
+ COSecx = ﬁ (undefined for values of x for which sin x = 0)
n 2
C (daltsn = A% (undefined for values of x for which tan x = 0)
COS X
s Ot x =—
sinx

2 The graph of y = secx, x € R, has symmetry in the y-axis and has period 360° or 27 radians.
It has vertical asymptotes at all the values of x for which cosx =0

y=secx
yll ;
-4:500 -z:mf’ -90° 9:00 2:70° 450°
Sn 3 a0l 3n 5m X
2 2 2 > 2 2
: : T : :

3 The graph of y = cosec x, x € R, has period 360° or 27 radians. It has vertical asymptotes at all
the values of x for which sinx =0

y =cosecx
L

-3§0° -180° 180° 3:60"

27 =i O ::r 2w ¥

=1
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4 The graph of y = cot x, x € R, has period 180° or 7 radians. It has vertical asymptotes at all the
values of x for which tanx =0

" y=cotx
N\ P\ G\

-3 §0° —1|80° IEIED" 3|60°

27 -t \O T ar X

1+

5 You can use the identity sin® x + cos? x = 1 to prove the following identities:
« 1+tan?x =sec’x

+ 1+ cot?x =cosec?x

6 The inverse function of sin x is called arcsin x. VA
+ The domain of y = arcsinxis-1=x=1 2] y=arcsinx
E - E . T
« The range of y = arcsin x is — = arcsinxy < 50"
e} H o] >
—90° = arcsinx < 90 1 0 1x
-
7 The inverse function of cos x is called arccos x.
« The domainof y=arccosxis-1=x=1
« The range of y = arccos x is 0 < arccos x < 7 or
0° =< arccos x = 180°
y=arcosx
T >
-1 0 1 ¥
8 The inverse function of tan x is called arctan x. I
s
+ The domainof y =arctanxisx € R E‘K—' Listlis il
. aw m
- The range of y = arctan x is —= < arctanx < — _
2 2 0 X
or —90° = arctan x = 90°
e | |
-
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After completing this unit you should be able to:

Prove and use the addition formulae - pages 71-77
Understand and use the double-angle formulae - pages 78-81

Solve trigonometric equations using the double-angle
and addition formulae - pages 81-85

Write expressions of the form a cos @ + bsin @ in the forms
Rcos(f + a) or Rsin(f + o) - pages 85-90
Prove trigonometric identities using a variety of identities - pages 90-93

Prior knowledge check

1 Find the exact values of:
a sin 45° b cos'—féE

« Pure 2 Section 6.2

Solve the following equations in the interval 0° = x < 360°:
a sin(x +50°) = 0.9 b cos2x-30° =1

€ 2sinfx—-sinx—-3=0 « Pure 2 Section 6.5

The strength of microwaves
at different points within

Prove the following:

a cosx+sinxtanx =secx b cotxsecxsinx=1 a microwave oven can

be modelled using
trigonometric functions.

cosZx + sin?x

: —— =sin?x « Pure 3 Section 3.3
1+ cotex
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m Addition formulae

The addition formulae for sine, cosine and m R e e s
tangent are defined as follows: called the compound-angle formulae.
s sin(4A+ B)=sinAcosB+cosAsinB sin(A - B) =sinA cos B-cos AsinB
» cos(A + B) =cos A cos B-sinAsinB cos(A - B) =cos A cos B+sinAsinB
tanA4 +tan B tanA4 -tan B
= tan(4 + B)= tan(4 - B) =
an(4 + 5) 1-tanAtan B ant ) l1+tanAtan B

You can prove these identities using geometric constructions.

In the diagram /BAC = a, /CAE = fand AE = 1.
Additionally, lines 4B and BC are perpendicular,
lines AB and DE are perpendicular, lines AC and
EC are perpendicular and lines EF and FC are
perpendicular.

C
Use the diagram, together with known properties
of sine and cosine, to prove the following identities:
a sin(a + ) = sina cos 3 + cos a sin 3
b cos(a + (3) = cosa cos 3 — sin v sin 3 |—B

— LACF=a= /FCE=90°—-a.50 ZFEC=qa
The diagram can be labelled with the following

lengths using the properties of sine an
g. 9 el i In triangle ACE, sinﬁ:E—Cztvsin,6‘=E—C
cosine. B AE 1
So EC=sinf3
G cos (e + 3) E

In triangle FEC, cosa = e = oS = B

EC sin 3

J’_..:

ing3 -——[ So FE = cos a sin 3

sin a sin 3 ~——

< COSasin{

In triangle FEC, sin a " i = sina ={‘7_C
C B 15(€ sin 3

So FC =sina sin 3

sinacos 3
l _L In triangle 4ABC, sin a:ﬁ—g:' sina:cB—C

0s /3

B So BC =sina cos 3
«— cosacos i —»

I

. AB AB
{ In triangle ABC, cosa=—— = c0sax=———
AC cos
| Intriangle ACE, COS,ﬁ':—jg:’COSﬁ——Ac -

1 So AB = cos a cos 3
So AC =cos 3
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a Using triangle ADE Problem-solving

DE = sin(a + ) You are looking for a relationship involving
AD = cos(a + f3) sin (v + [3), so consider the right-angled triangle
ADE with angle (o + 3). You can see these

DE = DF + FE
I relationships more easily on the diagram by
o SRR looking at AG = DE and GE = AD
as required

b AD=AB - DB
= cos(a + 3) = cosa cos 3 — sina sin3 ’7

as required
@ Explore the proof step by step O

using GeoGebra.

Substitute the lengths from the diagram.

Use the results from Example 1 to show that
a cos(A-B)=cosAcosB+sinAdsinB

tanA4 + tan B
b tan(4 + B) = ] —tan A4 tan B

a Replace B by =B in

cos(A + B)=cosAcosB —sind sinB

cos(A + (-B)) = cos A cos(—=B) — sin A sin{-B)

cos(A - B)=cosAd cosB + sind sinB «—————— (os(—B) = cos B and sin (-B) = —sin B
sin(4 + B)
cos(A + B)

sind cos B+ cosA sinB
cosA cosB —sind sinB

b tan(d + B) =

Divide the numerator and denominator by

cosA cos B

sinA4 cosB i cosA sinB

cos et o oo Cancel where possible.

mm_ sinAd sinB
cesA cosB cosAdcosB

tanA + tan B
1 —tand tan B

as required

Prove that

cos A B sin A _ cos(A4 + B)
sinB cosB~ sinBcosB
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LHS

cosA _ sind T Write both fractions with a common denominator.

sinB cosB
cosAcosB  sinAd sinB Problem-solving

sinBcosB ~ sinBcosB When proving an identity, always keep an eye
gt e e sisliais on the final answer. This can act as a guide as to
= what to do next.

s sinB cos B
_cos(4+ B)
= o FooeB = RHS |  Use the addition formula in reverse:

cos A cos B—sin A sin B=cos (A4 + B)

Given that 2 sin (x + y) = 3cos (x — »), express tan x in terms of tan y.

Expanding sin (x + y) and cos (x — )) gives Remember tan x = gg;i
2sinx cosy + 2cosx siny = 3cosx cosy + 3sinx siny Dividing each term by cos x cos y
2sinx cosy  2cosxsiny 3cosxcosy  3sinxsiny j will produce tan x and tan y terms.

=5 CO5 X Cosy 6 COSX Cosy ~ Co5X cosT t cosx cosy
2tanx + 2tany =3 + 3tanx tany
Collect all tan x terms on one side

2tanx — 3tanx tany=3 - 2tany ;
of the equation.

tanx(2 — 3tany) =3 - 2tany
3 -2tany L :
i Factorise.
So tanx Iy

Exercise @

1 In the diagram /BAC =3, /CAF=«a - $and AC=1.
Additionally lines AB and BC are perpendicular.

a Show each of the following:
i /ZFAB=q« ii ZABD =«aand ZECB=q«
iii AB=cosf3 iv BC=sinf3

b Use AABD to write an expression for the lengths
i AD ii BD

¢ Use ABEC to write an expression for the lengths
i CE ii BE

d Use AFAC to write an expression for the lengths
i FC ii FA

e Use your completed diagram to show that:
i sin(a— ) =sinacos/3—cosa sinj3
ii cos(a —(3)=cosa cos 3+ sinasin 3
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® 2 Use the formulae for sin (4 — B) and cos (A4 — B) to show that

tanA —tan B

tan(4 - B) = l +tan A4 tan B

® 3 By substituting 4 = P and B = —Q into the addition formula for sin (A4 + B), show that
sin (P — Q) =sin P cos Q — cos P sin Q

® 4 A student makes the mistake of thinking that .
This is a common

sin(4 + B) =sin4 +sin B mistake. One counter-example is
Choose non-zero values of 4 and B to show that sufficient to disprove the statement.

this identity is not true.
® 5 Using the expansion of cos (4 — B) with 4 = B = @, show that sin?6 + cos? = 1

m

® 6 a Use the expansion of sin(A4 — B) to show that sin (2

—9) =cosf

b Use the expansion of cos (A — B) to show that cos (% - 9) =sinf

® 7 Write sin (x + %) in the form psin x + ¢ cos x, where p and ¢ are constants to be found.

® 8 Write cos (x + %) in the form a cos x + b sin x, where ¢ and b are constants to be found.

® 9 Express the following as a single sine, cosine or tangent:
a sin 15° cos 20° + cos 15° sin 20° b sin 58° cos 23° — cos 58° sin 23°

tan 76° — tan 45°

¢ cos 130° cos 80° — sin 130° sin 80 1+ tan 76° tan 45°

e cos26 cos@ + sin 26 sinf f cos4f cos 3 — sin4 sin 30
sin (E) cos (ﬁ) + cos (E) sin (ﬁ) h tan2f + tan 39
852 2 2 2 I — tan 20 tan 30

i sin(4+ B)cosB-cos(A + B)sinB

. (Sx + 2_}?) ( 3x- 2_}?) . (3x + 2_}") _ ( 3x - Zy)
j cos 5 cos 3 —sin 3 sin 3

® 10 Use the addition formulae for sine or cosine to write each of the following as a single
trigonometric function in the form sin (x + #) or cos (x + ), where 0 < f < %

a £ (sin x + cos x) b lr (cos x — sin x) c l(sin X + /3 cosx) d L_ (sin x — cos x)
V2 V2 2 V2
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® 11 Given that cos y = sin (x + y), show that tan y = secx — tan x

® 12 Given that tan (x — y) = 3, express tan y in terms of tan x

® 13 Given that sin x(cos y + 2 sin ) = cos x(2cos y — sin y), m First multiply

find the value of tan (x + ) out the brackets

® 14 In each of the following, calculate the exact value of tan x:
a tan(x —45°) = % b sin(x — 60°) = 3 cos (x + 30°) ¢ tan(x-60°) =2

1ven that tan (x + =) = =, show that tan x = &8 — 5/ marks
15 Given th ﬁ;hl 8-5/3 (3 mark

3
16 Prove that

0059+cos(9+2%)+c05(9+4%)=0

You must show each stage of your working. (4 marks)

Challenge

This triangle is constructed from two
right-angled triangles 7; and 7.

@ For part a your

expressions should all
involve all four variables.
You will need to use the
formula Area = Zab sin 6 in
each case.

a Find expressions involving x, v,
A and B for:
i theareaof T}
ii theareaof 7,
iii the area of the large triangle.

b Hence prove that
sin (4 + B) =sin A cos B+ cos A sinB

@ Using the angle addition formulae

The addition formulae can be used to find exact values of trigonometric functions of different angles.

. . : . \-"I{g - \'@
Show, using the formula for sin (4 — B), that sin 15° = 1
sin15° = sin (45° - 30°) You know the exact values of sin and cos for

= 5in45° cos 30° — cos45° sin30° L many angles, e.g. 30°, 45°, 60°, 90°, 180°, ..., so

= (V2 )(%\3) — (yZ )(%J write 15° using two of these angles. You could
Lokl ' also use sin (60° — 45°).

=ZzV3v2 = 2|
\.6 =iy 2
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Given that sin 4 = -2 and 180° < 4 < 270°, and that cos B = —2and Bis obtuse, find the value of:
5 13

a cos(A-B) b tan(A4 + B)

a cos(Ad—-B)=cosAcosB+ sinAsinB

costAd =1-5sin?Ad

<13

=)
- Tt
—1“25

1

iE)

o }

[GIEN

cosAd ==+

180°< A< 270° 50 cos A = -

¢ cosec(4 - B)

You know sin 4 and cos B, but

sinB =%

B is obtuse so sinB = % f—i

need to find sin B and cos A.

sinf B =1 - cos?

1212 :
=1- (—g_ Use sin?x + cos? x = 1 to

_ 144 determine cos 4 and sin B.
162

25
169 Problem-solving

5

13

Remember there are two
possible solutions to
c0s? A =32, Use a CAST diagram

cos (4 - B) = (-3)(~53) + (-3)(+%3)
33

= 15 _ 38
= e5 T 65T €5

to determine which one to use.

cos x is negative in the third
quadrant, so choose the
negative square root —%. sin x is
positive in the second quadrant
(obtuse angle) so choose the

positive square root.

Substitute the values for sin A4,
. sin B, cos A and cos B into the
formula and then simplify.

tanAd + tan B
b tan(d + By = ———m———
A ) 1—tanAd tanB
2] =]
S0 tan(d + B) = ————=
1- (33
1
3 1 & &
:E =§X_|=_'3
i
c cosec(A — B) = i
" sin(d - B)

sin(Ad — B) =sind cos B — cos A sin B
sin(4 - B) = (F)(F) - (F)B) = &

cosec(d - B) = —— = £

(&)

1
Remember cosec x = ——
sin x

1 Without using your calculator, find the exact value of:

a cosl15° b sin75°

¢ sin(120° + 45°) d tan165°
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Without using your calculator, find the exact value of:

a sin 30° cos 60° + cos 30° sin 60° b cos 110° cos20° + sin 110° sin 20°
¢ sin33°cos27° + cos 33° sin 27° d cos= cos— — sin— sin—
8 8 8 8
e sin 60° cos 15° — cos 60° sin 15° f cos70° (cos 50° — tan 70° sin 50°)
tan45° + tan 15° 1 —tan 15°
& 1 tan45° tan 15° [ +tan15°
tan%r - tan%
i j v3cos15°—sin15°
1+ tan7—ﬂ' tan =~
12 3
a Express tan (45° + 30°) in terms of tan 45° and tan 30° (2 marks)
b Hence show that tan75° =2 + /3 (2 marks)

Given that cot 4 = % and cot (4 + B) = 2, find the value of cot B.

a Using cos (6 + «) = cos # cos a — sin @ sin «v, or otherwise, show that cos 105° = e ; i
(4 marks)
b Hence, or otherwise, show that sec 105° = —/a(1 + vVb), where a and b are constants
to be found. (3 marks)

Given that sin 4 = % and sin B = % where A and B are both acute angles, calculate the exact
value of:

a sin(4 + B) b cos(A4 - B) ¢ sec(4 - B)

Given that cos 4 = —%, and 4 is an obtuse angle measured in radians, find the exact value of:

a sinA4 b cos(m+ A) c sin(%+ A) d tan(%+A)

Given that sin 4 = % where A is acute, and cos B = —%, where B is obtuse, calculate the exact
value of:

a sin(4 - B) b cos(A4 - B) ¢ cot(4 - B)

Given that tan 4 = %, where A4 is reflex, and sin B = %, where B is obtuse, calculate the exact
value of:

a sin(4+B) b tan(4 - B) ¢ cosec(A4 + B)

Given that tan 4 = % and tan B = %, calculate, without using your calculator, the value of 4 + B
in degrees, where:

a A and B are both acute

b A isreflex and B is acute.
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m Double-angle formulae

You can use the addition formulae to derive the following double-angle formulae.
» sin24 =2sinA cos A
m c0s2A =052 A -sinPA=2c0s2A-1=1-2sin2A

2tan A
1-tan2 A

Use the double-angle formulae to write each of the following as a single trigonometric ratio:

m tan24 =

T
2tan(— ) A
a cos?50° — sin? 50° b —(62_ c - sm??(')[‘):
1 - tanz(g) sec

a cos?50° - sin?50° = cos (2 x 50°) =———————— Use c0s24 = cos? A — sin2 4 in reverse, with 4 = 50°

= cos 100°
2tan(£)
6 )

b ————— =tan (2 x %) Use tan24 EMin reverse, with 4 =~

1 - tand(g : : 1-tan?4 6

- (3

4sin70° . 5 o ol =

S a7 4 5in 70° cos 70 SeCX = ey S0 C0SX = o

= 2(2 5in 70° cos 70°) -—]_
Recognise this is a multiple of 2 sin 4 cos A.

=2sin(2 x 70° = 25in14O°’—L
Use sin2A4 = 2sin A cos A in reverse with 4 = 70°

Given that x = 3sinf and y = 3 — 4 cos 26, eliminate ¢ and express y in terms of x.

The equations can be written as m Be careful with this manipulation.

: Sl Many errors can occur in the earl t of
5'|r16'=i c0529:—) y y partof a
3 4% solution.

As cos 260 = 1 — 2sin?d for all values of 6,

Tl - 2(35)2  has been eliminated from this equation. We still
4 3 need to solve for y.
Y xve .
s igelg)i g
or y= 8(%)_ =il The final answer should be in the form y = ...
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Given that cosx = %, and that 180° < x < 360°, find the exact value of:

a sin2x b tan2x
a sinfd =1-cosA Use sin? 4 + cos? A = 1 to determine sin A.
SR
=1-(3)
=1c
i e it R sin A4 is negative in the third and fourth quadrants,
180 4A<360.505|nA—-4 -_

so choose the negative square root.
sin2x = 2sinx cosx

o) -7

i ";7 Find tan x in simplified surd form, then substitute
b tanx === = 3 this value into the double-angle formula for
4 tan2x.
_—
-
V7
2tanx 3 Make sure you square all of tan x when working
R 1< tar2x 1 7 out tan? x:
5 (_E)Z 7
VT D 3/ 79
—i— » —
3 2
= =37
® 1 Use the expansion of sin(A + B) to show that sin24 = 2sin 4 cos 4 @ ey

® 2 a Using the identity cos (4 + B) = cos 4 cos B — sin A sin B, show that cos 24 = cos? 4 — sin? 4

b Hence show that: Problem-solving

i cos24=2cos2A4-1
Usesin?Ad +costA=1

ii cos24=1-2sin24

® 3 Use the expansion of tan (A4 + B) to express tan 24 in terms of tan A.
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® 4 Write each of the following expressions as a single trigonometric ratio:

a 2sin 10° cos 10° b 1-2sin?25° ¢ cos240° — sin240°
2tan5° 1 .
[ - tan25° € 25in(24.5° cos (24.5°) f 6cos?30° -3
Sin_go |1 2 1 a2 1
& Secs® €08 (16) s (16)

® 5 Without using your calculator, find the exact values of:

a 2sin22.5° cos 22.5° b 2cos?15° -1
2 tan(%)
¢ (sin75° - cos 75°)? d—— =
1- tanz(g)
6 a Show that (sin A4 + cos A)> =1 +sin24 (3 marks)
2
b Hence find the exact value of (sin% + cos %) (2 marks)

7 Write the following in their simplest form, involving only one trigonometric function:

2 tan(g)
a cos?36d —sin?30 b 6sin 20 cos2d c ——
1 — tan? (—9)
2
d 2 -4sin? (g) e V1 +cos20 f sin20 cos?d
g 4sinf cosf cos 20 h g i sin*@ - 2sin?0 cos? 0 + cos*f

sec’ —2
® 8 Given that p = 2 cos # and ¢ = cos 26, express ¢ in terms of p.

® 9 Eliminate # from the following pairs of equations:
a x=cos’f,y=1-cos20 b x=tand, y =cot20

¢ x=sinf, y =sin 20 d x=3cos20+ 1,y=2sinf

® 10 Given that cosx = %, find the exact value of cos2x.

® 11 Find the possible values of sin @ when cos 260 = %

® 12 Given that tanf = %, and that @ is acute,

a find the exact value of: i tan20 ii sin260 iii cos20

b deduce the value of sin 46.
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® 13 Given that cos 4 = —%, and that A4 is obtuse,
a find the exact value of: i cos2A4 ii sin 4 iii cosec24

G
b show that tan2A4 = %

N

14 Giventhat m <@ < 3—;, find the value of tan (ﬂ) when tanf = (4 marks)

2

15 Given that cos x + sin x = m and cos x — sin x = n, where m and » are constants, write down,
in terms of m and n, the value of cos2x. (4 marks)

16 In APOR, PO =3cm, PR=6cm, QR =5cm and ZQPR =20
a Use the cosine rule to show that cos 26 = % (3 marks)

b Hence find the exact value of sin 6. (2 marks)

17 The line /, with equation y = %x, bisects the angle between the x-axis and the line y = mx, m >0

Given that the scales on each axis are the same, and that / makes an angle @ with the x-axis,
a write down the value of tan ¢ (1 mark)

b show that m = % (3 marks)

18 a Use the identity cos (4 + B) = cos 4 cos B — sin A4 sin B to show that cos24 = 2cos’ 4 - 1
(2 marks)
The curves C, and C, have equations

Ci:y=4cos2x
C,: y=6cos’x —3sin2x

b Show that the x-coordinates of the points where C; and C, intersect satisfy the equation

cos2x +3sin2x-3=0 (3 marks)
® 19 Use the fact that tan24 = SinZ 4 to derive the
" cos2A4 m Use the identities for sin 24

and cos 24 and then divide both the
numerator and denominator by cos?A.

formula for tan 24 in terms of tan A4.

m Solving trigonometric equations

You can use the addition and the double-angle formulae to help you solve trigonometric equations.
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Example @

Solve 4 cos (f — 30°) = 8/2 sin @ in the range 0° < # < 360°. Round your answer to 1 decimal place.

4 cos(f — 30°) = &/2 sinf
4 cos0 cos30° + 4sinf sin30° = &/2 sinf

Use the formula for cos (4 — B)

/3 1 .
4 cos 6‘(\—) + 4 sin 9(—) =8&v2 sinf
8 & |— Substitute cos 30° = Q and sin 30° = -

2 2
2y3 cosf + 2sind = &/2 sind

2V3 cosf = (V2 — 2)sinb
L Gather cosine terms on the LHS and sine terms
2v3 on the RHS of the equation.
——— = tand
&2 -2
tanf = 0.3719... — Divide both sides by cos 8 and by (8v2 - 2)

f = 20.4° 2004°

Solve 3cos2x —cosx + 2 =0for0° = x = 360°

Using a double angle formula for cos 2x PrOblem-sowmg

Choose the double-angle formula for
cos 2x which only involves cos x:

Use a CAST diagram or a sketch graph to find all
the solutions in the given range.

3cos2x —cosx+2=0

becomes cos2x =2cos?x — 1
3RcosPx -1 —cosx+2=0 This will give you a quadratic equation
Gcos?x -3 -cosx+2=0 in cos x.
Gcos?x —cosx —1=0
S0 (Bcosx+ N)2cosx-1)=0 L This quadratic equation factorises:
Solving: cos x = —% or cosx= % SpE e E e Gl R )
Vi
y=CO5Xx

cos™(-3) = 109.5° cos™(3) = 60°
So x = 60°,108.5°, 250.5° 300°



TRIGONOMETRIC ADDITION FORMULAE CHAPTER 4 83

Solve 2tan 2y tan y = 3 for 0 = y =< 2x. Give your answers to 2 decimal places.

2tan2y tany = 3

2tany ) )
2|———————|tany=3 Use the double-angle identity for tan.
1 —tan=y
4tancy
1—tan?y ~ . : s
This is a quadratic equation in tan y. Because
4tan?y =3 — 3tan’y there is a tan? y term but no tan y term you can
7tan?y =3 solve it directly.
tany = i,
L 13
tany = /3 LGLLTT) Remember to include the positive
y = 0.58, 2.56, 3.72, 5.70 and negative square roots.

a By expanding sin (24 + A) show that sin34 = 3sin 4 — 4sin’ 4

b Hence, or otherwise, for 0 < 6 < 27, solve 165sin?@ — 12sin @ — 2v/3 = 0 giving your answers in
terms of .

a |LHS = sin34 = sin(24 + A)

=sin24d cosAd +cos2A4Asind «— se the addition formula for sin (4 + B)
= (2sinAd cos A)cos A
+ (1 = 2sin? A)sin A

= 2sind cos?A4 + sind — 2sin* 4
= 2sinA(l = sinA) +sind — 2sin®A4
=2sind - 2sn°A +sind - 2sin> 4 ’—L
= 3sind — 4sin34 = RHS

b 165in30 — 12sinf — 2/3 =0 Problem-solving

L Subsitute for sin 24 and cos 24. As the answer is
in terms of sin 4, cos24 =1 — 2sin? 4 is the best
identity to use.

Use sin? A + cos? A = 1 to substitute for cos? 4.

165in30 — 122inf = 2/3 The question says ‘hence’ so look for an
—4sin30=2/3 opportunity to use the identity you proved in
3 part a. You need to multiply both sides of the
sin 36 = w\'? identity by —4.

3g= 37 57 107 Nx 16w 17m

Al av B At e Use a CAST diagram or a sketch graph to find all

9_47r 57 107w N 167 17w answers for 36.0 <6 < 27 50 0 < 36 < 67
- T T
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® 1 Solve, in the interval 0° = § < 360°, the following equations. Give your answers to 1 d.p.

a 3cosf=2sin(f + 60°) b sin(f + 30°) + 2sinf =0
¢ cos(f+25°) +sin(f +65°) =1 d cosfl =cos(f+ 60°)
2 a Show that sin (9 + E) = é(sin 0 + cos 0) (2 marks)
4/ 72
b Hence, or otherwise, solve the equation %(sin 0 +cosf) = %, 0=0<2r (4 marks)
v v
¢ Use your answer to part b to write down the solutions to sin# + cos ) = 1
over the same interval. (2 marks)

® 3 a Solve the equation cos f cos 30° — sin @ sin 30° = 0.5 for 0° = # = 360°

b Hence write down, in the same interval, the solutions of V3 cos@ — sin = 1

® 4 a Given that 3sin(x — y) — sin (x + y) = 0, show that tan x = 2tan y
b Solve 3sin (x —45°) — sin (x + 45°) = 0 for 0° = x = 360°

Solve the following equations, in the intervals given:

@

a sin20=sinf,0<0<2r b cos20=1-cosd,-180° < # < 180°
¢ 3cos20=2cos*d,0° =0 < 360° d sindf=cos20,0<0<r

e 3cos€—sing—1=0,0°$9<?20° f cos?f—sin20=sin’0,0==0=n

g 2sinf=sech,0=0=<2m h 2sin20=3tan0, 0° < § < 360°

i 2tanf=3(1 —tanf)(1 +tanf),0 <6 <27 j sin20=2sin26,-180° < § < 180°
k 4tanf =tan 26, 0° = 0 = 360°

In AABC, AB=4cm, AC=5cm, ZABC =20 and ZACB=10
Find the value of #, giving your answer, in degrees, to 1 decimal place. (4 marks)

® G

a Show that 5sin 26 + 4 sin § = 0 can be written in the form asin @ (bcosf + ¢) = 0,

stating the values of a, b and c. (2 marks)
b Hence solve, for 0° = 6 < 360°, the equation 5sin 26 + 4sinf = 0 (4 marks)
8 a Given that sin 20 + cos 20 = 1, show that 2sin # (cos @ — sinf) =0 (2 marks)
b Hence, or otherwise, solve the equation sin 26 + cos 20 = 1 for 0° = # < 360° (4 marks)
9 a Prove that (cos 20 — sin 20)> = 1 — sin460 (4 marks)
b Use the result to solve, for 0 = ¢ < 7, the equation cos 26 — sin 20 = %
W

Give your answers in terms of . (3 marks)
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® 10 a Show that:

2tan (ﬁ) 1 — tan? (ﬁ)

o 2 ” 2
i smfi‘z—'9 ii 00595—9
V3 el .51 bl

1 +tan (2) I + tan (2)

b By writing the following equations as quadratics in tan (g), solve, in the interval 0° = 0 = 360°:

i sinf+2cosf=1 ii 3cosf@—4sinf=2

[
—
=]

Show that 3 cos? x —sin’x = 1 + 2cos 2x (3 marks)

b Hence sketch, for -7 < x < m, the graph of y = 3 cos? x — sin? x, showing the
coordinates of points where the curve meets the axes. (3 marks)

Express 2 cos? (g) — 4sin? (g) in the form acos 6 + b, where ¢ and b are constants. (4 marks)

—
(3]
-]

b Hence solve 2 cos? (%) — 4sin? (g) = -3 in the interval 0° = # < 360° (3 marks)

Use the identity sin? 4 + cos> 4 = 1 to show that sin* 4 + cos* 4 = %(2 —sin’24) (5 marks)
b Deduce that sin* 4 + cos* 4 = %(3 +cosdA) (3 marks)

¢ Hence solve 8sin*@ + 8cos*@ =7, for0 <O < (3 marks)

m Start by squaring (sin® 4 + cos? 4)

o
5]
=

-}

EP) 14

By writing 36 as 20 + ), show that cos 30 = 4 cos* 6l — 3cos 0 (4 marks)

b Hence, or otherwise, for 0 < § < , solve 6¢cosf — 8cos*d + 1 =0,
giving your answer in terms of . (5 marks)

@ Simplifying a cos x + b sin x

You can use the addition formulae to simplify some trigonometric expressions:

= For positive values of @ and b,

e asinx = bcos x can be expressed in the form R sin (x = «) m

The symbol F
e acosx = bsinx can be expressed in the form R cos (x 5 ) means that a.cos x + b sin x
will be written in the
form Rcos (x — «), and
acos x — b sin x will be
written in the form
Use the addition formulae to expand sin (x + «) or cos (x F «), Rcos (x + ).
then equate coefficients.

with R >0 and 0° < a« < 90° (or-?zz)

where Rcosa =a, Rsinaa=band R =/a? + b?
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Example @

Show that you can express 3 sin x + 4 cos x in the form:

a Rsin(x+ a)

b Rcos(x - a)

where R > 0, 0° < a < 90°, 0° < 3 < 90°, giving your values of R,
a and 3 to 1 decimal place when appropriate.

Use sin (4 + B) = sin 4 cos B + cos A sin B and
multiply through by R.

a Rsin(x +a) = Rsinx cosa + Rcosx sina

Let 3sinx + 4cosx = Rsinx cosa

+ Rcosx sina

S0 Rcosa = 3 and Rsina = 4 Equate the coefficients of the sin.x and cos x terms.

Rsina

= anai= =

Rcosa 3 | Divide the equations to eliminate R and use tan-!
4 to find a.

a = tan” (—g)

Soa=531(1dp)

B rp® a0 Square and add the equations to eliminate « and

find R

R (cos? v + sin“a) = 25

2=25350R=5 Use sinfa + cos?ar = 1
3sinx +4cosx = 5sin(x + 53.19

Use cos (4 — B) = cos A cos B + sin 4 sin B and
multiply through by R.

b Rcos(x — 3) = Rcosx cos 3 + Rsinx sin fr——r0

Let 3sinx + 4cosx = Rcosx cos 3
+ Rsinx sin3

S50 Rcos3=4 and Rsinf3 =3 Equate the coefficients of the cos x and sin x terms.
Rsinf 4 3
Rcosf ™ RS L— Divide the equations to eliminate R.

So f=36.9°(1dp)
R2cos? 3 + R?sin? 3 = 32 + 42

R?(cos? 3 + sin? 3) = 25

Square and add the equations to eliminate « and
find R%

R =25, 50 R=5 Remember sin?ax + cos?a = 1

3sinx +4cosx = 5cos(x — 36.9° _
-\—'
@ Explore how you can

transform the graphs of y = sin x and
= cos x to obtain the graph of y =3sinx + 4cos x
using technology.
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a Show that you can express sin x — 3 cos x in the form Rsin (x — a), where R>0,0< a < L

2
b Hence sketch the graph of y = sin x — 3 cos

a Set sinx — V3 cosx = Rsin(x - a)

sinx — V3 cosx = Rsinx cosa — Rcos x sina

Expand sin (x — ) and multiply by R.

So Rcosaw=1 and Rsina =3

Dividing, tana = V3, so a = % L Equate the coefficients of sin x and cos x on
Souinng At dding R both sides of the identity.
So sinx — V3 cosx = 2 sin (x - %)

b y =sinx —V3cosx = 2sin (x - %)

J.-‘J\
2 4

You can sketch y = 2sin (x - %) by

translating y = sin x by % to the right and

then stretching by a scale factor of 2 in the
y-direction.

a Express 2cos @ + 5sinf in the form R cos (6 — o), where R > 0, 0° < a < 90°
b Hence solve, for 0° < # < 360°, the equation 2cosf + 5sinf) = 3

a Set 2cosfl + 5sinfl = Rcosl cosa
+ Rsinfl sina

Cv Rersmet ail Piime e Equate the coefficients of sin x and cos x on both

5 sides of the identity.
Dividing tana = Sre0a= c8.2°

Squaring and adding: R =29 Use the result from part a:
8 Buvel L EONT = Tl S Ea 2cosf +5sinf = 29 cos (6 — 68.2°)

b V29 cos(f - 68.2°) =3

Divide both sides by v29.

i S

So cos (f — 68.2°) = ,.3
V29
i x As 0° < # < 360°, the interval for (# — 68.2°) is
ces (h 9) el | -682°<0-682°<2918°
Soll = CBP° ==5C,. 2 5CY..2 = is positive, so solutions for @ — 68.2° are in

V29
0 = 12.1° 124.3° (to the nearest 0.1°) the 1st and 4th quadrants.
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Example @

f(0)=12cosf + 5sin 0

X)
a Write f(#) in the form Rcos (0 — «). @ Use technology to explore O

maximums and minimums of curves
in the form R cos (€ — «).

b Find the maximum value of f(#) and the
smallest positive value of # at which it occurs.

Equate sin x and cos x terms and then solve for

a Set12cosf + 5sinfl = Rcos (B — a)
R and «.

So 12cosf + 5sinfl = Rcosl cosa
+ Rsinfl sina
So Rcosa=12 and Rsina=5
R =13 and tana = é = a=226°
So 12 cosf + 5sinfl = 13 cos(f — 22.6°

The maximum value of cos x is 1 so the maximum

b The i lue of 13 f - 226°
SRS a cosif ) value of cos (# — 22.6°) is also 1.

is 13.
This occurs when cos (f — 22.6°) = 1
0 — 22.6° = ... -360° 0°, 360", ... Solve the equation to find the smallest positive

The smallest positive value of 8 is 22.6° yeltegto:

Unless otherwise stated, give all angles to 1 decimal place and write non-integer values of R in surd form.

1 Given that 5sin + 12cos@ = Rsin (6 + «), find the value of R, R > 0, and the value of tan a.
2 Given that V3 sin@ + V6 cos @ = 3 cos (0 — a), where 0° < a < 90°, find the value of a.

3 Given that 2sinf — V5 cos # = -3 cos (0 + «), where 0° < a < 90°, find the value of a.

18
2
Hence sketch the graph of y = cosf# —3sinf,0< 0 < %_, giving the coordinates of points of
intersection with the axes.

4 a Show that cos @ — 3 sin # can be written in the form Rcos (6 + o), with R>0and 0 < a <

=

® 5 a Express 7cos ! — 24sin 6 in the form Rcos (f + «), with R > 0 and 0° < o < 90°

The graph of y = 7 cos ## — 24 sin 0 meets the y-axis at P. State the coordinates of P.

Write down the maximum and minimum values of 7cos@ — 24 sin

e 0 T om

Deduce the number of solutions, in the interval 0° < § < 360°, of the following equations:
i 7cosf —24sinf =15 il 7cosf—24sinf =26 iii 7cosf —24sinf =-25

@ 6 f(0)=sinf + 3cosf
Given f(#) = Rsin (6 + o), where R > 0 and 0° < o < 90°

a Find the value of R and the value of a. (4 marks)
b Hence, or otherwise, solve f(6) = 2 for 0° < 0 < 360° (3 marks)
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® 7

EP) 10

EP) 12

EP) 13

T
2
Give the value of « to 3 decimal places. (4 marks)

a Express cos 26 — 2 sin 26 in the form Rcos (26 + ), where R >0 and 0 < o <

b Hence, or otherwise, solve for 0 = 0 < 7, cos 20 — 2sin 20 = —1.5, rounding your
answers to 2 decimal places. (4 marks)

Solve the following equations, in the intervals given in brackets:

a 6sinx + 8cosx = 5/3,[0°, 360°] b 2cos30 - 3sin 360 = -1, [0°, 90°]
¢ 8cosf + 15sinf = 10, [0°, 360°] d s sin% - 12005% =-6.5, [-360°, 360°]

a Express 3sin 360 — 4 cos 30 in the form Rsin (30 — o), with R >0 and 0° <@ <90° (3 marks)

b Hence write down the minimum value of 3 sin 30 — 4 cos 36 and the value of @

at which it occurs. (3 marks)
¢ Solve, for 0° = ¢ < 180°, the equation 3sin 36 — 4cos 360 = 1 (3 marks)
a Express 5sin?f — 3 cos?# + 6 sin 6 cos § in the form asin 20 + bcos 20 + ¢,

where a, b and ¢ are constants to be found. (3 marks)
b Hence find the maximum and minimum values of 5sin’0 — 3 cos’># + 6sinf cos (4 marks)

¢ Solve 5sin?# — 3 cos? @ + 6sin f cos f = —1 for 0° < # < 180°, rounding your
answers to 1 decimal place. (4 marks)

A class were asked to solve 3 cos ) = 2 — sin ) for 0° = 6 < 360°. One student expressed the
equation in the form Rcos (6 — a) = 2, with R > 0 and 0° < a < 90°, and correctly solved the
equation.

a Find the values of R and « and hence find her solutions.

Another student decided to square both sides of the equation and then form a quadratic
equation in sin 6.

b Show that the correct quadratic equation is 10sin?f — 4sinf - 5=0
¢ Solve this equation for 0° = § < 360°

d Explain why not all of the answers satisfy 3cosf =2 — sin

a Given cotf + 2 = cosec ), show that 2sinf# + cosf =1 (4 marks)
b Solve cotf + 2 = cosecf for 0° = # < 360° (3 marks)
a Given v2 cos (6‘ - %) + (V3 = 1)sinf = 2, show that cos@ + V3 sinf = 2 (4 marks)

b Solve V2 cos (6‘ - %) +(3-1)sinf=2for0<6<2r (2 marks)
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14 a Express 9cos@ + 40sin 0 in the form R cos (6 — o), where R > 0 and 0° < o < 90°

Give the value of « to 3 decimal places. (4 marks)
18
e o é = o
b 26 =55 9coso+ d0sme 0 I =30
Calculate:
i the minimum value of g(f) (2 marks)
ii the smallest positive value of ¢ at which the minimum occurs. (2 marks)

15 p(0) = 12cos 20 — 5sin20

Given that p(f) = Rcos (20 + a), where R > 0 and 0° < o < 90°,

a find the value of R and the value of a. (3 marks)
b Hence solve the equation 12 cos 26 — 5sin 20 = —6.5 for 0° = # < 180° (5 marks)
¢ Express 24 cos?# — 10sin f cos # in the form a cos 20 + bsin 20 + ¢, where a, b

and ¢ are constants to be found. (3 marks)
d Hence, or otherwise, find the minimum value of 24 cos?f — 10sin 6 cos (2 marks)

m Proving trigonometric identities

You can use known trigonometric identities to prove other identities.

in3) cos 3] cost = s
a Show that 2sm(2 cos 5 c059:25m29

b Show that 1 + cos40 = 2 cos220

a sin2A = 2sind cos A
sinfl = 2 sin (g) COS(%) ’7

Always be aware that the addition formulae can

Substitute A = g into the formula for sin24.

LHS = 2 sin (g) cos (%) cosf

= sinf cosd be altered by making a substitution.
= %5'”1 28 L 2 7
= RHS Use the above result for 2 sin (E) cos (E)

b LHS =1 + cos 44
=1+ 2cos220 -1

= 2cos?20 '— Use cos24 = 2 cos? A — 1 with A = 26
= RHS

Remember sin 260 = 2 sin @ cos #
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Prove the identity tan 26 = -

cotfl —tan@

2tanf
1—tanf
Divide the numerator and denominator by
tané.

So tan 26 =

LHS = tan 28 =

2
— tan#

tan

- N
cotf — tan#

Prove that V3 cos 46 + sin 46 = 2 cos (49 -

™

RHS = 2cos (46‘ - E)

m

CHAPTER 4 91

Problem-solving

Dividing the numerator and denominator by
a common term can be helpful when trying to
rearrange an expression into a required form.

Problem-solving

Sometimes it is easier to begin with the RHS of

= ki : ST . .

= 2 cos 40 cos (6) + 2sin4fsin (6) the identity.

B P V3 40 1

= 2cos4 =k 2sin4 E) Use the addition formulae.

= /3 cos460 + sin4f = LHS

® 1 Prove the following identities:

cos2A4 - .
cosA+sinAd CoS A ~Bm A
1 —cos2f

sin20 tang

e 2(sin’@ cosf + cos’ @ sin ) = sin 20

g cosecfl —2cot20 cosl = 2sinf

_ 1 —sin2x

L it (% - x) T cos2x

Write the exact values of cos (g) and sin (%)

sinB cosB
sind cosAd

2cosec2A4 sin(B — A)

sec2d
d - tanZd = sec 26
sin 30 _ cos 30 _
sinff  cosf

secl—1 z(ﬂ)
i sec + 1 ~ian 2
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® 2 Prove the identities:
cosA sind cos(4+B)

a sin(A4 + 60°) + sin (4 — 60°) = sin 4 b B cosB— SnBcoiB
sin(x+y) . cos(x + y) P
¢ Cosx cosy = tanx + tany it ) + 1 =cotxcoty
T e . m _cotAcotB-1
e cos(9+ 3) +v3sinfd = sm(6‘+ 6) f cot(A+B)= ot Aot
g sin’(45° + 0) +sin?(45°-0) =1 h cos(4 + B)cos(A4 — B)=cos* A —sin’B
3 a Show that tan @ + cot ) = 2 cosec 24 (3 marks)
b Hence find the value of tan 75° + cot 75° (2 marks)
(E/P) 4 a Show that sin 30 = 3sin 6 cos? — sin? (3 marks)
b Show that cos 36 = cos?f — 3sin?f cos (3 marks)
ST
¢ Hence, or otherwise, show that tan 30 = SEN (4 marks)
1 - 3tan’ 60
: . 1 102
d Given that 6 1s acute and that cos # = 3, show that tan 30 = 23 (3 marks)
5 a Using cos24 =2cos’4 — 1 =1 - 2sin® 4, show that:
. 2(X\y _ 1+cosx o . ofX\_1-—cosx
i cos (2)_—2 ii sin (2)_—2
b Given that cos@ = 0.6, and that ¢ is acute, write down the values of’
i cos (E) ii sin (E) iii tan (Q)
2 2 2
A\ 1
¢ Show that cos* 5= <(3+4cosAd+cos2A)
6 Show that cos*f = % + %cos 20 + %cos 46. You must show each stage of your
working. (6 marks)
7 Prove that sin? (x + y) — sin® (x — y) = sin 2x sin 2y (5 marks)
8 Prove that cos 20 — /3 sin 20 = 2 cos (29 + %) (4 marks)
9 Prove that 4 cos (29 - %) =2/3 —4/3sin26 + 4sinf cos f (4 marks)
® 10 Show that:

a cosf +sinf =2 sin (9 + %) b V3 sin26 — cos 20 = 2 sin (29 - %)
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Challenge

1 a Showthatcos(4 + B) —cos (A4 - B) =-2sinA4sinB

e
2 a Provethatsin P +sinQ= 25in(

19ufr5C

¢ Express 3 sin x sin 7x as the difference of cosines.

ey

7
b Hence show that cos P — cos Q = -25sin (

b Hence, or otherwise, show that 2 sin (%) cos (ﬁ) B EE

Chapter review o

® 1

® 2

@

Without using a calculator, find the value of:

a sin40° cos 10° — cos 40° sin 10° b Lcos 15° - ésin 15° c ARl
V2 V2 1 +tan15°
; : 1 : ; V5 +1
Given that sin x = E where x is acute and that cos (x — y) = sin y, show that tan y = 5

The lines /; and /,, with equations y = 2x and 3y = x — 1 respectively, are drawn on the same set
of axes. Given that the scales are the same on both axes and that the angles /, and /, make with
the positive x-axis are 4 and B respectively,

a write down the value of tan 4 and the value of tan B

b without using your calculator, work out the acute angle between /, and /,.

In AABC, AB=5cm and AC=4cm, ZABC = (0 — 30°) and ZACB = (6 + 30°).
Using the sine rule, show that tan 6 = 3v3

The first three terms of an arithmetic series are v3 cos @, sin (§ — 30°) and sin #, where 6 is acute.
Find the value of 6.

Two of the angles, 4 and B, in AABC are such that tan 4 = %, tan B = %
a Find the exact value of: i sin(4 + B) ii tan2B.

b By writing C as 180° — (4 + B), show that cos C = —%

3

: 2
The angles x and y are acute angles such that sinx =—and cosy =
S 2 S 75 Y=t

a Show that cos2x = —%

b Find the value of cos2y.

¢ Show without using your calculator, that:

itan(x+y)=7 ii x_yzg
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® 8 Given that sinx cosy = % and cos x siny = %,
a show that sin (x + y) = Ssin(x — p).

Given also that tan y = k, express in terms of k:

b tanx
¢ tan2x
9 a Given that V3 sin 20 + 2sin20 = 1, show that tan 20 = % (2 marks)
¥
b Hence solve, for 0 < ¢ < m, the equation 3 sin 20 + 2sin26 = 1 (4 marks)

10 a Show that cos 26 = 5sin # may be written in the form asin?f + bsinf + ¢ =0,

where a, b and ¢ are constants to be found. (3 marks)
b Hence solve, for -7 = § = 7, the equation cos 26 = 5sin 6 (4 marks)
11 a Given that 2sin x = cos (x — 60°), show that tan x = PO (4 marks)
-V
b Hence solve, for 0° = x = 360°, 2 sin x = cos (x — 60°), giving your answers to
1 decimal place. (2 marks)
12 a Given that 4 sin (x + 70°) = cos (x + 20°), show that tan x = —% tan 70° (4 marks)
b Hence solve, for 0° = x = 180°, 4 sin (x + 70°) = cos (x + 20°), giving your answers
to 1 decimal place. (3 marks)
® 13 a Given that o is acute and tan o = %, prove that
3sin(0 + «) +4cos(f+a)=5cosb
b Given that sin x = 0.6 and cos x = —0.8, evaluate cos (x + 270°) and cos (x + 540°)
14 a Prove, by counter-example, that the statement
sec(A + B) =secA +sec B, forall 4 and B
is false. (2 marks)
b Prove that tan @ + cot @ = 2cosec 20, 0 # LI € Z (4 marks)

2 ?
® 15 Using tan 20 = % with an appropriate value of 6,

a show that tan (%) =2 -1

b Use the result in a to find the exact value of tan (%r)

16 a Express sin x — 3 cos x in the form Rsin (x — «), with R > 0 and 0° < a < 90° (4 marks)

b Hence sketch the graph of y = sinx — 3 cos x, for —360° < x < 360°,
giving the coordinates of all points of intersection with the axes. (4 marks)
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18

19

20

21

22

23

24

Given that 7 cos 20 + 24sin 20 = Rcos (20 — ), where R>0and 0 < a < 1, find:
a the value of R and the value of «, to 2 decimal places (4 marks)

b the maximum value of 14 cos?@ + 48 sin ) cos # (1 mark)

¢ Solve the equation 7cos 26 + 24sin 260 = 12.5, for 0 =< # =< 7, giving your answers to
2 decimal places. (5 marks)

a Express 1.5sin 2x + 2 cos 2x in the form Rsin (2x + a), where R>0and 0 < a < E,

giving your values of R and « to 3 decimal places where appropriate. (4 marks)

b Express 3 sin x cosx + 4 cos” x in the form asin 2x + b cos 2x + ¢, where a, b and ¢
are constants to be found. (3 marks)

¢ Hence, using your answer to part a, deduce the maximum value of
3sinx cos x + 4 cos? x (1 mark)

a Given that sin? (g) = 2sin 6, show that V17 sin (f + o) = 1 and state the value of «, where

(3 marks)

m

2

O=sa=

b Hence, or otherwise, solve sin? (g) =2sin 0 for 0° < 0 < 360° (4 marks)

a Given that 2cosf = 1 + 3sinf, show that Rcos(# + o) = 1, where R and « are constants

tobefound,and 0 = o < % (2 marks)

b Hence, or otherwise, solve 2cos# = 1 + 3sin 6 for 0° < # < 360° (4 marks)

Using known trigonometric identities, prove the following:

_ ELx o (0, (A
a secf) cosect) = 2 cosec 20 b tan (4 + x) tan (4 x) = 2tan2x
¢ sin(x+ y)sin(x — y) = cos?y — cosZx d 1+2cos260+ cos4f = 4cos’0 cos 20
a Use the double-angle formulae to prove that E it =tan?x (4 marks)
1 +cos2x
: ; 1 —cos2x :
b Hence find, for -7 = x = 7, all the solutions of ——————— = 3, leaving your answers
1 +cos2x

in terms of . (2 marks)
a Prove that cos*26 — sin* 260 = cos 40 (4 marks)
b Hence find, for 0° < @ < 180°, all the solutions of cos*26 — sin* 20 =% (2 marks)

1 —cos26

a Prove that Sn28 = tan 6 (4 marks)
b Verify that 0 = 180° is a solution of the equation sin 26 = 2 — 2 cos 260 (1 mark)

¢ Using the result in part a, or otherwise, find the two other solutions, 0° < § < 360°,
of the equation sin 26 = 2 — 2 cos 26 (3 marks)
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Challenge

1 Prove the identities:

€05 260 + cos 4 _
sin26 —sin4f cot?

b cosx + 2cos3x + cos 5x = 4 cos? x cos 3x

2 The points 4, B and C lie on a circle with centre O and radius 1. ACis a
diameter of the circle and point D lies on OC such that ZODB = 90°

B
m Find expressions

for ZBOD and AB,
then consider the
lengths OD and DB.

Use this construction to prove:
a sin26 =2sinf cosf b cos20=2cos?f -1

Summary of key points

1 The addition (or compound-angle) formulae are:

+ sin(4+ B)=sin4d cosB+cosAsinB sin(4 — B) =sinAcosB-cosAsinB

+ cos(4+ B)=cosAcosB-sinAdsinB cos(4—-B)=cosAcosB+sinAsinB
_ tanA+tanB _ g tand-tanB
tan(A+B}:1—tanAtam!i‘ e B)_1+tanAtanB

2 The double-angle formulae are:
+ 5in24 =2sin Acos A
+ 0524 =c0s2A4 -sinfA=2co0s?A-1=1-2sin2A4
2tan A

o ORI A = e
1-—tan?4

3 For positive values of @ and b,
+ asinx + b cos x can be expressed in the form Rsin (x + «)
+ acos x =+ b sin x can be expressed in the form R cos (x F a)

with R > 0and 0° < a: < 90° (or%)

where Rcosa=a, Rsina=band R=Va?+ b?



REVIEW EXERCISE

Review exercise

® 1

p)

4x +
-2x-3 x?+x

fraction in its simplest form.

as a single

“@

¢ Pure 3 Section 1.1

Express o

3 3
f(x)—l—x+2+(x+2)2,x=—2
X2+x+1
a Show that f(x)_m,az—Z )

b Show that x2 + x + 1 >0 for all

values of x, x # -2 2)
¢ Show that f(x) > 0 for all values
of x,x#-2 2)

« Pure 3 Section 1.1

: 3x2+6x-2 ., ex+f
Given that i = d+x2+4
find the values of d, e and f. 4)

« Pure 3 Section 1.2

Solve the inequality [4x + 3| > 7-2x (3)

« Pure 3 Section 2.1

The function p(x) is defined by

AxFd =2

p-x= -x+4,x=-2
a Sketch p(x), stating its range. 3)
b Find the exact values of @ such that
p(a) =-20 “

« Pure 3 Section 2.2
The functions p and q are defined by

1
p(x)_x+4,xeR,x¢—4
g(x)=2x-5, xR

a Find an expression for qp(x) in the

ax+b
form i 3)
b Solve gp(x) =15 3)

Let r(x) = qp(x)
¢ Find r-!(x), stating its domain.

3

« Pure 3 Sections 2.3, 2.4

The functions f and g are defined by:
X+
x

fix— 2,xeR,x=0

g:xr—>ln(2x—5),x€R,x>%

a Sketch the graph of f. 3)
3x+2
3 e
b Show that f?(x) = 12 A3)
¢ Find the exact value of gf (%) 2)
d Find g-!'(x), stating its domain. A3)

« Pure 3 Sections 2.3, 2.4

The functions p and q are defined by:
px)=3x+b,xER
gx)=1-2x,xeR

Given that pq(x) = qp(x),

a show that b = —% 3)
b find p~!(x) and q~'(x) 3)
¢ show that

g () =qlpl(x) = ax:- b, where

a, b and c are integers to be found. (4)

« Pure 3 Sections 2.3, 2.4

M2, 4)

The figure shows the graph of
y=flx),-5=x=5

The point M (2, 4) is the maximum
turning point of the graph.
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Sketch, on separate diagrams, the graphs of:

a y=f(x)+3 (2
b y=If(x)| @)
¢ y=1(x) )

Show on each graph the coordinates of
any maximum turning points.

¢ Pure 3 Sections 2.5, 2.6
The function h is defined by
hix—2x+3°?-8, xeR

a Draw a sketch of y = h(x), labelling
the turning points and the x- and

y-intercepts. 4)
b Write down the coordinates of the
turning points on the graphs with
equations:
i y=3h(x+2) 2)
ii y=h(-x) 2
iii y = [h(x)| 2

¢ Sketch the curve with equation
v = h(—|x]). On your sketch, show the
coordinates of all turning points and
all x- and y-intercepts.

C))

« Pure 3 Sections 2.5, 2.6

y=1(x)

The diagram shows a sketch of the graph
of y = f(x).

The curve has a minimum at the point

A (1, 1), passes through the x-axis at
the origin, and the points B (2, 0) and
C(5, 0); the asymptotes have equations
x=3and y=2.

EP) 13

REVIEW EXERCISE

a Sketch, on separate axes, the graphs of:

iy=|[fx) ()
fiy=—f(x+1) ()
iii y = f(-2x) ()

in each case, showing the images of the
points 4, B and C.

b State the number of solutions to each

equation:
i 3f(x) =2 )
i 2/f(x)| =3 )

« Pure 3 Sections 2.6, 2.7

The diagram shows a sketch of part of
the graph y = q(x), where
q(x)=3lx+bl=3,6<0

Va

(0’% \ g =y
\/% X

A

The graph cuts the y-axis at (0_, %)

a Find the value of b. )
b Find the coordinates of 4 and B.  (3)
¢ Solve q(x) = —%x +5 (5)

« Pure 3 Section 2.7

The function f is defined by
f(x) = —%|x+4|+8, xER

The diagram shows a sketch of the graph

y =1(x).
VA

N\ ,

X
\' =f(x)

/

a State the range of f. (D)

b Give a reason why f~!(x) does not
exist. (D)

¢ Solve the inequality f(x) > %x +4 (5



REVIEW EXERCISE

@ 1

@ 15

d State the range of values of & for which 17 a Prove that

the equation f(x) = %x + k has no
solutions.

@

« Pure 3 Section 2.7

Sketch, in the interval —27 < x < 2,

the graph of y =4 — 2 cosec x.

Mark any asymptotes on your graph.
©)

b Hence deduce the range of values of k

for which the equation 4 — 2cosec x = k

has no solutions. 2)

« Pure 3 Sections 3.1, 3.2

-}

The diagram shows the graph of
y=ksec(l - )
The curve crosses the y-axis at the point

(0, 4), and the f-coordinate of its
minimum point is %

VA

)
1] = o
|U\
K
ﬁ_
¥

y=ksec(f-a)

a State, as a multiple of m, the value of a.
@
b Find the value of k. 2)

¢ Find the exact values of @ at the points
where the graph crosses the line
y==2v2 3

« Pure 3 Section 3.2

a Show that
COSX 1 —sinx
; =2secx
1 —sinx COSX
C))

b Hence solve, in the interval 0 < x < 4,

COSX 1 —sinx
—— 4 =-2/2
1 —sinx COSX

“

« Pure 3 Section 3.3

@ 1

@ 19

@ »

cosf
sin f )

b Sketch the graph of y = 2 cosec 26 for
0™ < 360° 3)

¢ Solve, for 0° < 6 < 360°, the equation
sin ¢
cos
1 decimal place.

sin
cos

= 2cosec 20, 0 # 90n°

cosf
sin @

= 3, giving your answer to

O]

 Pure 3 Section 3.3

10cm

&
D

In the diagram, AB = 10cm is the
diameter of the circle and BD is the
tangent to the circle at B. The chord AC
is extended to meet this tangent at D and
£LABC=10

a Show that BD = 10cotf 4)
b Given that BD = % cm, calculate the
/
exact length of DC. 3)

« Pure 3 Section 3.4

a Given that sin?0 + cos?f = 1,
show that 1 + tan?6 = sec? 0

(2)
b Solve, for 0° = 6 < 360°, the equation
2tan?0 +sech =1

giving your answers to 1 decimal place.
(6)

« Pure 3 Section 3.3

Given that ¢ = cosec x and b = 2sin x,

a express ¢ in terms of b 2)
—h2
b find the value of 4, - in terms of b.
at -1 2)

« Pure 3 Section 3.4

99
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@

® 23

@ 1

@ 2

@

Given that
. T T
r=arcsinx, -lsx=1l,--=sy=—
y ; 75 b 5
a express arccos x in terms of y. 2

b Hence find, in terms of «, the value of
arcsin x + arccos x Q)]

« Pure 3 Section 3.5

a Prove that, forx = 1,
feZs]

1 .
arccos y: = arcsin —

@
b Explain why this identity is not true for
b=x< ] 2)

« Pure 3 Section 3.5

2 arccos x — E,
2

@

b Find the exact coordinates of the point

where the curve crosses the x-axis. (3)

« Pure 3 Section 3.5

a Sketch the graph of y =

showing clearly the exact endpoints
of the curve.

L T 1
Given that tan(a + 6) = show that
tan x = 72-11V3 5)

321

< Pure 3 Section 4.1

Given that sin (x + 30°) = 2 sin (x — 60°)

a show that tan x = 8 + 5/3 4)
b Hence, express tan (x + 60°)
in the form a + »/3 3

< Pure 3 Section 4.1

a Usesin(f + a)=sinfcosa + cosfsin o,
or otherwise, to show that

V6 — V2
Z @

b Hence, or otherwise, show that
cosec 165° = Va + Vb , where a and b
are constants to be found.

sin 165° =

3)

« Pure 3 ections 4.1, 4.2
Given that cos 4 = % where 270° < 4 < 360°,
a find the exact value of sin 24 3)

b show that tan24 = -3V7 3
« Pure 3 Section 4.3

@

® 29

® 30

® 31

REVIEW EXERCISE

Solve, in the interval —180° = x = 180°,
the equations

a cos2x +sinx=1

3
b sin x(cos x + cosec x) = 2cos x 3
giving your answers to 1 decimal place.

¢ Pure 3 Section 4.4

f(x) = 3sinx + 2 cosx
Given f(x) = R sin(x + «), where R > 0

and0 < a < %,
a find the value of R and the value of «. (4)
b Hence, find the greatest value
of (3 sinx + 2 cosx)* ?2)
¢ Hence, or otherwise, solve for
0 = 0 < 2, f(x) = 1, rounding your
answers to 3 decimal places.

3

« Pure 3 Section 4.5

a Prove that

cotf —tan @ = 2 cot 20, 9:%

b Solve, for -7 < # < 7, the equation
cotf —tanfl =5

giving your answers to 3 significant
figures.

3

3

« Pure 3 Sections 3.3, 4.6

a By writing cos 36 as cos(26 + 6),
show that

cos 30 = 4cos* @ — 3cos ©)
. V2 .
b Given that cosfl = 3 find the exact

value of sec 36. Give your answer in
the form kv2 where k is a rational
constant to be found.

3

« Pure 3 Sections 3.3, 4.1

Show that sin4d = % - % cos 20 + % cos 40

You must show each stage of your
working.

6

« Pure 3 Section 4.6
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Challenge 2 The diagram shows a sketch of the functions

m 1 The functions f and g are defined by p(x) =|x? - 8x + 12| and q(x) = |x* - 11x + 28|

INNOVATION flx) = -3|x+3|+15 xR A
g =—3x+3,xeR
The diagram shows a sketch of the graphs
y = f(x) and y = g(x), which intersect at
points 4 and B. M is the midpoint of 4B.
The circle C, with centre M, passes through
points 4 and B, and meets y = f(x) at point P
as shown in the diagram. 0 >

3

Find the exact values of the x-coordinates of
the points 4, Band C. ¢ Pure 3 Section 2.5

3 The diagram shows a circle, centre O.
The radius of the circle, OC, is 1,
and zCDO =90°
A

/ w )’x= g(x)

a Find the equation of the circle.
b Find the area of the triangle 4 PB.
« Pure 3 Sections 2.2, 2.6

Given that ZCOD = x, express the following
lengths as single trigonometric functions of x

a CD b OD ¢ 04
d AC e CB f OB

« Pure 3 Section 3.1
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Learning objectives

After completing this unit you should be able to: \
e Sketch graphs of the form y = a*, y = e¥, y = e®* + ¢, &
and transformations of these graphs - pages 103-105 [ \

e Differentiate e* and understand why this result is important
= pages 105-108

Describe and use the natural logarithm function - pages 108-110

Use logarithms to estimate the values of constants in
non-linear models - pages 110-116
e Use and interpret models that use exponential functions
- pages 116-118

Prior knowledge check

1 Given that x =3 and y = -1, evaluate these expressions without
using a calculator:
a 5 b 3 ¢ 22.\'—1 d ?1—_1‘ e 11.\'+3_|'
<« International GCSE Mathematics

2 Simplify these expressions, writing each answer as a single power:
5 9 ... o : :
a6t:62 bPx(9 ¢ eex 2’ d i Radioactive atoms cEJntalﬂ
28 ' B an excess of energy in their
« International GCSE Mathematics nucleus (i.e. more energy than
is needed). To become stable,
they release this excess energy
x |EPrz1 [ 35 4 [ 58 as alpha, beta or gamma
radiation. The time it takes a
y BRI 74 | 94 g 128 radioactive atom to decrease

Determine the gradient and y-intercept of your line of best fit, - to half its original value is

_—
-

! 3 Plot the following data on a scatter graph
and draw a line of best fit.

giving your answers to 1 decimal place. called the half-life. This is an
« International GCSE Mathematics exponential decay.
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@ Exponential functions

Functions of the form f(x) = ¥, where « is a constant, are called exponential functions.
You should become familiar with these functions and the shapes of their graphs.

For example, look at a table of values of y = 2* L
- In the expression 27,

b -3 -2 -1 0 1 2 3 x can be called an index, a power
y L . Z 1 > 4 3 or an exponent

The value of 2* tends toward 0 as x decreases, m

and grows without limit as x increases. 1Re°;’“ that 2° = 1and that

. & S =3 =—=— i
The graph of y = 2* is a smooth curve that looks like this: 20 > g ¢ Ruisl ascionii

The x-axis is an asymptote
to the curve.

\'NUJ-L‘\LHO‘\-JOD.,
| I I N SN SN N N

1
L
|
N
1
—
=
—
)
w
-5

I
N

a On the same axes, sketch the graphs of y =3*, y=2%and y = 1.5
b On another set of axes, sketch the graphs of y = (%)\ and y = 2%

a For all three graphs, y =1whenx =0 ——— 0=1
When & >0, 3" = 2% =>15" }
When x < O, 3" < 2* < 1.57 Work out the relative positions of the three
A - graphs.
Whenever a > 1, f(x) = @* is an increasing function.

In this case, the value of a* grows without limit as
X increases, and tends toward 0 as x decreases.

b The graph of y = (‘;‘)‘ is a reflection in the

. 1 o ‘_'l"—- s O-INX _ o—x
y-axis of the graph of y = 2* Since ;=2 = (E) is the same as y = 27)" =2

Whenever 0 <a <1, f(x) = a* is a decreasing
function. In this case, the value of " tends toward
0 as x increases, and grows without limit as x
decreases.
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x=3
Sketch the graph of y = (%) and give the coordinates of the point where the graph crosses the y-axis.

1) = (& ].\- S Problem-solving

The graph is a translation of the graph If you have to sketch the graph of an unfamiliar
s [%}‘ by the vector (3) funcvt.lon, try v.vrltmg it as a transformation of a
' ' familiar function. « Pure 1 Section 4.4
The graph crosses the y-axis when x= 0
(1 0-3
y=(3) N
y=5 You can also consider this graph as a stretch of
=
The graph crosses the y-axis at (O, &) the graph y = (E)
V4 1 Ere]
10\5 y=[3)
B
- =(z) x(3)
6 je
44 = (EJ x 8
21 =8(1) = 8f(x)
0" 2 4 ¢ & 10* So the graph of y = (%]"__3 is a vertical stretch of

the graph of y = (1) with scale factor 8.

Exercise @ m INTERPRETATION

1

a Draw an accurate graph of y =(1.7)*for-4 = x =4

b Use your graph to solve the equation (1.7)* = 4

a Draw an accurate graph of y = (0.6)* for -4 = x =4

b Use your graph to solve the equation (0.6)* = 2
Sketch the graph of y = 1*

For each of these statements, decide whether it is true or false, justifying your answer or offering
a counter-example.

a The graph of y = a* passes through (0, 1) for all positive real numbers a.
b The function f(x) = a* is always an increasing function for a > 0

¢ The graph of y = a*, where a is a positive real number, never crosses the x-axis.

The function f(x) is defined as f(x) = 3*, x € R. On the same axes, sketch the graphs of:
a y=1f(x) b y=2f(x) c y=f(x)-4 d y="fl3x)

Write down the coordinates of the point where each graph crosses the y-axis, and give the
equations of any asymptotes.

The graph of y = ka* passes through the m Substitute the coordinates into y = ka* to
points (1, 6) and (4, 48). Find the values create two simultaneous equations. Use division
of the constants k and a. to eliminate one of the two unknowns.
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7 The graph of y = pg* passes through the points (-3, 150) and (2, 0.048)
a By drawing a sketch or otherwise, explain why 0 < ¢ < 1

b Find the values of the constants p and g.

Challenge

Sketch the graph of y = 2¥-2 + 5, giving the coordinates of the point
CREATIVITY  where the graph crosses the y-axis.

Exponential functions of the form f(x) = a* have a special mathematical property. The graphs of their
gradient functions are a similar shape to the graphs of the functions themselves.

y V d_l" = x J Q = X
xa Mg =1099.x3 g = 1386, x4

y= 3* Y= &

0 f 0 i 0 3

In each case f'(x) = kf(x), where k is a constant. As the value of a increases, so does the value of k.

Something unique happens between a = 2 and
a = 3.There is going to be a value of @ where the
gradient function is exactly the same as the

Function | Gradient function
fx)=1* |[f(x)=0x1~

original function. This occurs when a is flx) =2 | f'(x) =0693... x2
approximately equal to 2.71828. The exact value fx)=3* |f'(x)=1.099... x3~
is represented by the letter e. Like 7, e is both an flx)=4* [T{x)=1386, x4*

important mathematical constant and an

irrational number. Ny
@ Explore the relationship O _

" Forall real values of x: between exponential functions and
o If f(x) =e*thenf'(x) =e* their derivatives using technology.

Y
If y=e*then—=¢e*
. y=e en de e

A similar result holds for functions such as e, e~* and e
® For all real values of x and for any constant k:

e If f(x) = ek then f'(x) = kek~

dy
— nkx R kx
e Ify=e thendx_ke
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Differentiate with respect to x.

a eV b e ¢ 3
a . y=eh
dy P Use the rule for differentiating e+~ with k = 4
—_— = e X
dx

b y=e=

W _ i
dx =~ 2
c .. y= 3" ) . . )
d-' To differentiate ae®, multiply the whole function
d—J =2 x 3e2% = Ge2¥ by k. The derivative is kae*~
X —

Sketch the graphs of the following equations. Give the coordinates of any points where the graphs
cross the axes, and state the equations of any asymptotes.

a "l,: = 62.\' b y = ]_Oc—_\' c }" - 3 4 46%_\.
a y= 62.\'
When x = 0, y = €2%° = 1 50 the graph

crosses the y-axis at (O, 1).

The x-axis (y = O) is an asymptote.
2x

yay=e
y= aX
The graph of y = e* has been shown in purple on
this sketch.
1
_/ = This is a stretch of the graph of y = e, parallel to
o X the x-axis and with scale factor%
b y=10e~ €« Pure 1 Section 4.6

When x = O, y = 10e7°. So the graph
crosses the y-axis at (O, 10).
The x-axis (y = O) is an asymptote.

VA . . ) -
o Negative powers of e¥, such as e~ or e, give

rise to decreasing functions.

The graph of y = e* has been reflected in the
y-axis and stretched parallel to the y-axis with
scale factor 10.
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¢ y=3+ 4ex Problem-solving

[ = ) = %0 —
i s e i If you have to sketch a transformed graph with

te graph Wl e theyaxisiaeiC 7). an asymptote, it is often easier to sketch the
The line y = 3 is an asymptote. asymptote first.
VA -
y =3+ 47"

The graph of y = e:* has been stretched parallel to
the y-axis with scale factor 4 and then translated

7 b 3

o x N
@ Use technology to draw

transformations of y = e~

We can develop Example 4c above into a general case; VA i
(x +0.5) l

P =g X )3 +
¥= pax+h 4 o )

A little calculation will show that the asymptoteis y = ¢

0, e
This will help to sketch the curve. / 0, ¢ +¢)
e

o X
m INTERPRETATION
1 Use a calculator to find the value of e* to 5 decimal places when:
ax=1 b x=4 ¢ x=-10 d x=02

2 a Draw an accurate graph of y=e*for-4=x=4
b By drawing appropriate tangent lines, estimate the gradient at x = 1 and x =3

¢ Compare your answers to the actual values of e and e°.

3 Sketch the graphs of:
a- y=gr b y=4e ¢ y=2"-3
d y=4-¢ e y=6+10ex f y=100e>+ 10

4 Each of the sketch graphs below is of the form y = Ae’ + C, where A, b and C are constants.
Find the values of 4 and C for each graph, and state whether b is positive or negative.

a 4 b ya c /
0 a . ’/ @ You do not have
8

\ enough information
& / to work out the value
6 :
g eECT RN \ of b, so simply state

whether it is positive
or negative.

]

-y
QO
=Y
o
=Y
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5 Rearrange f(x) = e¥**2 into the form f(x) = 4e*, where A4 and‘b m R
are constants whose values are to be found. Hence, or otherwise,
sketch the graph of y = f(x).

6 Differentiate the following with respect to x: m For part f, start
a ebr b e o Je2x by expanding the
d e e ¥+ 2¢* f exer+1) DTt

7 Find the gradient of the curve with equation y = e** at the point where:
ax=2 b x=0 ¢ x=-0.5

8 The function f is defined as f(x) = e***, x € R. Show that the tangent to the curve
at the point (5, e) goes through the origin.

@ Natural logarithms

® The graph of y = In x is a reflection of the graph y =e*in the line y = x

The graph of y = In x passes through (1, 0) and does not VA
cross the y-axis.

The y-axis is an asymptote of the graph y = [n x.
This means that In x is defined only for positive values of x.

As x increases, In x grows without limit, but relatively slowly.

You can also use the fact that logarithms are the inverses of
exponential functions to solve equations involving powers
and logarithms.

mehr=lIn(e’) =x @ Inx = log.x

Solve these equations, giving your answers in exact form.

ae‘'=35 b Inx=3 . : - i
The inverse operation of raising e to the power x is
M taking natural logarithms (logarithms to the base €)
a Whenex=5 and vice versa.
IneX) =1In5
x=1In5 L You can write the natural logarithm on both sides.
n(e¥) = x
b Whenlnx =3
elnx = 23
o Leave your answer as a logarithm or a power of e

so that it is exact.
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Solve these equations, giving your answers in exact form.
a eRti=T b2lnx+1=35 ¢ e i Sex=14

a e2x+3 = 7
2x+3=In7 Take natural logarithms of both sides and use the
‘ fact that the inverse of e¥is [n x.

2x=In7 -3
_\’=%|ﬂ7—g

b 2nx+1=5

2inx=4 Rearrange to make In x the subject.
Inx =2
WP I— The inverse of In x is e~
c e?* + 5e¥ =14 e2r = (e*)?, so this is a quadratic function of e*
2% + 5eX — 14 = O Start by setting the equation equal to 0 and

factorise. You could also use the substitution
u = e* and write the equation as u? + 5u — 14 =0

ef=-7orer=2
ex=2 ‘ LG UK e+ is always positive, so you can't

x=In2 have e* = —7. You need to discard this solution.

Exercise @

1 Solve these equations, giving your answers in exact form.
ae=6 b ex=11 c ext3i=20

d 3e*=1 e ex*t6=3 f e-x=19

e+ 7)e*—-2)=0

2 Solve these equations, giving your answers in exact form.

alnx=2 b In(4x)=1 ¢ In(2x+3)=4
d 2In(6x-2)=5 e 111(18—,\‘):% f In(x2-7x+11)=0
3 Solve these equations, giving your answers in exact form. @ All of the equations in
a e —8e¥+12=0 b e — 3ev=-2 question 3 are quadratic equations
¢ (Inx2+2Inx-15=0 d e =5+4e =0 R LB i
e 3e2+ 5=16ex f (Inx)?)=4(Inx+3)
m Firstin partd

multiply each term by e*
4 Find the exact solutions to the equation e¥ + 12e-¥ =7 (4 marks)

5 Solve these equations, giving your answers in exact form.
aln@x-3)=2 b ex-8=3 c el™—8ex+7=0 d Inx-1)%=4
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6 Solve 3*e*~! =5, giving your answer in the form G0 @ Take natural logarithms
& c+1Ind .
of both sides and then apply
(5 marks) the laws of logarithms.

® 7 Officials are testing athletes for banned medicines at a sporting event. They model the .
concentration of a particular substance in an athlete’s bloodstream using the equation D = 6¢1°
where D is the concentration of the substance in mg/l, and ¢ is the time in hours since the athlete
took the substance.

a Interpret the meaning of the constant 6 in this model.
b Find the concentration of the substance in the bloodstream after 2 hours.

¢ It is impossible to detect this substance in the bloodstream if the concentration is lower than
3mg/l. Show that this happens after t = -101In (%) and convert this result into hours and minutes.

8 The graph of y =3 + In (4 — x) is shown to the right. V4
a State the exact coordinates of point A4. (1 mark) —— (:} A
b Calculate the exact coordinates of point B. (3 marks) _

Challenge

The graph of the function g(x) = 4e®* + C passes through (0, 5) and (6, 10).
Given that the line y = 2 is an asymptote to the graph, show that B=£In ()

@ Logarithms and non-linear data

Logarithms can also be used to manage and explore non-linear trends in data.

Case 1: y = ax”

Start with a non-linear relationship —— y = ax”

Take logs of both sides (log = log;;) ———— log y = log ax”

Use the multiplication law log y = loga + log x"
Use the power law log y=loga+nlogx

Compare this equation to the common form of a straight line, Y= MX + C

log y n log x log a
variable = constant variable + constant
(gradient) (intercept)
K M X C
variable = constant variable + constant
(gradient) (intercept)
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= If y = ax” then the graph of log y against log x will be a straight line with gradient n
and vertical intercept log a

log v 4

-

log a

I

> log x

The table below gives the rank (by size) and population of the UK’s largest cities and districts

(London is ranked number 1 but has been excluded as an outlier).

City Birmingham Leeds Glasgow Sheffield Bradford
Rank, R 2 3 4 5 6
Population, P (2 s.f.) 1000000 730000 620000 530000 480000

The relationship between the rank and population can be modelled by the formula

P=aR"

a Draw a table giving values of log R and log P to 2 decimal places.
b Plot a graph of log R against log P using the values from your table and draw a line of best fit.

where a and n are constants.

¢ Use your graph to estimate the values of @ and n to 2 significant figures.

a |logR .30

048 | 0.60

0.70

078

log P G

566 | 572

572

5.68

b log P g
G.4 1

6.2

6.01

G e

02 03 04 05 06 07 08 09 logR

111
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c P=aR"

log P = logaR"

1

so the gradient is n and the intercept is loga

Reading the gradient from the graph, '—L_
. 568 -616 -048
077 =065 072

locga + log R"
loga + nlog R

= —-067

Reading the intercept from the graph,

loga = 6.2
a =102 = 1600000 (2 st)

Start with a non-linear relationship
Take logs of both sides (log = log,,)

Use the multiplication law
Use the power law

y=ab*
log y = log ab*
log y = loga + log b*
logy=loga+xlogh
Compare this equation to the common form of a straight line, Y= MX + C

EXPONENTIALS AND LOGARITHMS

Start with the formula given in the question.
Take logs of both sides and use the laws

of logarithms to rearrange it into a linear
relationship between log P and log R.

The gradient of the line of best fit will give
you your value for .

The vertical intercept will give you the value
of log a. You need to raise 10 to this power to
find the value of a.

log y log b X log a
variable constant variable + constant
(gradient) (intercept)
¥ M X C
variable constant variable + constant
(gradient) (intercept)

= |If y = ab* then the graph of log y against x will be a straight line with gradient log b and vertical

intercept log a

lOg Ya

—T

lOg a /

(0]

m For y = ab* you need to plot

log v against x to obtain a linear graph.
If you plot log v against log x you will not
get a linear relationship.
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P, over ¢ hours. The graph has a gradient of 0.6 and meets
the vertical axis at (0, 2) as shown.

A scientist suggests that this growth can be modelled by
the equation P = ab’, where a and b are constants to be found.

a Write down an equation for the line.

b Using your answer to part a or otherwise, find the values
of @ and b, giving them to 3 significant figures where necessary.

¢ Interpret the meaning of the constant « in this model.

a logP=06t+2

b P =1006t+2
= 10096t x 102

=102 % {‘]OO.GJH

= 100 x.5.98

a =100, b = 3.98 (3 s.f)

c The value of a gives the initial size of the

bacteria population.

Exercise @ m INTERPRETATION

1 Two variables, S and x, satisfy the formula S =4 x 7~

a Show that log S =log4 + xlog7

b The straight line graph of log S against x is plotted. Write down the gradient and the value
of the intercept on the vertical axis.

L

log P4
2/
—
0 ol

log P = (gradient) x ¢ + (y-intercept)

Rewrite the logarithm as a power. An alternative
method would be to start with P = ab' and take
logs of both sides, as in Example 7.

Rearrange the equation into the form ab'. You can
use x™ = (x™" to write 109¢ in the form &*

2 Two variables, A and x, satisfy the formula 4 = 6x*

a Show that log 4 =log6 + 4log x

b The straight line graph of log 4 against log x is plotted. Write down the gradient and the
value of the intercept on the vertical axis.

3 The data below follows a trend of the form y = ax”, where a and n are constants.

X

3

5

8

10

15

J(v

16.3

333

64.3

87.9

155.1

a Copy and complete the table of values of log x and log y, giving your answers to 2 decimal places.

log x

0.48

0.70

0.90

1

1.18

logy

1.21

2.19

b Plot a graph of log y against log x and draw in a line of best fit.

¢ Use your graph to estimate the values of @ and n to 1 decimal place.
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4 The data below follows a trend of the form y = ab*, where ¢ and b are constants.

x 2 3 5 6.5 9
y 124.8 4244 4097.0 30763.6 655743.5

a Copy and complete the table of values of x and log y, giving your answers to 2 decimal places.

5 5 2 3 5 6.5 9
log y 2.10

b Plot a graph of log y against x and draw in a line of best fit.

¢ Use your graph to estimate the values of @ and b to 1 decimal place.

Kleiber’s law is an empirical law in biology which connects the mass of an animal, m, to its
resting metabolic rate, R. The law follows the form R = am®, where ¢ and b are constants.

The table below contains data on five animals.

Animal Mouse Guinea pig Rabbit Goat Cow
Mass, m (kg) 0.030 0.408 4.19 34.6 650
Metabolic rate

“ 2
R (keal per day) 4.2 323 195 760 7637

a Copy and complete this table giving values of log R and logm to 2 decimal places. (1 mark)

log m -1.52
log R 0.02 1.51 2.29 2.88 3.88
b Plot a graph of log R against log m using the values from your table and draw in a
line of best fit. (2 marks)
¢ Use your graph to estimate the values of @ and b to 2 significant figures. (4 marks)

d Using your values of « and b, estimate the resting metabolic rate of a human male
with a mass of 80 kg. (1 mark)

Zipf’s law is an empirical law which relates how frequently a word is used, f, to its ranking in
a list of the most common words of a language, R. The law follows the form f'= AR”, where A
and b are constants to be found.

The table below contains data on four words.

Word ‘the’ ‘i’ ‘well’ ‘detail’
Rank, R 1 10 100 1000
Frequency per

100000 words, f 4897 861 92 9

a Copy and complete this table giving values of log fto 2 decimal places.

log R 0 1 2 3
log f 3.69

b Plot a graph of log fagainst log R using the values from your table and draw in a line of best fit.
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¢ Use your graph to estimate the value of A to 2 significant figures and the value of b to
1 significant figure.

d The word ‘when’ is the 57th most commonly used word in the English language. A series of
three novels contains 455 125 words. Use your values of A4 and b to estimate the number of
times the word ‘when’ appears in the trilogy.

The table below shows the population of Mozambique between 1960 and 2010.

Year 1960 1970 1980 1990 2000 2010
Population

. 2
P (millions) 7.6 9.5 12.1 13.6 18.3 23.4

This data can be modelled using an exponential function of the form P = ab’,
where ¢ is the time in years since 1960 and a and b are constants.

a Copy and complete the table below.

Time in years

. 2]
since 1960, ¢ 0 10 20 30 40 50
log P 0.88

b Show that P = ab' can be rearranged into the form log P =loga + tlogh

¢ Plot a graph of log P against ¢ using the values from your table and

draw in a line of best fit.
m For part e, think about the

relationship between P and o

dt

d Use your graph to estimate the values of « and b.

e Explain why an exponential model is often appropriate
for modelling population growth.

A scientist is modelling the number of people, N, who have fallen sick with a virus after ¢ days.

log N 4
(10, 2.55)
0 1

From looking at this graph, the scientist suggests that the number of sick people can be
modelled by the equation N = ab’, where @ and b are constants to be found.

The graph passes through the points (0, 1.6) and (10, 2.55).

a Write down the equation of the line. (2 marks)
b Using your answer to part a or otherwise, find the values of « and b,

giving them to 2 significant figures. (4 marks)
¢ Interpret the meaning of the constant « in this model. (1 mark)

d Use your model to predict the number of sick people to the nearest 100 after 30 days.
Give one reason why this might be an overestimate. (2 marks)
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® 9 A student is investigating a family of similar shapes. She measures the width, w,
and the area, A, of each shape. She suspects there is a formula of the form A = pw4,
so she plots the logarithms of her results.

log A 4

0 log w
-0.1049
-1

The graph has a gradient of 2 and passes through —0.1049 on the vertical axis.

a Write down an equation for the line.
b Starting with your answer to part a, or otherwise, find the exact value of ¢ and the value of p
to 4 decimal places.

¢ Suggest the name of the family of shapes that the

student is investigating, and justify your answer. m Multiply p by 4 and think about

another name for ‘half the width’.

@ Exponential modelling

You can use e* to model situations such as population growth, where the rate of increase is
proportional to the size of the population at any given moment. Similarly, e~ can be used to model
situations such as radioactive decay (the process of being destroyed by radioactivity), where the rate
of decrease is proportional to the number of atoms remaining.

The density of a pesticide (a chemical used for killing insects) in a given section of field, P mg/m?2,
can be modelled by the equation
P= 1600—0.[}061'
where ¢ is the time in days since the pesticide was first applied.
a Use this model to estimate the density of pesticide after 15 days.
b Interpret the meaning of the value 160 in this model.

¢ Show that % = kP, where k is a constant, and state the value of k.

d Interpret the significance of the sign of your answer to part c.
e Sketch the graph of P against ¢.
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b Whent =0, P =160e° = 160, so 160 mg/m? g
@ Work this out in one go using the |

c P = 160e-0006t button on your calculator.
dE ¢ -0.96e709%%t 50 k = -0.96

d As k is negative, the density of pesticide

e Pa

a After 15 days, =15

P2 1e0e RoRens Substitute ¢ = 15 into the model.
= 146.2 mg/m?

is the initial density of pesticide in the field.

t
d w The value given by a model when
t = 0is called the initial value.
is decreasing (there is exponential decay).

dv
160 — If y =ek then d_Jr = kekx
Use your answers to parts a and d to help you
draw the graph. To check what happens to P in the
0 . long term, substitute in a very large value of .

Exercise @ m INTERPRETATION

1

The value of a car is modelled by the formula

V' =20000e
where V is the value in euros and ¢ is its age in years from new.
a State its value when new.

b Find its value (to the nearest euro) after 4 years.

¢ Sketch the graph of V against 7.

The population of a country is modelled using the formula
P =20+ 10e¥
where P is the population in thousands and ¢ is the time in years after the year 2000.
a State the population in the year 2000.
b Use the model to predict the population in the year 2030.
¢ Sketch the graph of P against ¢ for the years 2000 to 2100.
d Do you think that it would be valid to use this model to predict the population

in the year 25007 Explain your answer.

The number of people infected with a disease is modelled by the formula
N =300 - 100e--

where N is the number of people infected with the disease and ¢ is the time in years
after it was first seen.



118 CHAPTER 5 EXPONENTIALS AND LOGARITHMS

E» s

a How many people were initially diagnosed with the disease?
b What is the long term prediction of how this disease will spread?
¢ Sketch the graph of N against 7, for >0

The number of rabbits, R, in a population after m months is modelled by the formula

R = 12e02m
Problem-solvin
a Use this model to estimate the number of rabbits after

Your answer to part b must refer

i 1 month ii 1 year
to the context of the model.

b Interpret the meaning of the constant 12 in this model.
¢ Show that after 6 months, the rabbit population is increasing by almost 8 rabbits per month.
d Suggest one reason why this model will stop giving valid results for large enough values of .

On Earth, the atmospheric pressure, p, in bars can be modelled approximately by the formula
p = e %3 where A is the height above sea level in kilometres.

a Use this model to estimate the pressure at the top of Mount Rainier,

which has an altitude (height above sea level) of 4.394 km. (1 mark)
dp

b Demonstrate that d_{'z = kp, where k is a constant to be found. (2 marks)

¢ Interpret the significance of the sign of k in part b. (1 mark)

d This model predicts that the atmospheric pressure will change by 5% for every
kilometre gained in height. Calculate the value of s. (3 marks)

Fadi has bought a car for 20000 Dirhams. He wants to model the value, V' Dirhams,
of his car after ¢ years. His friend suggests two models:

Model 1: V' = 20000024
Model 2: ¥ = 19000e--257 + 1000

a Use both models to predict the value of the car after one year.

Compare your results. (2 marks)
b Use both models to predict the value of the car after ten years.

Compare your results. (2 marks)
¢ Sketch a graph of V against ¢ for both models. (2 marks)
d Interpret the meaning of the 1000 in Model 2, and suggest why this might make

Model 2 more realistic. (1 mark)

Chapter review o

®

1 Sketch each of the following graphs, labelling all intersections and m Racallthat
asymptotes. 2= () = (1)"'
a y=2" b y=5"-1 ¢c y=lnx ‘

2 a Express In(p?q) in terms of Inp and Ing¢
b Given that In (pg) = 5 and In (p*q) = 9, find the values of Inp and In g

3 Differentiate each of the following expressions with respect to x.
ae™ b ' c 6e”
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Solve the following equations, giving exact solutions.
aln2x-5=8 b e*=5
d Inx+In(x-3)=0 e e'+e =2

¢ 24-e>=10
f n2+Inx=4

The price of a computer system can be modelled by the formula
P=100+850¢ ?

where P is the price of the system in euros and ¢ is the age of the computer
in years after being purchased.

a Calculate the price of the system when new.

b Calculate its price after 3 years, giving your answer to the nearest euro.
¢ When will it be worth less than €200?

d Find its price as 1 — oc.

e Sketch the graph showing P against 7.

f Comment on the appropriateness of this model.

The points P and Q lie on the curve with equation y = e=*
The x-coordinates of P and Q are In4 and In 16 respectively.

a Find an equation for the line PQ.
b Show that this line passes through the origin O.
¢ Calculate the length, to 3 significant figures, of the line segment PQ.

The temperature, 7°C, of a cup of tea is given by T'= SSf:_é +20,t=0,
where ¢ is the time in minutes since measurements began.

a Briefly explain why 7 = 0

b State the starting temperature of the cup of tea.

¢ Find the time at which the temperature of the tea is 50 °C, giving your answer
to the nearest minute.

d By sketching a graph or otherwise, explain why the temperature of the tea will
never fall below 20 °C.

The table below gives the surface area, S, and the volume, V' of five different spheres,

rounded to 1 decimal place.

S 18.1 50.3
Vv 7.2 335

113.1
113.1

221.7
310.3

314.2
523.6

Given that S = aV?, where a and b are constants,
a show thatlogS=1loga+blogV

b Copy and complete the table of values of log.S and log I,
giving your answers to 2 decimal places.

log §
log V

0.86

(1 mark)
(1 mark)

(3 marks)

(2 marks)

(2 marks)

(1 mark)
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¢ Plot a graph of log V against log S and draw in a line of best fit. (2 marks)

d Use your graph to confirm that » = 1.5 and estimate the value of «
to 1 significant figure. (4 marks)

9 A student is asked to solve the equation
log, x — %logg\f"x +1=1

The student’s attempt is shown below.

logz X — logavx + 1 =1
x—vx+1=2

x—2=vVx+1

(x-—2P=x+1
x> -5x+3=0
X = 5+ 413 Y= 5-413
2 2
a Identify the error made by the student. (1 mark)
b Solve the equation correctly. (3 marks)

10 The population, P, of a colony of endangered Sumatran ground-cuckoos can be
modelled by the equation P = ab’ where a and b are constants and ¢ is the time,
in months, since the population was first recorded.

logyy Py

/(20, 2.2)
0,2)

~Y

0

The line / shows the relationship between ¢ and log,, P for the population over
a period of 20 years.

a Write down the equation of line /. (3 marks)
b Work out the value of @ and interpret this value in the context of the model. (3 marks)
¢ Work out the value of b, giving your answer correct to 3 decimal places. (2 marks)
d Find the population predicted by the model when ¢ = 30. (1 mark)

Challenge @ Sketch the graphs of log y

Find a formula to describe the relationship between the data in against log x, and log y against x.
PROBLEM- this table. This will help you determine if the
P relationship is of the form
1 z 3 4 y=ax"ory=ab*

B 27 4,698 42282 3.80538
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Summary of key points

1 For all real values of x:
« If f(x) = exthen f'(x) = e

If “th s
. 3= pX —_—— = pX
y=e'then “=e

2 For all real values of x and for any constant :
« If f(x) = e** then ' (x) = kek~

dy
« If y = e** then — = kek>
y=e endx e

3 If y = ax" then the graph of log y against log x willbea  logy

straight line with gradient n and vertical intercept log a
log a /

—T

loggx

4 If y = ab* then the graph of log y against x will be a log v 4

straight line with gradient log b and vertical intercept log a
lOg a /

et

0 > x



6 DIFFERENTIATION

Learning objectives

After completing this chapter you should be able to:

Differentiate trigonometric functions - pages 123-125, 137-142

Differentiate exponentials and logarithms - pages 126-128

Differentiate functions using the chain, product and

quotient rules - pages 128-136

1 Differentiate:
a 3x2-5x

(= Ml = ) « Pure 1 Section 8.3

Find the equation of the tangent
to the curve with equation
y =8 — x? at the point (3, -1). « Pure 1 Section 8.6

You can use differentiation to find rates of
change in trigonometric and exponential

Solve 2 cosec x — 3 sec x =0 in the interval
0 = x = 2, giving your answers correct to

3 significant figures. « Pure 2 Section 6.4

models. The velocity of a tennis ball could be
estimated by modelling its displacement
and then differentiating.
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m Differentiating sin x and cos x

To differentiate sin x and cos x from first principles, we can use the following small angle
approximations for sin and cos when the angle is measured in radians:

B SINXY~ X m You will always need

1 : S
mcosx~1-3x? to use radians when differentiating
trigonometric functions.

This means that lim m: lim ﬁ: 1, and
h—0o h h—oh
1
1-5h2-1
o cosh—=1 2 T O AN
f!l—rano h _f!l—rpo h _iy_r,no( 2!1)_0

You will need to use these two limits when you differentiate sin and cos from first principles, but note
that this technique is not required by the examination syllabus.

E ]S o CL(NER) ANALYSIS

Prove, from first principles, that the derivative of sin x is cos x

sinh cosh—1
You may assume that as 1 — 0, g 1 and Fp 0
Let f(x) = sinx Problem-solving
{00 = fim flox + h) — fix) Use the rule for differentiating from first
h—0 h principles. This is provided in the formula booklet.
= sinlx + A — sinx If you don’t want to use limit notation, you could
il h write an expression for the gradient of the chord
R joining (x, sin x) to (x + A, sin (x + /)) and show
= h'[ﬂo i that as i — 0 the gradient of the chord tends to
Cos X « Pure 1 Section 8.2

im ((7605;? = l)sin X + (—Smh)COS t)
T h—o0\\ h ’ . j

Use the formula for sin(4 + B) to expand

: cosh — 1 sinh
Since 0 — O and 7 41 | (x + /), then write the resulting expression in
the expression inside the limit tends to terms of cosz_ 1 and Sizk « Pure 3 Section 4.1

(O xsinx +1x cosX)

0" s h) - sinx _ B Make sure you state where you are using the two

|
il h limits given in the question.
Hence the derivative of sinx is cosx —m7———

So

— Write down what you have proved.

dy
m |f y=sinkx, then —— =k cos kx NG
dx @ Explore the relationship O

You can use a similar technique to find the between sin and cos and their
derivative of cos x derivatives using technology.

d
® |If y=coskx, then Ei% =—ksinkx
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Find i h
mn 2 given that:

a y=sin2x b y=cosSx

a y=sin2x

¢ y=3cosx + 2sindx

Use the standard result for sin kx with k=2

o 2 2

Jx = 2cos X
b y=cos5x

dy .

e -5sin5x

¢ y=3cosx + 2sindx
dy
dx
= -3sinx + &cos 4x

=3 x (=sinx) + 2 x (4 cos4x)

Use the standard result for cos kx with k=5

Differentiate each term separately.

A curve has equation y = %x — cos 2x. Find the stationary points on the curve

intheinterval0 = x =7«

d},_] f

-2 sin2x) =% + 2sin2x

Start by differentiating Jx — cos 2x

de B2

}

day
Let = O and solve for x:

%+25in2x=o

2 sin2x = —%
il

2x = 3.394.., 6.030..

d
L Stationary points occur when d—y =0
X

« Pure 2 Section 7.2

0=x=msotherange for2xis0=2x =27

X =170, 3.02 (35it)
When x = 1.70:

m Whenever you are using calculus,

y=31.70) = cos (2 x 1.70) = 1.82 (3 =.f)
When x = 3.02:

y=43.02) - cos (2 x 3.02) = 0.539 (3 s.f)

The stationary points of y = £x — cos 2x in

the interval O = x = 7 are (1.70, 1.82) and
(B2 6939}

you must work in radians.

Substitute x values into y = %x - cos 2x to find
the corresponding y values.
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SKILLS PROBLEM-SOLVING

1

2

3

4

5
®6
@P 7
GEP) 8

® 9

SKILLS
CREATIVITY

Differentiate:

a y=2cosx b y=25in%x ¢ y=sin8x d y=65in%x
Find f'(x) given that:

a f(x)=2cosx b f(x)=6cos %x ¢ f(x)=4cos %x d f(x)=3cos2x
o dy

Find 4, siven that:

a y=sin2x + cos 3x b y=2cos4x — 4cosx + 2cosTx

¢ y=x*+4cos3x dyzw

A curve has equation y = x — sin 3x. Find the stationary points of the curve

intheinterval 0 =s x =7

Find the gradient of the curve y = 2sin4x — 4 cos 2x at the point where x =

Y

A curve has the equation y = 2sin 2x + cos 2x. Find the stationary points of the curve
intheinterval 0 = x =7

A curve has the equation y = sin Sx + cos 3x. Find the equation of the tangent
to the curve at the point (7, —1). (4 marks)

A curve has the equation y = 2x? — sin x. Show that the equation of the normal
to the curve at the point with x-coordinate 7 is:

x+@r+ )y —n@m+2r+1)=0 (7 marks)

Prove, from first principles, that the derivative of sin x is cos x.

You may assume the formula for sin(4 + B) and that as 7 — 0, % — 1 and cosf}:;l —0
(5 marks)
Prove, from first principles, that the derivative of sin kx is kcos kx
You may assume the formula for sin (4 + B) and thatas i — 0, s — k
andCOSkh_l—»O

h
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@ Differentiating exponentials and logarithms

You need to be able to differentiate expressions involving exponentials and logarithms.

dy
= |f y = ek, then = kekx m For any real constant, k,

. Inkx=Ink +Inx. Since lnkis also a

d
® |f y=Inx, then —‘V =— constant, the derivative of In kx is %

You can use the derivative of e** to find the derivative of ¢** where a is any positive real number.

O

Show that the derivative of a*is a*Ina @ Explore the function a*
and its derivative using technology.

Let y=a*
= e’ You could also use the laws of logs like this:
= g*ine Iny=Ingt=xIng- p=es*
@ B 4 Pure 2 Section 3.3
dx
=Inaeh L Ina s just a constant so use the standard result
=a*na for the derivative of ek~ with k = na

d
m |If y = a**, where k is a real constant and @ > 0, then Y o dkina

dx
Find i given that:
dx
a y=ed 42 b y=In(x’)+In7x ¢ y=2;e—3§?x

s ;}: g Differentiate each term separately using the

— = 3e3* 4+ 23x(3|n2) standard results for e¥* with k = 3, and a** with
G a=2andk=3
b y=In(x3) +In7x

=3Inx+In7 +Inx=4Inx +In7 «————— Rewrite y using the laws of logs.

dy
— = i l + 0= i
dx x X L Use the standard result for In x. In 7 is a constant,

o O so it disappears when you differentiate.

C )= T
Bl = QS_“ Divide each term in the numerator by the
2 4 denominator.

ﬁ — l ( 38—3.\') = w 48 4 x
dx 2

Dt Differentiate each term separately using the
= standard result for &~
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Exercise m ANALYSIS

1

@ o
(E/P) 10

a Flnd — for each of the following:

dx .
ay= 4e'.".\' b y= 3x cC y= (%) d y= In 5x

X% x)2
e y= 4(%) f y= In (2,\‘3) g y= e _ p-3x h y= (1 -;:3 )

Find f'(x) given that:

. 3 2x
a flx)=3% b f(x) = (E) @ In parts ¢ and d, rewrite the terms so that they
27x 4 §x all have the same base and hence can be simplified.

c fx)=20+4=  d f)="7%

Find the gradient of the curve y = (¢** — e"2)? at the point where x = 1n 3
Find the equation of the tangent to the curve y = 2* + 2~ at the point (2_, %) (6 marks)

A curve has the equation y = €2* — In x. Show that the equation of the tangent
at the point with x-coordinate 1 is:

y=2er-1)x-er+1 (6 marks)

A particular radioactive isotope has an activity, R millicuries at time 7 days, given by the

equation R =200 x 0.9". Find the value of % when 1 =8

The population of Cambridge was 37000 in 1900, and was about 109 000 in 2000. Given that
the population, P, at a time 7 years after 1900 can be modelled using the equation P = Pk’

a find the values of P, and k
b evaluate % in the year 2000
¢ interpret your answer to part b in the context of the model.

A student is attempting to differentiate In kx. The student writes:

dr
Pk

y=lInkx, so ey

Explain the mistake made by the student and state the correct derivative.

Prove that the derivative of ¢** is ¢** k In a. You may assume that the derivative of e~ is ket~
(4 marks)

fix)=e-In(x?)+4, x>0

a Find f'(x). (3 marks)
The curve with equation y = f(x) has a gradient of 2 at point P. The x-coordinate of P is a.

b Show that a(e — 1) =1 (2 marks)
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11 A curve C has equation:

y=5sin3x+2cos3x,-t=x=7
a Show that the point P (0, 2) lies on C. (1 mark)
b Find an equation of the normal to the curve C at P. (5 marks)

12 The point P lies on the curve with equation y = 2(3*"). The x-coordinate of P is 1.
Find an equation of the normal to the curve at the point P in the form y = ax + b,
where a and b are constants to be found in exact form. (5 marks)

Challenge

A curve C has the equation y = e%* — 5x. Find the equation
CREATIVITY  of the tangent to C that is parallel to the line y =3x + 4

@ The chain rule

You can use the chain rule to differentiate composite functions, or functions of another function.

® The chain rule is:
dy dy du

dx _du dx

where y is a function of #, and u is another function of x.

ETHE o (S(NEJ) INTERPRETATION

dv
Given that y = (3x* + x)°, find d_fc using the chain rule.

Let u = 3x* + x:

du . . . du

— = 12x3 Differentiate u with respect to x to get —

e 12x3 +1 iate u p xtog T
v=u’ : 2 :

Substitute « into the equation for y and
dy dy
kot = 4 : : ; ay
s SaJ differentiate with respect to u to get T

Using the chain rule,
dy B dy du
dx ~ du  dx

= 5ut(12x3 + 1)

Use u = 3x* + x to write your final answer in
terms of x only.

= 5(3x% + 0M12x3 + 1)
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Example o
dy

Given that y = sin* x, find P

y=sinfx = (sinx)4

Let u = sinx:
du du

Oy - cosx Differentiate u with respect to x to get o
y=ut . : .
& Substitute « into the equation for y and
L S dy
du 4u j differentiate with respect to u to get d—}
u
Using the chain rule,
dy dy du
B LA ol
dx du dx
= 4u3(cos x)

d
Substitute u = sin x back into i to get an answer

= 4 sin3x cos x
in terms of x only.

You can write the chain rule using function notation:

® The chain rule enables you to differentiate a function of a function. In general,

o if p = (f(x))" then d_y =n(f(x))"-1f'(x)
V= dx ~

d
o if y =f(g(x)) then a% =f'(g(x))g'(x)

_ d
Given that y = V5x2 + 1, find % at (4, 9).

y=5x2 + 1 B This is y = (F(x))" with f(x) = 5x2 + 1and n = 3
Let f(x) = 5x2 + 1 dy r
et B f
Tt i G 2 =R
Using the chain rule:
Y _ 152 + 1)F x 10
dx_el{_ac+).->< X
= 5x(5x2 + 1)~%
d

sk L =0) Substitute x = 4 into — to find the required

AL (4, 9), 7 = SANSAF + 1) = 3 dx ;

value.
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The following particular case of the chain rule is useful for
differentiating functions that are in the form x = f(y)

dv

Find the value of d_fc at the point (2, 1) on the curve with equation y3 + y = x

dx Start with x = »* + y and differentiate with
=32 +1
dy respect to y.
A =
Tdx T 3y2 4+ s
g L gy dx

dy

03
g y

1 Differentiate:

Substitute y =1

a (1+2x)* b 3-2x) ¢ (3+4x) d (6x + x?)’
1 o S 4 — )6
& o f JV7i-x g 42+ 8x) h 3(8-x)

2 Differentiate:

a ¢y b cos(2x — 1) ¢ VInx d (sin x + cos x)’
e sin(3x2-2x+ 1) f In(sinx) g 2ecosdx h cos(e” +3)

: dy 11
3 Given that y = >, find the value of —— at o

1
(4x + 1)” dx

® 4 A curve C has equation y = (5 — 2x)°. Find the tangent to the curve
at the point P with x-coordinate 1. (7 marks)

; dy
® 5 Given that y = (1 + In4x), find the value of ﬁ atx= %e3 (5 marks)

d
® 6 Find d—J; for the following curves, giving your answers in terms of y:

ax=)2+y b x=e¢’+4y ¢ x=sin2y d 4x=Iny+)’
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dy "
® 7 Find the value of d_.jc at the point (8, 2) Problem-solving

: i .
on the curve with equation 312 — 2y = x Your expression fora will be in terms of y.

Remember to substitute the y-coordinate into
the expression to find the gradient.

d ! 1 L
® 8 Find the value of d—'i at the point (% 4) on the curve with equation y: + y—2 = x
9 a Differentiate e’ = x with respect to y.
b Hence, prove that if y = In x, then 2 e
E p .]’ - b/ dX - x
10 The curve C has equation x = 4cos 2y
a Show that the point Q (2, %) lies on C. (1 mark)
b Show that e at Q (4 marks)
dx 43 '

¢ Find an equation of the normal to C at Q. Give your answer in the form

ax + by + ¢ =0, where a, b and ¢ are exact constants. (4 marks)

11 Differentiate:
a sin?3x b el+1? ¢ In(cos x)>
1 o
d 3+ cos2x ¢ Sm(-’f)
12 The curve C has equation y = i X# .
(2 -4x)%° 2

The point 4 on C has x-coordinate 3.
Find an equation of the normal to C at A in the form ax + by + ¢ =0,
where a, b and c¢ are integers. (7 marks)

13 Find the exact value of the gradient of the curve with equation y = 3*'
at the point with coordinates (1, 3). (4 marks)

Challenge

e
INovation  ind el that:

a y=ysinVx b Iny=sin®(Gx + 4)
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CHAPTER 6

m The product rule

DIFFERENTIATION

You need to be able to differentiate the product of two functions.

dy dv du
L] Ify_uvthena;_u§+ Vi

where & and v are functions of x.

The product rule in function notation is:

m Make sure you can spot

the difference between a product
of two functions and a function of a
function. A product is two separate
functions multiplied together.

® |f f(x) = g(x)h(x) then f'(x) = g(x)h'(x) + h(x)g’'(x)

Given that f(x) = x2/3x — 1, find f'(x).

let u=x2and v=v3x—-1=3x - 1)z

du dv 1 BEE

Then a = 2x and _d: =g 5(3.’6 - 1)z
Usin d—} = uﬁ + vﬂ
Iax ~¥ax T Vax

) = x2 x 3(3x — )2 + V3x — 1 x 2x
_ 3x% +12x7 — 4x
2v3x -1

_15x% - 4x
2y3x — 1

B x(15x — 4)
& 2v3x =1

d ’

Write out your functions u, v, e and il before
dx dx

substituting into the product rule. Use the chain
rule to differentiate 3x — 1):

Substitute u, v, du and dv
dx dx

Given that y = e* sin? 3x, show that e e*sin 3x (A4 cos 3x + Bsin 3x), where A and B are

dx
constants to be determined.

Let u = e* and v = sin? 3x = (sin 3x)?

Write out u and v and find du and dv
% = 4e** and j‘; = B(ein8%) % (Bess 3y dd: dx
: £ Use the chain rule to find —
g “
dx dx dx L
5 Write out the product rule before substituting.

e et x (Esin3xcos3x) + sin?3x x 4e*

= Ge* sin3xcos 3x + 4e* sin? 3x
= e* sin3x (6 cos 3x + 4 sin 3X)

This is in the required form with 4 = & and
B=4

Problem-solving

Write the value of any constants you have determined
at the end of your working. You can use this to check
that your answer is in the required form.
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L1 ([N ANALYSIS

1

® 10

Differentiate:

a x(1+3x)° b 2x(1 + 3x%)? ¢ xX(2x +6)* d 3x%(5x-1)"!
Differentiate:

a e22x - 1)° b sin2x cos3x ¢ e¥sinx d sin(5x) In(cos x)

dv
a Find the value of d_.jc at the point (1, 8) on the curve with equation y = x2(3x — 1)?

dy 1
b Find the value of d_fc at the point (4, 36) on the curve with equation y = 3x(2x + 1)z

dv

¢ Find the value of d_fc at the point (2, %) on the curve with equation y = (x — 1)(2x + 1)~!
Find the stationary points of the curve C with the equation y = (x — 2)%(2x + 3)

5
A curve C has equation y = (x - %) sin 2x, 0 < x < 7. Find the gradient of the curve at the

m

point with x-coordinate 7

A curve C has equation y = x2cos (x?). Find the equation of the tangent to the curve C at the

point P (%, %) in the form ax + by + ¢ = 0 where a, b and ¢ are exact constants. (7 marks)

Given that y = 3x%(5x — 3)3, show that

dy
—=Ax5x-3"Bx + C)
dx

where 1, A, B and C are constants to be determined. (4 marks)

A curve C has equation y = (x + 3)2e’

dv
a Find é, using the product rule for differentiation. (3 marks)
b Find the gradient of C at the point where x = 2 (3 marks)

Differentiate with respect to x:

a (2sinx — 3cos x) In 3x (3 marks)

b xte™-? (3 marks)
: dy ; : :

Find the value of e at the point where x = 1 on the curve with equation

y=x3v10x+6 (6 marks)
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Challenge

L dy . :
ANALYSIS Find = for the following functions:

a y=e'sin?xcosx b y=x(4x —3)%(1 - 4x)°

@ The quotient rule

You need to be able to differentiate the quotient of two functions.

5 du = dv
d e VY
mfy= % then 4 = _dx dx where « and v are functions of x.
v dx 2
The quotient rule in function notation is: There is a minus sign
g(x) , h(x)g’ (x) - g(x)h’(x) in the numerator, so the order of
= |f f(x) =Wthen f'(x) = (h(0)? the functions is important.
Example @
dy
; X
Given that y = i S find p

Let u be the numerator and let v be the

letu=xandv=2x+5 >
denominator.

du dv
S 1 and e 2
,au _ dv Recognise that y is a quotient and use the
Usin /4 w OX d¥ quotient rule.
@ d.’C 1.‘2
_Px+ B xl —xx2
(2x + 5)2
= 3 Simplify the numerator of the fraction.
(2x + 5)2

A curve C with equation y = %, epsn, NG
@ Explore the graph of this

has a stationary point at P. Find the coordinates : :
. .. function using technology.
of P. Give your answer to 3 significant figures.

Let = 3in. = &2X%
s —‘ Write out # and v and find g—“ and ? before

du ) dr se2x bE B
dx = cosX and oy J using the quotient rule.
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Using the quotient rule,

du _dv
B Sk A
dx pe
_ e*cosx — sinx(2e?¥)
- [e#%)2
_ePcosx — 2e¥sinx
- e4x
_e™cosx = 2sinx)
= eAx
= e ?cosx — 2 sinxl
dy
When =0
dx

N

e 2cosx — 2sinx) =0
e2*=0orcosx—2sinx=0
e=2* = O has no solution.
cosx —2sinx =0

cosx = 2sinx
l—t X
5 = tan>

x = 0464 (3 s.f)

sinx
SEX
_ sin(0.464)

SZxOAG4

y =

= 0177 (3 s.f)

So the coordinates of P are (0.464, O177).

SKILLS PROBLEM-SOLVING

1 Differentiate with respect to x:

CHAPTER 6

135

Write out the rule before substituting.

d
Simplify your expression ford—y as much as
X
possible.

d
P is a stationary point so d_y =0
X

Problem-solving

If the product of two factors is equal to 0 then
one of the factors must be equal to 0.

This is the only solution in the range 0 < x <7

Substitute x into y to find the y-coordinate of the
stationary point.

L 5x 2x L x+3 g L6
x+1 3x-2 2x + 1 (2x - 1)? (5x + 3):
2 Differentiate with respect to x:
a e p nX grkaugl® (e*+3)° sin? x
COS X Y+ 1 In x COs x In x

d
3 Find the value of % at the point (1, i) on the curve with equation y =

d
4 Find the value of ﬁ at the point (12, 3) on the curve with equation y =

3x+1

xX+3
(2x +1)2
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2x+43
5 Find the stationary points of the curve C with equation y ==—5—, x#0
® 6 Find the equation of the tangent to the curve y = eT at the point (3_, %e) (7 marks)
7 Find tl t value of < at the point x = = on ! hequationptos
ind the exact value of = at the point x = - on the curve with equation y = = ==
. e’
8 The curve C has equation x = 342y
a Find the coordinates of the point P where the curve cuts the x-axis. (1 mark)
b Find an equation of the normal to the curve at P, giving your answer in
the form y = mx + ¢, where m and ¢ are integers to be found. (6 marks)
. . B
® 9 Differentiate with respect to x. (4 marks)
cos 3x
: 2x
@ 10 A curve C has equation y = 2 X2
a Show that
dy  Ae>Bx-C)
dx = (x-2p
where A, B and C are integers to be found. (4 marks)
b Find the equation of the tangent of C at the point x = 1 (3 marks)
11 Given that
2 6x
= s+5termxr10 70
a show that f(x) = = (4 marks)
T x+2
b Hence find {'(3). (3 marks)
12 The diagram shows a sketch of the curve with equation VA
y = f(x), where
2 cos2x
f(x) = 2 O<x<m
The curve has a maximum turning point at 4 and a
minimum turning point at B as shown in the diagram. ,_‘.4\
a Show that the x-coordinates of point 4 and point B 0 \/ X
are solutions to the equation tan 2x = % (4 marks) b

b Find the range of f(x). (2 marks)
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@ Differentiating trigonometric functions

You can combine all the aforementioned rules and apply them to trigonometric functions
to obtain standard results.

If i
y=tanx, fin dx

P sinx You can write tan x as :g;“; and then use the
oy quotient rule.
Let u = sinx and v = cos x
du = cos X and 2Ll = —sinXx
dx dx
du dv
dy Vax " Yax
dx pe

_ €CO5X X cosX — sinx(—sinx)

cos® x

cos? X + sin®x ; ; :
= L0 Use the identity cos?x + sin?x =1
cos? x

1
= — = seclx
CO95X

You can generalise this method to differentiate tan kx:

d
= |f y =tan kx, then =F =ksectkx

dx

Differentiate: a y = xtan2x b y=tan*x

a y=xtan2x This is a product. Use « = x and v = tan 2x,
together with the product rule.

d
dx
= 2xsec?2x + tan2x

=X X 25ec?2Xx + tan 2x

b y=tantx = (tanx)4

d - -
d—J; = 4(tan x)°(sec® x) Use the chain rule with u = tan x

= 4tan®x sec?x
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Example @ ANALYSIS

d
Show that if y = cosec x, then d—J; = —cosecx cot x

y=cosec x =

sSin X
Let u=1and v = sinx "‘ Use the quotient rule with # =1 and v = sin x
%=Oandﬂ=co5x u=1isaconstantso%=0
dx dx dx
du _ dv
dy Vax " “ax
X ye

sinx x0 —1x%xcosx

5in? x
_cosx
sin? x
1 S Rearrange your answer into the desired form
e % = —cosec X cotx ———— ysing the definitions of cosec and cot.

sinXx sinXx
« Pure 3 Section 3.1

You can use similar techniques to differentiate sec x and cot x giving you the following general results:

dy
® |f y = cosec kx, then P —k cosec kx cot kx m WOl the standard
dy results for tan, cosec, sec and cot
® |f y =seckx, the d_ =kseckxtankx are given in the formulae booklet,
X

learning these results will enable
you to differentiate a wide range of

dy
— Eil S 2
" Ify = cotkx, then dx ~ k cosec® kx functions quickly and confidently.

_ cosec2x

Differentiate: a y 2 b y=sec’x
. cosec2x
a y= 7_{‘2
dy  x2(-2cosec 2x cot 2x) — cosec 2x x 2x Use the quotient rule with u = cosec 2x
So—= | E—
dx o and v = x?
_ —2cosec 2x(xcot 2x + 1)
= -
b y=sec3x = (secx)? Use the chain rule with u = sec x
dy
SRR -2
i 3(sec x)? (sec x tanx)

= 3secix tanx
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dy

CHAPTER 6

1 . . .
You can use the rule — = — to differentiate arcsin x, arccos x and arctan x

dx dx
dy

m ANALYSIS

Show that the derivative of arcsin x is :
VI —x

Let y = arcsinx

So x =siny

2

arcsinis the inverse function of sin, so if
r y=arcsinxthen x=siny  « Pure 3 Section 3.5

? =cosy Differentiate x with respect to y.
}r
dy 1 dy 1
= y Use — = —. This gives you an expression
dx — co5] o e isg you Xp

sin’y + cos’y =1

cosy = /1 —sin2y =1 — x2

dy

dy 1
Cdx " -

You can use similar techniques to differentiate
arccos x and arctan x giving you the following
results:

d
® |f y = arcsin x, then . |

dx 12

dy 1
® If y =arccos x, then—=—"—
dx  /1-¥?
® |f y = arctan x, then & =1
dx 1+x?
Example @
dy

Given y = arcsin x2, find dr
%

Let ¢ = x2, then y = arcsint

dy
for — in terms of 1.
dx -

Problem-solving

Use the identity sin?f + cos? ) = 1 to write cos y
in terms of sin y. This will enable you to find an

d
expression for d_}’ in terms of x.
X

—— I Sincea=isin s =i

Substitute ¢ = x? to get arcsin x? in the form

d ]
Then iy e |
dx dt V1= 7
A Y ot
dx dif dx
_. 2%
V1= x4

arcsin ¢ and use the chain rule.

Problem-solving

You could also write x2 = sin y and therefore
x =/sin y. Then you could use the chain rule to

d
find % in terms of y and use sin®x + cos?x = 1 to

write the answer in terms of x.
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. 1-x d
Given that y = arctan( ), find i
1+x dx
o 1—x!
S ar‘ctan(1 " x.)
1—x
R (T + x.)
du _(1+x)x(=1-01-xx1 Use the quotient rule, and simplify your answer
i (1 + x)? as much as possible.
sl alaTeb o
T+x2 = (1+x?
y=arctanu
. Differentiate with respect to u using the standard
du 1 +u? result for y = arctan x
ay _dy _ du
dx = du ™ ax dy
. g L Use the chain rule with your expressions for Fr
- x(— - )—— 2 and ¢ #
T+u2 \ (1+x2 (1 + w21 + x)? dx
= i . i o 1 —x) G
(1 i (1 = t] )“ 3l L Substitute u (1 g back into dx’to get your
. ' i answer in terms of x only.
T+ X2+ 01— X2
2

=— - ~ Expand the brackets in the denominator and
1T+2x+x24+1-2x+x° ; o
collect like terms to simplify your final answer as
.2 much as possible.
2 + 2x°
R
1+ x2

-

1 {|[NE3 PROBLEM-SOLVING

1 Differentiate with respect to x:

a y=tan3x b y=4tan’x ¢ y=tan(x-1) d yzxztan%x+tan(x—%)

2 Differentiate with respect to x:

a cotdx b sec5x ¢ cosecdx d sec?3x
sec? x
e xcot3x f — g cosec’2x h cot?2x-1)

3 Find the function f'(x) where f(x) is:
a (secx): b Jcotx ¢ cosec’ x d tanx

e secdx f cot®x
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4

@0® 6

@P) 10

EP 11

Find {"(x) where f(x) is:

tan 2% X
a x2sec3x b c d evsec3x
X tanx
In x ghanx
¢ tanx f COS X
The curve C has equation
1
y=————0<x<n7
COS X sin x
Find 0y
a Find —
dx
b Determine the number of stationary points of the curve C.
¢ Find the equation of the tangent at the point where x = % giving your answer in
the form ax + by + ¢ = 0, where a, b and ¢ are exact constants to be determined.
, dy
Show that if y = sec x then gy = secx tan x
: dy
Show that if y = cot x then T —cosec? x

Assuming standard results for sin x and cos x, prove that:

a the derivative of arccos x is —

V1= x2

b the derivative of arctan x is =

1+ x°
Differentiate with respect to x:

x :

a arccos 2x b arctan (E) ¢ arcsin3x
d arccot x e arcsecx f arccosecx
g arcsin (x l) h arccos x* i evarccosx
j arcsin x cosx k x?arccosx L ppieany

Given that the curve C has equation

_ arctan 2x
B T
dy £y /3 — 4n
a show that the value of iz when x = i is il Rl
dx 2 9

f,_
b find the equation of the normal to the curve C at x = %
A curve C has equation x = (arccos y)>. Show that

dy  J1-cos’v¥

dx T 2 P X

141

(4 marks)

(2 marks)

(3 marks)

(5 marks)

(5 marks)

(4 marks)

(3 marks)

(5 marks)
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12 Given that x = cosec 5y

a find d_} in terms of y. (2 marks)
dy .
b Hence find e terms of x. (4 marks)

Chapter review o

® 1 Differentiate with respect to x:

a Inx2 (3 marks)
b x?sin3x (4 marks)
dv
2 a Given that 2y = x —sinx cos x, 0 < x < 27, show that é =sin®x (4 marks)
b Find the coordinates of the points of inflection of the curve. (4 marks)

® 3 Differentiate, with respect to x:
sin x

A~ aa>0 (4 marks)
b In : (4 marks)
x2+9
X
4 f(x)= ceR
W=5,7%¢
a Given that f(x) is increasing on the interval [k, k], find the largest
possible value of k. (4 marks)
b Find the exact coordinates of the points of inflection of f(x). (5 marks)
5 The function f is defined for positive real values of x by:
f(x)=12Inx + x2
a Find the set of values of x for which f(x) is an increasing function of x. (4 marks)
b Find the coordinates of the point of inflection of the function f. (4 marks)
6 Given that a curve has equation y = cos?x + sin x, 0 < x < 27, find the coordinates
of the stationary points of the curve. (6 marks)
7 The maximum point on the curve with equation y = xvsin x, 0 < x < m, is the point 4.
Show that the x-coordinate of point A4 satisfies the equation 2tanx + x =0 (5 marks)

® 8 f(x) =e’>-x%LxeR
a Find f'(x). (3 marks)

b By evaluating {'(6) and f'(7), show that the curve with equation y = f(x)
has a stationary point at x = p, where 6 < p <7 (2 marks)
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9 fx)=ePsin2x,0<x<n

a Use calculus to find the coordinates of the turning points on the graph of y = f(x) (6 marks)

b Show that f"(x) = 8e>*cos 2x (4 marks)
¢ Hence, or otherwise, determine which turning point is a maximum

and which is a minimum. (3 marks)
d Find the points of inflection of f(x). (2 marks)

® 10 The curve C has equation y = 2e* + 3x° + 2. Find the equation of the normal
to C at the point where the curve intercepts the y-axis. Give your answer in the
form ax + by + ¢ = 0 where a, b and c¢ are integers to be found. (5 marks)

@ 11 The curve C has equation y = f(x), where
flx) = 31nx+%, x>0

The point P is a stationary point on C.

a Calculate the x-coordinate of P. (4 marks)
The point Q on C has x-coordinate 1.

b Find an equation for the normal to C at Q. (4 marks)

@ 12 The curve C has equation y = e**cos x
a Show that the turning points on C occur when tan x = 2 (4 marks)

b Find an equation of the tangent to C at the point where x = 0 (4 marks)

® 13 Given that x =3°Iny, y >0

a find g—; (4 marks)
d
b Use your answer to part a to find, in terms of e, the value of % aty=e (2 marks)

® 14 A curve has equation f(x) = (x* — 2x)e™
a Find f'(x). (4 marks)
The normal to C at the origin O intersects C again at P.

b Show that the x-coordinate of P is the solution to the equation 2x? = ¢* + 4 (6 marks)

Challenge VA

The diagram shows part of the curve with equation y = f(x) where
CREATVITY f(x)=x(1+x)lnx, x>0

The point 4 is the minimum point of the curve.
a Find f'(x).

b Hence show that the x-coordinate of 4 is
the solution to the equation x = e~T+3r
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Summary of key points

1 For small angles, measured in radians:
s sinx~Xx

+ cosx~r 1 —3x2

dy
2 ¢ If y=sinkxthen —=kcoskx

dx
dy .
 If y = cos kx then — = — ksinkx
dx
d
3 - Ify:e"‘-"then—yzke’f-"
dx
dy 1
. Ify:lnxthen—yz—
aby 2

d
4 |If y = @k, where k is a real constant and a > 0, then d—y =akklna
i

dy dy du

5 The chainruleis; —=—x —
dx du dx

where y is a function of &, and u is another function of x.
6 The chain rule enables you to differentiate a function of a function. In general,

. Ify = (f(x))" then d—y = n(f(x))"-1f'(x)
dx

dEe ‘
T f'(g(x))g’' (x)

- if y =f(g(x)) then
dy 1
dx  dx

dy

8 The product rule:

d d d
« If y=uvthen Ll u—v + v—u, where u and v are functions of x.
dx dx dx

« If f(x) = g(x)h(x) then f'(x) = g(x)h'(x) + h(x)g'(x)

9 The quotient rule:

d
i = % then d—y — S where u and v are functions of x.

or y2

- If f(x) =

: hg'(x) — goh’
) then Flx) = (g — gh'(x)
h(x) (h()?
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d
10 - Ify:tankxthend—yzkseczkx
X

d
+ If y = cosec kx then d—y = — k cosec kx cot kx
X

d
+ If y = seckx then bl = k sec kx tan kx
X

d
« If y = cot kx then d—y = —kcosec?kx
X

: dy 1
11 - If y=arcsinx then —=
dx V1-x2

d
« If y = arccos x then o el

dx y1-—x2

d
. Ify:arctanxthen—y= L

ehy il ek e




Learning objectives

After completing this chapter you should be able to:

® |Integrate standard mathematical functions including
trigonometric and exponential functions and use
the reverse of the chain rule to integrate functions
of the form f(ax + b) - pages 147-151
Use trigonometric identities in integration

-» pages 151-153

Use the reverse of the chain rule to integrate
more complex functions

- 1 - . - —

1 Differentiate;
a 2x-7)¢ b sin5x c e’
4« Pure 3 Sections 6.1, 6.2, 6.3
Given f(x) = 8x2 — 6x2
a find If(ﬁi) dx « Pure 1 Sections 9.1, 9.2

b find ._I;gf(x) dx « Pure 2 Section 8.1

3 Find the area of the region R bounded by the curve
y=x%+ 1, the x-axis and the lines x =-1and x =2

i

Archaeologists use carbon

dating to estimate the age

of fossilised plants and

animals. This estimation is

based on the principle of
« Pure 2 Section 8.2 exponential decay.
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m Integrating standard functions

Integration is the inverse of differentiation. You can use your knowledge of derivatives to integrate
familiar functions.

n+1
D fx" dx="—+¢ LELUEINY This is true for
' n+1 |

all values of n except —1.
@ fefdx=e1+c

1
~dx=In[x|+ ¢
® fx &l m When finding f% dwx, it is usual to

@ fcos xdx=sinx+c¢ write the answer as In|x| + ¢. The modulus
. — sign removes difficulties that could arise when
® fsm xdy=-cosx+c evaluating the integral for negative values of x.
® fseczxdx =tanx +c¢
ad | B
® fcosec xcotx dx = —COSecx + ¢ For example, |fy = cos x then & =-=5INXx

This means that | (—=sin x) dx = cos x + ¢ and
fcosec’—xdx:—cotx+c o f( )

hence fsin xdx=-cosx+¢
9 fsecxtanxdx:secx+c « Pure 3 Section 6.1

Find the following integrals:

a f(2 cosx + :\% - »T) dx b [(;{:1521 - 2e-") dx

Integrate each term separately.

Use @
Use @

f\-""_\‘ dx = [\ dx = %\ +c Use @

So [(2 cosx + % - \-"',\‘) dx
= 25inx + 3In|x| - 23\ efiercs This is an indefinite integral so don’t forget the + ¢

a f2 cosxdx =2sinx + ¢

3 , .
| ¥dx=3In|x| +c

E

cCosX cOosX 1

b = B e cot x cosec x »—L Look at the list of integrals of standard functions
Lol ) ‘ and express the integrand in terms of these

f(cot_\‘ cosec X)dx = —cosecx + ¢ »—L standard functions.
J‘ge’xd"_ Sy Remember the minus sign.
So J‘(cosﬂ;\' - 26-") dx

sin® x )

= —cosecx — 2e¥ + ¢



Given that « is a positive constant and

]

L M(_gx_: 1 ) ax

f“(z"; ) dx =In12, find the exact value of a.
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Problem-solving

Integrate as normal and write the limits as @ and
3a. Substitute these limits into your integral to
get an expression in @ and set this equal to In 12.
Solve the resulting equation to find the value of a.

= 3(1.2 +JT dx
et

| Separate the terms by dividing by x, then
integrate term by term.

= [2x + Inx]3#

= (Ga + In3a) — (2a + Ina)

=4a + In(%)
=4a + In3
S0, 4a + In3 =1In12
4q = In12 = In3
4a = In4

\— Remember the limits are a and 3a.
Substitute 3a and @ into the integrated expression.

Use the laws of logarithms: Ina — In b = ln(%)

a:j— In4

4

Exercise @ m PROBLEM-SOLVING

1 Integrate the following with respect to x:

a 35e02x+§+%
X x
¢ 2(sinx —cosx + x)
e Se-‘f+4c~osx—£2
1 1 |

8 x x2 X3

i 2cosecxcotx —sectx

2 Find the following integrals:

11y,
4 f(0052 x * ,\'2) o

1 + cosx 1+x) )
¢ f ( sinx * X2 s

e fsin x(1 + sec? x)dx

g fcose(32 x(1 + tan? x)dx

i f sec2 x(1 + e¥cos? x)dx

L In12 - In3 = ln(13—2) =In4
cd =
Use your calculator to check

your value of @ using numerical integration.

S5e¥ —4sinx + 2x3
2
3secxtanx — ¥
1
— + 2cosec? x

2%
e’ + sinx 4+ cos x

= = = =T

X l - 2
et + X cosec- x

(=N

sin x e
. f(0052 e “e ) e

[l LY
sSin-x X

fcos x(1 + cosec? x)dx

=

)

=2

f sec?x(l — cot?x)dx

1 +sinx 5
—— —— +cos*xsecx dx
COS? X

3 Evaluate the following. Give your answers as exact values.

a L ?28-‘ dx

c f;—S sin x dx

6(1+x\
bfl(x})da

0
d fisec x(sec x + tan x) dx
-3

When applying

limits to integrated trigonometric
functions, always work in radians.
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4 Given that a is a positive constant and LM(?)XA—._l) dx=6+ ln(%]

find the exact value of a. (4 marks)

Ina

5 Given that a is a positive constant and f (e"+eM)dx= 37&, find the exact value of a. (4 marks)
In1

6 Given ff(3e-" + 6e72) dx = 0, find the value of b. (4 marks)

1 : 4
X)=—Xx2=—— x>
7 f(x)= g2 =2 x>0
a Solve the equation f(x) =0 (2 marks)
b Find [f(x)dx (2 marks)
¢ Evaluate L4f(,t) dx, giving your answer in the form p + ¢ Inr, where p, ¢ and r are

rational numbers. (3 marks)

@ Integrating f(ax + b)

If you know the integral of a function f(x) you can integrate a function of the form f(ax + b) using the
reverse of the chain rule for differentiation.

Find the following integrals:
a fcos (2x + 3)dx b fe‘”'—"’f ldx c fsecz 3xdx

a Consider y = sin(2x + 3): Integrating cos x gives sin x, so try sin (2x + 3)

dy

i =cos(2x + 3)x 2

dx ; Use the chain rule. Remember to multiply by the
So fc*% (2x + 3)dx = zsin(2x + 3) + ¢ derivative of 2x + 3 which is 2.

b Consider y = e+1: This is 2 times the required expression so you
need to divide sin (2x + 3) by 2.

dy
= edxtl x4
dx
So Jﬁf“"' tldx=get+! 4 ¢ The integral of e* is e¥, so try e“*+!

c Consider y = tan3x: - ] : .
b This is 4 times the required expression so you

v sec?3x x 3 divide by 4.

So fsecz 3xdx = %tan 3x+c¢

Recall (6). Let y = tan 3x and differentiate using
L the chain rule. This is 3 times the required
expression so you divide by 3.
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In general:

[Flax +bydx =L fax + By +

Find the following integrals:

A f(3xl+ 2)‘1"

m You cannot use this method to

integrate an expression such as cos (2x2 + 3)
since it is not in the form flax + b).

b [(2x+3)dx

a Consider y = In(3x + 2):

Integrating % gives In|x| so try In 3x + 2)

dy 1
i Snance

1 ‘ :
50[(3\+2] 3|r1|3_\+2|+c

The 3 comes from the chain rule. It is 3 times the
required expression, so divide by 3.

b Consider y = (2x + 3)°:

L Tointegrate (ax + b)" try (ax + b)"*!

dy
—=5x(2x+3)4x?2
dx

=10 x (2x + 3)*
R | — ——
5o_f(2_\-+3)1d,\_10(2,\+3} il

Exercise m ANALYSIS

Integrate the following with respect to x:

a sin(2x+1) b 3eX
c dex+s d cos(l-2x)
e cosec?3x f secd4xtandx

g 3sin (%A + 1_] h sec?(2 - x)

2 Find the following integrals:
a [(e2 - Lsin(2x - 1)dx

c fse(:2 2x(1 + sin 2x) dx
e f(e3—-" +sin(3 - x)+cos(3 — x))dx

3 Integrate the following with respect to x:
| 1

b —

N Dl (2x + 1)2

oS
1 - 4x (1 - 4x)?

e

L The 5 comes from the exponent and the 2 comes
from the chain rule.

This answer is 10 times the required expression,
so divide by 10.

m For part a, consider y = cos(2x + 1).

You do not need to write out this step once
you are confident with using this method.

i cosec2xcot2x j cos3x —sin3x

b [(ex+ 12dx

3-2cos z,x
d dx
f ( sin?3 —r ) *

¢ 2x+ 1) Qo=

g (3x+2) h “_—M
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EP 6
EP 7

Find the following integrals:
. 4
a f(3 sin(2x + 1) + T l)dx

cf( : + l + : )dr
sin?2x 1+ 2x  (1+2x)*)

Evaluate:

a f;cos(?r—h)dx b f(3 2x)4

Given fh(Zx — 6)?dx = 36, find the value of b.

Given f — d ha ﬁnd the value of k.

Challenge

INNOVATION

Given fsu(ﬁ) dx _%ln[%), and that ¢ and b

are integers with 0 < a < 10, find two different
pairs of values for @ and b.

@ Using trigonometric identities

Trigonometric identities can be used to
integrate expressions. This allows an
expression that cannot be integrated to be
replaced by an identical expression that can
be integrated.

Find ftan2 xdx

Since sec?x =1+ tan°x

tan?x = sec?x — 1

CHAPTER 7

So I tanZxdx = f(ac_zcg x —1)dx

= f sec? _lvc dx — f1 dx

=tanx —-x+¢

151

b [ +(1 - xy)dx

1

a [ ((Sx +2)7 + m) i

c f:_.,f_l’;secz(?r—?yx)dx d f; = dx

7-2x
(4 marks)

(4 marks)

@ Make sure you are familiar

with the standard trigonometric
identities. ¢ Pure 2 Section 6.3

You cannot integrate tan? x but you can integrate
[ secx directly.
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m ANALYSIS

: e
Show that J‘ siredac= You cannot integrate sin“x directly. Use the

48 8 trigonometric identity to write it in terms of cos 2x
Recall cos2x =1 - 2sinx Use the reverse chain rule. If y = sin 2x,
e 1 ) dy :
So sin®x = EH - co52Xx] o 2 cos2x. Adjust for the constant.
Ly - X
50f sin \d\—j:_,_h(—é %co52\)d\*
war Substitute the limits into the integrated
N T 18 expression.
= [2_\* 2 5 2\]_1

:(’1_%%(“))]2_(? L sin(D))

Being familiar with the exact values for
o ( w1 ('\-"'2 )) B ( T l('l]') trigonometric functions given in radians will save

1 4\ % 24 4 you lots of time in your exam.
o _1_('_1_ i \_-"'2)
16 24) 4\2 2 Write sin(%) in its rationalised denominator form,
= (ﬁ = 2’”) i 1-v2 as *2 rather than iﬁ_ This will make it easier to
48 ~ 48, ) 2 V2
D simplify your fractions.

“46* B
m This is a 'show that’ question so
don't use your calculator to simplify the fractions.
ET G o

Show each line of your working carefully.
Find:

a fsin 3xcos3xdx b f(sec X+ tan x)?dx

Remember sin24 = 2 sin A cos A4, so
sinbx = 2sin3xcos3x

a [5‘m 3xcos3xdx = f.l sin 6X dx
:—%x:cos@\—i—c »—L
= —%cos 6x+ ¢ »—L Use the reverse chain rule.
b (secx + tanx)? Simplify%x%toll—2

= secfx + 2secxtanx + tan®x
Multiply out the bracket.

= secfx + 2secxtanx + (secix — 1)
1
2secix + 2secxtanx — 1

Write tanZx as secx — 1. Then all the terms are
(secx + tanx)®dx standard integrals.

= [(2 sec?x + 2secxtanx — 1)dx
: I !

— Il
—

50

N T e Integrate each term using@ and
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Exercise @ m PROBLEM-SOLVING

1 Integrate the following with respect to x:
g 5 £ P R m For part a, use 1 + cot?x = cosec?x.
a cot“x b cos’x For part ¢, use sin 24 = 2 sin A cos 4,
¢ sin2xcos2x d (1 +sinx)? making a suitable substitution for A.
e tan?3x f (cotx — cosecx)?
g (sinx + cos x)? h sin2?xcos?x i N i (cos2x—1)2

sin? x cos? x

2 Find the following integrals:

1 —sinx) , 1+ cosx) (cos2x) _
A f( cos? x )d)L # f( sin® x dx ¢ f cos? x dx
cos? x (1 + cos r)Z ‘
d f(smz )d, f T f f(com — tan x)*dx
— sinx)?dx =mecaid i ﬂ)
g f(cosx sin x)*dx h f(cosx sec x)*dx i f(l ~ cos2ox dx
3 Show that f,._,isinzxdx = .I{; I (4 marks)

4 Find the exact value of each of the following:

| 1 o 5 ((14‘511’1’()2) ( sin 2x )
a fg (—sinz.xcoszx)de fg (sinx —cosecx)*dx ¢ J; ) ¢ d f T i X

5 a By expanding sin (3x + 2x) and sin (3x — 2x) using the double-angle formulae,

or otherwise, show that sin 5x + sin x = 2sin 3xcos 2x (4 marks)
b Hence find fsin 3xcos2xdx (3 marks)

6 f(x)=5sin’x + 7cos’x
a Show that f(x) =cos2x + 6 (3 marks)
b Hence, find the exact value of J; Zf(.v() dx (4 marks)
7 a Show that cos*x = %cos 4x + %cos 2x + % (4 marks)
b Hence, find f cos*xdx (4 marks)

m Reverse chain rule

f'(x
If a function can be written in the form kT((_—)), you can integrate it using the reverse of the chain rule
for differentiation. &

Example o Problem-solving

Find If f(x) =3 + 2 sin x, then f'(x) =2 cos x
) By adjusting for the constant, the numerator is
al dx b f LS‘.de the derivative of the denominator.
x2+1 3+ 2sinx
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2x
a let = J‘\—gﬁd\
Consider y = In|x? + 1| This is equal to the original integrand, so you
dy don't need to adjust it.
Then s SN X 2x li Sk
dx  x2 +1
So I=In|x2+1| +¢ Since integration is the reverse of differentiation.
cO5 X ;
gl ke [_f3+25‘|r1.\'d1\
Consider y =1In|3 + 2sinx| Try differentiating y = In|3 + 2 sin x|
Then d—} S X 2cos X ——r
dx ~ 3+ 2sinx i The derivative of In|3 + 2 sin x| is twice the
So I=1In|3+2sinx| +¢ original integrand, so you need to divide it by 2.
To |ntef%(ra)te expressions of the form LELUXIN vou can't use this method to
X
fk?(—)—dx, try In|f(x)| and differentiate integrate a function such as 21+ - because the
X X

derivative of x2 + 3 is 2x, and the numerator does

to check, and then adjust any constant. :
not contain an x term.

You can use a similar method with functions of the form Af'(x)(f(x))".

Example o m ANALYSIS

Find:
a f3 cosxsin?xdx b fx(xz + 5 dx
a let I= [3 cos X sin? x dx
Consider y = sin®x Try differentiating sin? x
d}’ - 3 g R S
PP e L This is equal to the original integrand, so you
Se f e oot don't need to adjust it.
b Let I= f-\'(z\‘z $=B)P N ’7 Try differentiating (x2 + 5)

Consider y = (x® + 5)*
dy The 2x comes from differentiating x* + 5
o X2+ 572 % 2x -—J

= Bl EEP This is 8 times the required expression so you

divide by 8.

So I= %{_\'E + 5% +¢

m To integrate an expression of the form fkf’(x) (F(x))" dx, try (f(x))"* ! and differentiate to check,
and then adjust any constant.
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; ; . cosec? x
Use integration to find | —————d>
& f (2 + cot x)?
T - J‘ cosec? x y This is in the form fkf’(x) (f(x))" dx with
2+cot\) f(x) =2 +cotxandn=-3

Consider y = (2 + cot x)2

Use the chain rule.
dy
i -2(2 + cot x)2 x (-cosec?x)

= DD et cosects This is 2 times the required answer so you need

to divide by 2.
So I=c(Z 1 cofxl® L

Given that KS tan xsec* xdx = % where 0 < 0 < E find the exact value of 4.

This is in the form fkf ()(F()" dx with

0
Let I= fo 5tanxsec? x dx f(x) =secxandn =

Consider y = sec* x

y .
—— = 4sec’x x secxtanx

dx
. N T — This is % times the required answer so you need to
; divide by ¢
D2 15
So I= Z53c ol = o
v Substitute the limits into the integrated expression.
(2566'1 9.) - (IESSCAO) ) )
4 . 4 . < 1 1
5 seC0=——=+=
5 15 cos0 1
=sectf —-=—=—
4 4 4
Take the 4th root of both sides.
5 ectg = 29
2 5€¢ 0= 2 =
1 T s
. The solutionstocosfl=+—arefl=——— —,—, ...
sectf) = 4 2 J AR %

. i . ST
cech =+ /2 |7 The only solution within the given range for @ is =
0=2 N

4 @ Check your solution by using

your calculator.

m Decide carefully

1 Integrate the following functions with respect to x.

whether each expression

X b EZ" X p( )
a x2 + 4 e2x 4 1 ¢ (x2 + 4)3 isin the form kﬁ or
d ex o cos 2x sin 2x KF (O (F(x))m
(e + 1)° 3 +sin2x (3 + cos 2x)?

g xe¥ h cos2x (1 + sin2x)* i sec’xtan®x i sec’x (1 + tan’x)
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2 Find the following integrals:

a f(x + 1)(x? + 2x + 3)*dx b fcosecz 2xcot2xdx
c fsins 3xcos3xdx d fcos xesinxdx
ez.\' ; )
e [ qdr £ [x(2+ 1)7dx
————= 2x + 1
2x+ IWx? + x + Sdx h | ————d.
gf(\+ Wxi+ x+5dx b b X
f sin x cos x dx : fsin XCOSX
vcos2x + 3 cos2x+3
3 Find the exact value of each of the following:
3 o 5 6sin3x
2 3 2 il nkioct it ST [
a L(Sx + 10x)Vx3 + 5x2+ 9 dx b L e d
7 5 <
2 4 tan x
c L o 1d.:c d J; sec’xe dx
k 3 -
(E/P) 4 Given that J;] kxex'dx = %(e8 — 1), find the value of k. (3 marks)

® 5 Given that fﬂﬁ4 sin 2xcos*2xdx = %, where 0 < f <, find the exact value of 6.

6 a By writing cotx = %, find fcotx dx (2 marks)

b Show that ftan xdx = In|sec x| + ¢ (3 marks)

Chapter review o

1 By choosing a suitable method of integration, find:

a f(2x -3)"dx b fxv‘4x —ldx £ fsinzxcosxdx
4 sin x cos x 1
d fx Inxdx 4 8sin2y f f3 > dx
2 By choosing a suitable method, evaluate the following definite integrals.
Write your answers as exact values.
a f_:x(x: +3)°dx b J:x sec? x dx
c fl4( 16x7 — %) dx d fj(cos X + sin x)(cos x — sin x) dx
4 4 In2 ' l *
& Il (16x2+8x—3)dx : J‘U (1+e-")d)L
3 a Show that flexizlnxdx =1- % (5 marks)
b Given that p > 1, show that f})éd =T -2 (5 marks)
P& i e+ )C2x=1D > 3 “p+l
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4 Given fh( f :2) dx = %, find the value of b. (4 marks)

5 Given I cos x sin? x dx = &, where 6 > 0, find the smallest possible value of 6. (4 marks)

Challenge
7 m Calculate the value of the

: 3k :
Given fﬁ (1-msinkx)dx =n(7 - 6/2), indefinite integral in terms of k

. find the exact value of k. and solve the resulting equation.

Summary of key points

o ‘_xﬂ+1 - L 1 _
1 xdx_n+1+c feda-e +c f;dx_

fcosxdx:sinx+ ¢ fsinxdx: —CoSXx +¢ fseczx:tanx+c

In|x|] + ¢

fcosec xcotxdx = —cosecx + ¢ fcoseczx dx=—-cotx+¢ fsec xtanxdx=secx +c¢

2 ff’(ax+b)dx=%f(ax+b) +c

3 Trigonometric identities can be used to integrate expressions. This allows an expression that
cannot be integrated to be replaced by an identical expression that can be integrated.

and then adjust any constant.

5 To integrate expressions of the form fkf’{x) (f(x))"dx, try (f(x))"* ! and differentiate to
check, and then adjust any constant.
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'8NUMERICAL
~ METHODS 4

Learning objectives i S—
After completing this chapter you should be able to: y
® |ocate roots of f(x) = 0 by considering changes of sign > pages 159-162

® Use iteration to find an approximation to the root of the
equation f(x) =0 » pages 163-167

Prior knowledge check

1 f(x) =x2-6x+ 10. Evaluate:
a f(1.5) b f(-0.2)

« International GCSE Mathematics

Find f'(x) given that:

a f(x) =3Vx + 4x2 - 3 « Pure 1 Section 8.3 [RE The positions of the Moon, the
. - Earth and the Sun are affected by
the gravitational pull of each body.

C f(\) =x2sinx —4cosx ¢ Pure 3 Section 6.1 '. -. £ “%4 SUFpI’iSiﬂgly; these pOSitiOI‘IS can’t be
; 4 calculated properly by using ordinary
equations. For problems like this we

find the values of u,, u, and u, « Pure 2 Section 5.7 Bl neced numerical methods.

b f(x)=5In(x+2)+7e~* « Pure 3 Section 6.2

Given that u,,, = u, + ;}— and that uy =1,

H
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m Locating roots

A r?ot of a function is a value of .x for ) m The following two things are identical:
which f(x) = 0. The graph of y = f(x) will « the roots of the function f(x)

cross the x-axis at points corresponding « the roots of the equation f(x) = 0

to the roots of the function.

You can sometimes show that a root exists within a given interval by showing that the function
changes sign (from positive to negative, or vice versa) within the interval.

m |f the function f(x) is continuous on the m ot e
mterv.::tl [a: b] and f(a) and f(h) have function does not ‘jump’ from one value to
opposite signs, then f(x) has at least another. If the graph of a function, such as

one root, x, which satisfies a < x < b tan(x), has a vertical asymptote between a and
b then the function is not continuous on [a, 5].
Example o CI{NE) REASONING
The diagram shows a sketch of the curve y = f(x), iy
where f(x) = X —4x? +3x + 1 H fx)=x>—4x>+3x+ 1

a Explain how the graph shows that f(x) has i
a root between x =2 and x =3 /

b Show that f(x) has a root between : :

x=14andx=15 -1 1 Ws x
l_

a The graph crosses the x-axis between

The graph of y = f(x) crosses the x-axis whenever
i) = (0]

x = 2 and x = 3. This means that a root of

f(x) lies between x = 2 and x = 3

b f(1.4) = (1.4)3 - 4(1.4)2 + 3(1.4) + 1 = 0104
f(1.5) = (1.5)° — 4(1.5)2 + 3(1.5) + 1 = =0.125
There is a change of sign between 1.4 and

f(1.4) > 0 and f(1.5) <0, so there is a change of
sign.

1.5, so there is at least one root between

el L e f(x) changes sign in the interval [1.4, 1.5], so f(x)

must equal zero within this interval.

There are three situations you need to watch out for when using the change of sign rule to locate
roots. A change of sign does not necessarily mean there is exactly one root. Also, the absence of a
sign change does not necessarily mean that a root does not exist in the interval.

VA y=fx) VA YA ity
y=fx) §
. /\ — . LN\ — — L —
O a \/ b X O V \J X 0 a E K}(
There are multiple roots within There are multiple roots within There is a vertical asymptote
the interval [a, b]. In this case the interval [a, b], but a sign within interval [g, b]. A sign
there is an odd number of roots.  change does not occur. In this change does occur, but there
case there is an even number is no root.

of roots.
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Example o

The graph of the function VA
f(x) = 54x3 — 225x% + 309x — 140 14
is shown in the diagram.
A student observes that f(1.1) and f(1.6) are
both negative and states that f(x) has no roots 0 ] \/ 7 x
in the interval [1.1, 1.6]
a Explain by reference to the diagram why
the student is incorrect.
b Calculate f(1.3) and f(1.5) and use your answer
to explain why there are at least 3 roots in the interval 1.1 < x < 1.7

y=1(x)

a The diagram shows that there could be m The interval [1.1, 1.6] is the set of all
two roots in the interval [1.1, 1.6]. real numbers, x, that satisfy 1.1< x< 1.6

b f(1.1) = -0476 < O
f(1.3) = 0.0886 > O Calculate the values of f(1.1), f(1.3), f(1.5) and
f(1.5) = -0.5 <O f(1.7). Comment on the sign of each answer,
) =089 25
There is a change of sign between 1.1 and f(x) changes sign at least three times in the
1.3, between 1.3 and 1.5 and between 1.5 interval 1.1 < x < 1.7 so f(x) must equal zero at
and 1.7, so there are at least three roots in ’7 least three times within this interval.

the interval 11 < x < 1.7

a Using the same axes, sketch the graphs of y=Inxand y = % Explain how your diagram shows

that the function f(x) = In x — % has only one root.
b Show that this root lies in the interval 1.7 < x < 1.8

¢ Given that the root of f(x) is a, show that & = 1.763 correct to 3 decimal places.

a
1

Sketch y = Inx and y = - on the same axes.
Notice that the curves do intersect.

Inx — l\ = @i=ilmx= lt f(x) has a root where f(x) =0

: @ _
The equation Inx = + has only one solution, The curves meet at only one point, so there is only
50 f(x) has only one root. " one value of x that satisfies the equation In x = =

X
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vy
@ Locate the root of

f(x)=lnx - % using technology.

b f(x) = Inx — -

f(1.7) = In17 - = -0.0576...

f(1.7) <0 and f(1.8) > 0, so there is a change of

L

=
e
1. sign.

f1.8) =In1.8 -

i QO322..

There is a change of sign between 1.7 and

1.8, so there is at least one root in the ) o
You need to state that there is a change of sign in

your conclusion.

interval 1.7 < x < 1.6

c f(1.7625) = —0.00064... < O

f(1.763.5) = O.OOO24..I. > O . Problem-solving

There is a change of sign in the interval

(17625, 17635] s0 17625 < a < 17635, To determine a root to a given degree of accuracy
you need to show that it lies within a range of

=il 15 P
s = e values that will all round to the given value.

Numbers in this range will
round to 1.763, to 3 d.p.

—————

X

1762 17625 1763 1.1635 1464

Exercise m REASONING

Show that each of these functions has at least one root in the given interval.
af(x)zx R b f(x)=x2-Vx-10,3<x<4

¢ fix)=x —%—2, -05<x<-02 d f(x)=e"—Inx—-5,1.65<x<1.75

@ 2 f(x)=3+x2—-x3
a Show that the equation f(x) = 0 has a root, «, in the interval [1.8, 1.9]. (2 marks)

b By considering a change of sign of f(x) in a suitable interval, verify that o = 1.864,
correct to 3 decimal places. (3 marks)

® 3 h(x)=Vx —cosx — 1, where x is in radians.
a Show that the equation h(x) = 0 has a root, o, between x = 1.4 and x = 1.5 (2 marks)

b By choosing a suitable interval, show that o = 1.441 is correct to 3 decimal places. (3 marks)

@ 4 f(x)=sinx - Inx, x >0, where x is in radians.

a Show that f(x) = 0 has a root, «, in the interval [2.2, 2.3]. (2 marks)
b By considering a change of sign of f(x) in a suitable interval, verify that o = 2.219,
correct to 3 decimal places. (3 marks)

® 5 f(x)=2+tanx, 0 < x <, where x is in radians.
a Show that f(x) changes sign in the interval [1.5, 1.6].

b State with a reason whether or not f(x) has a root in the interval [1.5, 1.6].
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® 6 A student observes that the function f(x) = % + 2, x # 0, has a change of sign
in the interval [-1, 1]. The student writes:

¥y = f(x) has a vertical asymptote within this interval so even
though there is a change of sign, f(x) has no roots in this interval.

By means of a sketch, or otherwise, explain why the student is incorrect.

7 f(x) = (105x3 — 128x% + 49x — 6) cos 2x, where x is in radians. YA
The diagram shows a sketch of y = f(x) 0.5
a Calculate f(0.2) and f(0.8). /\
b Use your answer to part a to make a conclusion about the 0 v 1 X
number of roots of f(x) in the interval 0.2 < x < 0.8 e
¢ Further calculate f(0.3), f(0.4), f(0.5), f(0.6) and (0.7). ‘ y=1(x)

d Use your answers to parts a and ¢ to make an improved conclusion
about the number of roots of f(x) in the interval 0.2 < x < 0.8

® 8 a Using the same axes, sketch the graphs of y =e¢*and y = x2
b Explain why the function f(x) = e — x? has only one root.
¢ Show that the function f(x) = e — x? has a root between x = (0.70 and x = 0.71

® 9 a On the same axes, sketch the graphs of y=Inxand y=¢* -4
b Write down the number of roots of the equation Inx =¢* -4
¢ Show that the equation In x = ¥ — 4 has a root in the interval [1.4, 1.5].

(E/P) 10 h(x) = sin2x + e*
a Show that there is a stationary point, «, of y = h(x) in the interval —-0.9 < x < -0.8 (4 marks)

b By considering the change of sign of h'(x) in a suitable interval, verify that
a = —0.823 correct to 3 decimal places. (2 marks)
2
X

On the same axes, sketch the graphs of y = Vx and y = (2 marks)

EP 11

b With reference to your sketch, explain why the equation vx = % has exactly one real root.
(1 mark)

¢ Given that f(x) = Vx - %, show that the equation f(x) = 0 has a root r, where 1 <r <2 (2 marks)

g 2 . g
d Show that the equation vx = < may be written in the form x” = g,

where p and ¢ are integers to be found. (2 marks)
e Hence write down the exact value of the root of the equation vx — % =0 (1 mark)
12 f(x) = x* - 21x - 18
a Show that there is a root of the equation f(x) = 0 in the interval [-0.9, —0.8]. (3 marks)
b Find the coordinates of any stationary points on the graph y = f(x) (3 marks)

¢ Given that f(x) = (x — 3)(x* + ax? + bx + ¢), find the values of the constants ¢, b and ¢. (3 marks)
d Sketch the graph of y = f(x) (3 marks)
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@ Fixed point iteration

An iterative method can be used to find a value of x for which f(x) = 0. To perform an iterative
procedure, it is usually necessary to manipulate the algebraic function first.

® To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the
form x = g(x) and use the iterative formula x,,, , = g(x,)

Some iterations will converge to a root. This can happen in two ways. One way is that successive
iterations get closer and closer to the root from the same direction. Graphically these iterations
create a series of steps. The resulting diagram is sometimes referred to as a staircase diagram.

f(x) = x* — x — 1 can produce the iterative formula x, ., = /x, + 1 when f(x) = 0. Let x,= 0.5

Successive iterations produce the following staircase diagram.

YA y=x

y=x+1 Read up from x; on the vertical axis
to the curve y = vx + 1 to find x,.
You can read across to the line y = x
to ‘map’ this value back onto the
x-axis. Repeating the process shows
the values of x, converging to the

E L root of the equation y = vx + 1,

' ' which is also the root of f(x).

o X Xp X *

The other way that an iteration converges is that successive iterations alternate being below the
root and above the root. These iterations can still converge to the root and the resulting graph is

sometimes called a cobweb diagram.
) ) ) m By rearranging the same function
f(x) = x* — x — 1 can produce the iterative formula in different ways you can find different iterative

when f(x) = 0. Let x, = -2 formulae, which may converge differently.

e 1
A+l x —1

“*n

Successive iterations produce the cobweb diagram . THE .
“*0 v ey 1

shown on the right. T T

=Y

Not all iterations or starting values converge to a root. "
When an iteration moves away from a root, often y=_1 e
increasingly quickly, you say that it diverges.

f(x) = x> — x — 1 can produce the iterative formula \\
X,.1=Xx,2—1whenf(x) =0. Let x,=2 y=x

Successive iterations diverge from the root, as shown in the diagram below.

VA




164 CHAPTER 8 NUMERICAL METHODS
Example o

f(x)=x2-4x+1

a Show that the equation f(x) = 0 can be written as x =4 — %, xz0

f(x) has a root, «, in the interval 3 < x <4

b Use the iterative formula x,,, =4 - vcl with x, = 3 to find the value of x,, x, and x;
“rn

a flx)=0
X2 —-4x+1=0
X2 =4x -1 Add 4x to each side and subtract 1 from each side.
XxX=4-— %, A i)
- L Divide each term by x. This step is only valid if
b X =4 -3 = 3666666... x%0
P T N
sty o, @ Use the iterative formula to
work out x;, x; and x,. You can use your

o= Ak = 278170
- _xz

f(x)=x3—-3x2-2x+5

a Show that the equation f(x) = 0 has a root in the interval 3 < x < 4

calculator to find each value quickly.

) ) X3, —2x,+5
b Use the iterative formula x,,, | = VI 3

giving your answers to 4 decimal places and taking:

to calculate the values of x|, x, and x3,

i xo=15 i x,=4

a f(3)=(3)°2-3(32-2(3)+5 = -1
f4)=(4)>-3(4)2 -24)+5=13
There is a change of sign in the interval

3 < x < 4, and f is continvous, so there is
The graph crosses the x-axis between x = 3 and

a root of f(x) in this interval.

— S
(X3 — 2X5 + 5
bi x = Vﬁ =1.33865...
.'I.vcf -2x,+5
X, = \,'—37 =1.2544...
[
Ix3 — 2x, + i i
il X, + 5 s, | Each iteration gets closer to a root, so the
s = 3 sequence Xy, Xy, X, X, ... IS convergent.
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Ay
I."_»cg - 2x,+5 @ Explore the iterations O

i = 3 = 4.5092... graphically using technology.
[x3 - 2X i+
Xo = \| 3 = 54058
- I.'xg - 2x,+5 21219 Each iteration gets further from a root, so the
¥ = | 3 e sequence xo, Xy, Xy, X3, ... is divergent.

Exercise m REASONING

® 1

f(x)=x2-6x+2
a Show that f(x) = 0 can be written as:

2 == a
ix:""gz ii x=V6x -2 i x=6- 2
b Starting with x, = 4, use each iterative formula to find a root of the equation f(x) = 0.

Round your answers to 3 decimal places.

¢ Use the quadratic formula to find the roots to the equation f(x) = 0, leaving your answer in
the form a + b, where a and b are constants to be found.

f(x)=x2-5x-3
a Show that f(x) = 0 can be written as:

- 2 _

i x=/5x+3 iix=x53

b Let x, = 5. Show that each of the following iterative formulae gives different roots of f(x) =0
x2-3

ix,,,=y/5x,+3 i %.4s 5
fix)=x2-6x+1
a Show that the equation f(x) = 0 can be written as x = v6x — 1 (1 mark)
b Sketch on the same axes the graphs of y = x and y = V6x — 1 (2 marks)
¢ Write down the number of roots of f(x). (1 mark)
d Use your sketch to explain why the iterative formula x,,,, = /6x, — |

converges to a root of f(x) when x, =2 (1 mark)

X+ 1

f(x) = 0 can also be rearranged to form the iterative formula x,,,, = 6
e By sketching a diagram, explain why the iteration diverges when x;, = 10 (2 marks)
f(x)=xe"—x+2
a Show that the equation f(x) = 0 can be written as x = ln| = | x#2

x-2
f(x) has a root, o, in the interval -2 < x < -1

X,

b Use the iterative formula x,,, = In , x # 2, with x, = —1, to find, to 2 decimal places,

X, —
the values of x,, x, and x;
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® 5 flx)=x3+5x2-2
a Show that f(x) = 0 can be written as:

R

= Yy e - |'2—.X3

L=l ii x==-5 i x ==
"

b Starting with x, = 10, use the iterative formula in part a (ii) to find a root of the equation
f(x) = 0. Round your answer to 3 decimal places.

¢ Starting with x;, = 1, use the iterative formula in part a (iii) to find a different root of the
equation f(x) = 0. Round your answer to 3 decimal places.

d Explain why the iterative formulae in part a (iii) cannot be used when x, = 2

6 f(x)=x*-3x3-6

a Show that the equation f(x) = 0 can be written as x = f_.-"px“ + ¢, where p and ¢
are constants to be found. (2 marks)

b Let x, = 0. Use the iterative formula x,,, |, = i.-"px;‘ + ¢, together with your values of

p and ¢ from part a, to find, to 3 decimal places, the values of x|, x, and x; (3 marks)

The root of f(x)=0is a.

¢ By choosing a suitable interval, show that o« = —1.132 to 3 decimal places. (3 marks)
7 f(x)=3cos(x2) + x -2 ;
a Show that the equation f(x) = 0 can be written as x = (arccos (2 ; \)) (2 marks)
; : L= Xy : f
b Use the iterative formula x, ., = (arccos ( 3 )) , Xp = 1, to find, to 3 decimal places,
the values of x,, x, and x; (3 marks)

¢ Given that f(x) = 0 has only one root, a, show that o = 1.1298 correct
to 4 decimal places. (3 marks)

8 f(x) =4cotx - 8x+ 3,0 < x <, where x is in radians.

a Show that there is a root « of f(x) = 0 in the interval [0.8, 0.9]. (2 marks)
b Show that the equation f(x) = 0 can be written in the form x = % % (3 marks)
. . cosx; 3 )
¢ Use the iterative formula x,, , |, = ——— + =, x;, = 0.85, to calculate the values of
2sinx, 8

X, X, and x5 giving your answers to 4 decimal places. (3 marks)
d By considering the change of sign of f(x) in a suitable interval, verify that oo = 0.831

correct to 3 decimal places. (2 marks)

9 g(x)=e'+2x-15

a Show that the equation g(x) = 0 can be written as x =In (15 -2x) + 1, x < 1—25 (2 marks)

The root of g(x) =0is a.
The iterative formula x,,; =In (15 - 2x,) + 1, x, = 3, is used to find a value for a.
b Calculate the values of x,, x, and x; to 4 decimal places. (3 marks)

¢ By choosing a suitable interval, show that o = 3.16 correct to 2 decimal places. (3 marks)
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@ 1

'

The diagram shows a sketch of part of the curve with equation YA

y="fx)

vy = f(x), where f(x) = xe* — 4x. The curve cuts the x-axis at the
points A and B and has a minimum turning point at P,
as shown in the diagram.
a Work out the coordinates of A

and the coordinates of B. (3 marks) 4 B
b Find f'(x). (3 marks) 0 %

P

¢ Show that the x-coordinate of P

lies between 0.7 and 0.8. (2 marks)
d Show that the x-coordinate of P is the solution to the equation x = In (x ¥i ]) (3 marks)

To find an approximation for the x-coordinate of P, the iterative formula x, ., = In ( : A:_ l)
ot
is used.

e Let x,=0. Find the values of x,, x,, x; and x,. Give your answers to 3 decimal places.

(3 marks)
Chapter review o
fx)=x3-6x-2
a Show that the equation f(x) = 0 can be written in the form x = i‘b"la + I—;
and state the values of the integers « and b. (2 marks)

f(x) = 0 has one positive root, a.

; : f b ; .
The iterative formula x, ;| = VI a+~-, Xo =2, is used to find an approximate value for a.
n

b Calculate the values of x,, x,, x; and x, to 4 decimal places. (3 marks)

¢ By choosing a suitable interval, show that o = 2.602 is correct to 3 decimal places. (3 marks)

p(x) =4 - x?and q(x) =e*

a On the same axes, sketch the curves of y = p(x) and y = q(x) (2 marks)
b State the number of positive roots and the number of negative roots of

the equation x> + e* =4 =0 (1 mark)
¢ Show that the equation x2 + e¥ — 4 = 0 can be written in the form x = +(4 — e): (2 marks)
The iterative formula x,, ; = —(4 — e¥)2, x, = -2, is used to find an approximate

value for the negative root.
d Calculate the values of x;, x,, x3 and x, to 4 decimal places. (3 marks)

e Explain why the starting value x, = 1.4 will not produce a valid result with
this formula. (2 marks)

167
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3 g(x)=x5-5x-6

a Show that g(x) = 0 has a root, o, between x =1 and x =2 (2 marks)

1
b Show that the equation g(x) = 0 can be written as x = (px + ¢)”, where p, ¢ and r
are integers to be found. (2 marks)

1
The iterative formula x, ., = (px, + ¢)", x, = 1 is used to find an approximate value for a.
¢ Calculate the values of x,, x, and x; to 4 decimal places. (3 marks)

d By choosing a suitable interval, show that o = 1.708 is correct to 3 decimal places. (3 marks)

4 g(x)=x2-3x-5

a Show that the equation g(x) = 0 can be written as x =vV3x + 5 (1 mark)
b Sketch on the same axes the graphs of y = xand y =v3x+ 5 (2 marks)
¢ Use your diagram to explain why the iterative formula x,,; = /3x, + 5 converges
to a root of g(x) when x, =1 (1 mark)
x2-5
g(x) = 0 can also be rearranged to form the iterative formula x, ., = -
d With reference to a diagram, explain why this iterative formula diverges
when x, =7 (3 marks)
5 f(x) = 5x —4sinx - 2, where x is in radians.
a Show that f(x) = 0 has a root, o, between x = 1.1 and x = 1.15 (2 marks)
b Show that f(x) = 0 can be written as x = psin x + ¢ , where p and ¢ are rational
numbers to be found. (2 marks)
¢ Starting with x, = 1.1, use the iterative formula x, ,; = p sin x,, + ¢ with your values
of p and ¢ to calculate the values of x;, x,, x3 and x, to 3 decimal places. (3 marks)
6 a On the same axes, sketch the graphs of y = % and y=x+3 (2 marks)
b Write down the number of roots of the equation % =x+3 (1 mark)
¢ Show that the positive root of the equation % = x + 3 lies in the interval
(0.30, 0.31). (2 marks)
d Show that the equation l,( = x + 3 may be written in the form x>+ 3x -1 =0 (2 marks)

e Use the quadratic formula to find the positive root of the equation x> + 3x -1 =0
to 3 decimal places. (2 marks)
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Challenge

By = oL Sefl — A e L ]
INNOVATION  The diagram shows a sketch of y = f(x). Points 4 and B are the points of
inflection on the curve.

VA
y="fx)

/TN

VARY

a Show that equation f”(x) = 0 can be written as:

=Y

- 4 il
i = il jii =T =3%
3 15x3 + 3 I 15

b By choosing a suitable iterative formula and starting value, find an
approximation for the x-coordinate of B, correct to 3 decimal places.

¢ Explain why you cannot use the same iterative formula to find an
approximation for the x-coordinate of 4.

Summary of key points

1 If the function f(x) is continuous on the interval [a, b] and f(a) and f(b) have opposite signs,
then f(x) has at least one root, x, which satisfiesa < x < b

2 To solve an equation of the form f(x) = 0 by an iterative method, rearrange f(x) = 0 into the
form x = g(x) and use the iterative formula x,,,, = g(x,)
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Review exercise

REVIEW EXERCISE

® 1 The graph of the function f(x) = 3e™ - 1, 3 Find the exact solutions to the equations:

x € R, has an asymptote y = k, and
crosses the x and y axes at A and B
respectively, as shown in the diagram.

Va

X

]
7
=Y

y=k

a Write down the value of k and the
y-coordinate of A4.

b Find the exact value of the
x-coordinate of B, giving your answer
as simply as possible. ?2)

« Pure 3 Section 5.2

2)

A heated metal ball S is dropped into a
liquid. As S cools, its temperature, 7°C,
¢ minutes after it enters the liquid, is
given by 7'=400e"%%% + 25, t = 0

a Find the temperature of S as it enters
the liquid. (1)

b Find how long S is in the liquid before
its temperature drops to 300 °C.
Give your answer to 3 significant
figures.

3)
; d7T . :

¢ Find the rate, L in °C per minute
to 3 significant figures, at which the
temperature of S is decreasing at the
instant ¢ = 50 3)

d With reference to the equation given
above, explain why the temperature of

S can never drop to 20 °C. (2)

4 Pure 3 Sections 5.2, 5.5

alnx+In3=1In6
b e"+3e =4

2
(C))

¢ Pure 3 Section 5.3

The table below shows the population of
Angola between 1970 and 2010.

Year Population, P (millions)
1970 5.93

1980 7.64

1990 10.33

2000 13.92

2010 19.55

This data can be modelled using an
exponential function of the form P = ab’,
where ¢ is the time in years since 1970 and
a and b are constants.

a Copy and complete the table below,
giving your answers to 2 decimal
places.

(¢))

Time in years since 1970, f log P
0 0.77
10
20
30
40
b Plot a graph of log P against ¢ using
the values from your table and draw in
a line of best fit. 2)
¢ By rearranging P = ab’, explain how
the graph you have just drawn supports
the assumed model. 3
d Use your graph to estimate the values
of @ and b to 2 significant figures.  (4)

« Pure 3 Sections 5.4, 5.5




REVIEW EXERCISE

® s

® 6

The function f is defined by
f:x —In(5x-2),x € R,x>%

Find an expression for f~!(x). 2
Write down the domain of f~!(x). (1)
¢ Solve, giving your answer to
3 decimal places,
In(5x-2)=2 2)

« Pure 3 Sections 5.1, 5.3

The function f is defined by
f:x —e*+k, x € Rand k is a positive
constant.

a State the range of f(x). 2)
b Find f(In k), simplifying your
answer. 2)

¢ Find 1, the inverse function of f,
in the form f~!: x —
domain.

d On the same axes, sketch the curves
with equations y = f(x) and y = f!(x),
giving the coordinates of all points
where the graphs cut the axes.

Q)

« Pure 3 Section 5.1

The function f is given by
fix—In4-2x),xER, x<2
Q)

a Find an expression for f~!(x).

Sketch the curve with equation

y = f!(x), showing the coordinates
of the points where the curve meets
the axes.

¢ State the range of f!(x).

The function g is given by
gix—eL,xeR

d Find the value of gf(0.5) 2)

¢ Pure 3 Sections 5.1, 5.2

® 8 The functions f and g are defined by

..., stating its 9

3
R

EP 11

fix—2x+In2,xER
g:x— e xER
a  Prove that the composite function
gtis
gf:x —4e*, xER “
b Sketch the curve with equation
» = gt(x), and show the coordinates of
the point where the curve crosses the

y-axis. 3)
¢ Write down the range of gf. 2
d Find the value of x for which

% [gf(x)] = 3, giving your answer

to 3 significant figures. 4)

< Pure 3 Sections 2.3, 5.1, 6.2

By sketching the graphs of y = —x

and y = In x, x > 0, on the same axes,
show that the solution to the equation
x+Inx=0lies between0and 1. (3)
b Show that x + In x = 0 may be written
in the form

(2x — In x)
X= 3 (2
¢ Use the iterative formula
(2x, —In x,)
Ypa = Xy =1,
to find the solution of x + Inx =0
correct to 5 decimal places. 3)

« Pure 3 Sections 5.3, 8.2

A curve has equation y = %,\‘2 +4cos x
Show that an equation of the normal to

.
the curve at x = 3 18

8)8 -7 - 16x + lr> - 87 +8) =0 (7)

« Pure 3 Section 6.1

A curve has equation y = e — In(x?).

Show that an equation of the tangent at

x=2isy—(3eb—1Dx—-2+1nd4 +5e¢=0
(6)

« Pure 3 Section 6.2

17
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® 12

(E/P) 16

(E/P) 17

A curve C has equation y = 2x — 3)%2"

d
a Use the product rule to find /4 3)

b Hence find the coordinates of the

stationary points of C. 3)

« Pure 3 Sections 6.2, 6.4
(x—1)2

The curve C has equation y = —;
sinx

3

d
a Use the quotient rule to find d—J;

b Show that the equation of the

tangent to the curve at x = s is

2
ﬂ.Z
3

« Pure 3 Sections 6.1, 6.5

y=(¢r—2)x+(l

a Show that if y = cosec x then
dy
—— = —cosec x cot x 4)
dx
dy
—— 1n terms

dx
(6)

« Pure 3 Section 6.6

b Given x = cosec 6y, find

of x.

Assuming standard results for sin x and
cos x, prove that the derivative of arcsin x

' 5)

)
v1—x2 .
« Pure 3 Section 6.6

is

3
Given | (12 - 3x)dx = 78, find the value
ofa. @)

« Pure 3 Section 7.2

=]

By expanding cos (5x + 2x) and

cos (5x — 2x) using the double-angle
formulae, or otherwise, show that
cos7x+cos3x=2cosS5xcos2x. (4)

b Hence find I6 cos Sx cos 2xdx 3)

« Pure 3 Sections 4.3, 7.3

Given thatf mxleX'dx = é(e’“ -1
0 4
find the value of m.

3

« Pure 3 Section 7.4

® 19

@

EP 21

® 22

® 23

Sx2—-8x+1

() = e - 1P p .
a Given that f(x) = P | + G- 17

find the values of the constants

A, Band C. €))
b Hence find [f(x) dx @)
¢ Hence show that

T soe 2) _3
[ ) dx = ln( ) -5 (4)

¢« Pure 3 Sections 1.2, 6.4, 7.4

S5x+3
2x -3)(x+2)
fractions.

0

Express in partial

(3)
b Hence find the exact value of
6 5x+3
> (2x —3)(x +2)
answer as a single logarithm.

dx, giving your

(4)

 Pure 3 Sections 1.2, 6.4, 7.4

f(x)=(x*+1)Inx
Find the exact value of [] ’ Xy dx (7)

« Pure 3 Section 7.4

g(x)=x3-x2-1
a Show that there is a root a of g(x) =0
in the interval [1.4, 1.5]. )
b By considering a change of sign of
g(x) in a suitable interval, verify that
« = 1.466 correct to 3 decimal places.
3

« Pure 3 Section 8.1

p(x)=cosx+e™™

a Show that there is a root @ of p(x) =0
in the interval [1.7, 1.8]. )

b By considering a change of sign of f(x)

in a suitable interval, verify that
« = 1,746 correct to 3 decimal places.

3

« Pure 3 Section 8.1
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@ 24 f(x)=e*2-3x+5

a Show that the equation f(x) = 0 can be

written as

x=InBx-5)+2,x>3 2

The root of f(x)=01is .

The iterative formula

X1 =In(3x, = 5) + 2, xo =4 is used to

find a value for a.

b Calculate the values of x,, x, and x; to
4 decimal places. 3)

« Pure 3 Section 8.2

@ 25 f(x)z(x+2)3+4x2,x¢2

a Show that there is a root « of f(x) =0
in the interval [0.2, 0.3]. 2)

b Show that the equation f(x) = 0 can be

—

written in the form x = la2 * 23

¢ Use the iterative formula

N = i.-'—lf’4x§ + 2, x, = 1 to calculate
the

values of x|, x,, x; and x,, giving your
answers to 4 decimal places. 3)
d By considering the change of sign of
f(x) in a suitable interval, verify that
a = 1.524 correct to 3 decimal places.
(0]

« Pure 3 Section 8.2

173

Challenge

1 A curve has equation

Find an equation of the normal to the curve
at x = 1in the form ax + by + ¢ = 0, where
a, b and c are integers.

« Pure 3 Section 6.3

The functions fand g are defined as

f(x) = x> - kx + 1, where k is a constant, and
g(x) = e, x [ R. The graphs of y = f(x) and

v =g(x) intersect at the point P, where x=0.
Confirm that f(0) = g(0) and hence state the
coordinates of P.

Given that the tangents to the graphs at P are
perpendicular, find the value of k.
« Pure 3 Section 5.2

The volume of a hemisphere Vcm? is related
to its radius rcm by the formula V' = %mﬂ and
the total surface area Scm? is given by the

formula S = 772 + 2mr? = 37r2. Given that the

. . dV
rate of increase of volume, in cm? s, T 6,

find the rate of increase of surface area %

« Pure 3 Section 6.3



174 EXAM PRACTICE

Exam practice

Mathematics
International/Advanced Level
Pure Mathematics 3

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

Answer ALL questions

o x2-9 | 2x?+5x-3
1 Simplify full = 4
TPy Y 2 T3y x2+7x @
2 Maria wants to predict the value V euros of her new &

saxophone after f years. She uses the formula

V= 800e2 + 10001 + 200, 1 = 0

The diagram shows a sketch of V against t.

a State the range of V. (1)

b Calculate the rate at which the value of Maria’s 0
saxophone is decreasing when 7 = 15

=¥

Give your answer in euros per year and to the

nearest integer. )
¢ Calculate the exact value of r when V= 1400 4)
3 The diagram shows a sketch of the curve i i

f(x)=(4-3x)e5, x e R. A

a  Using calculus, find the exact coordinates of the

turning point at 4. 5)

b State the range of f(x). (2)

¢ Sketch the curve of y = |f(x)|. Show the coordinates ~
where the curve crosses or meets the axes. 4) 0 *
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4 The diagram shows a sketch of the curve y = f(x).
The curve passes through the point (0, 1). The point

A(3, 2) 1s a maximum.

On separate axes, sketch the graphs of:

a y=f(x)+1 3 b y=f(x+3)+2 3
¢ y=2f(3x) 3

On each sketch, show the coordinates where your graph
intersects the y-axis and the coordinates of the point to
which A4 is transformed.

5 f(x)=3sin® x + 2 cos® x

a Show that f(x) = %

b Hence find the exact value of f 4f(.v()d X
0

6 y=Xx+sin (%x)
., dy
a Find H;

b Hence find the equation of the normal to the curve at x = -1

i

\_

©.1

Al3, 2)

7 Given that J‘:;( 1 — wsinkx)dx = 7(7 — 6/2), find the exact value of k.
a

33 -10x2+8x +1

8 flx)=
*) xX’—-4x+4
Write f(x) in the form Ax + B + + D
* ‘ x=2  (x=2p
9 f(x)=4_x+3

a Calculate f(3.9) and f(4.1).

b Explain why the equation f(x) = 0 does not have a root in the interval 3.9 < x < 4.1

The equation f(x) = 0 has a single root, a.

¢ Use algebra to find the exact value of «.

10 Integrate the following expressions with respect to x:

a e4_\' +3

cosdx
esi114.\'

4
4

“4)
“4)

®)

@)

(2
(1)

(2

(2
(6))

TOTAL FOR PAPER: 75 MARKS
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GLOSSARY

acute (angle) an angle less than 90°

algebraic fraction a fraction where the numerator
and denominator are polynomials

algebraic long division the process of dividing
the denominator into the numerator of an
algebraic fraction

appropriate a mathematical function may act as a
model for a real-life process. If the model describes
the process well under all circumstances, it is highly
appropriate

argument an input to a function

asymptote when a curve approaches but never quite
reaches a line, that line is an asymptote

cancel (out) remove identical values from both the
numerator and denominator in order to simplify an
ab _db _b

ac ” gc " ¢
chord a line segment joining two points on the
circumference of a circle

common factor a quantity that will divide without
remainder into two or more other quantities

common multiple a multiple of two or more
quantities

constant a term that does not include a variable. In
the expression 3x? + 4x + 5, the term 5 is a constant

expression. For example

converge to approach a limit more and more closely

coordinate axes the two perpendicular lines by
which the positions of points are measured on

a graph

coordinates a set of values, e.g. (3, 2), that show an
exact position. The first value represents a point on
the x-axis; the second value represents a point on the
y-axis

deduce to reach a logical conclusion. If x + 2 =3,

we can deduce that x =1

denominator the lower part of a fraction. For
example, B is the denominator in the fraction B

derivative the rate of change of a mathematical
function; the result of differentiation

differentiation calculating the instantaneous rate of
change of a function

displacement change of position

expand to write a mathematical expression in

an extended form. For example, (x + y)? can be
expanded to x* + 3x%y + 3x)° + )°

exponential an exponential function has the form
f(x) = a*

expression a mathematical expression contains
numbers and/or variables, e.g. 2x> + 4ln x + sin x

factor a quantity that divides into another quantity
exactly. x + 1 is a factor of x2 + 3x + 2

factorise to rewrite an expression using brackets.
We factorise x* + 3x + 2 to get (x + 1)(x + 2)

from first principles proving something without
using other proofs such as Pythagoras’ theorem

gradient slope

identity an equality between expressions that is true
for all values of the variables in those expressions

improper algebraic fraction a fraction whose
numerator has a degree (power) equal to or greater
than the denominator

integrand an expression which is to be integrated
intercept (verb) to cross an axis

intercept (noun) the place where a line or curve
Crosses an axis

intersection the point at which two or more curves
cross (intersect)

interval the limits of an expression, eg. -t ===

iteration the repeated application of a mathematical
process

LHS left-hand side; opposite of RHS

limit a value above or below which an expression
cannot go. The upper limit of sin @ is 1

linear where the variables have the power 1. Hence
v=2x+3isalinear equation but y = x?and y :%

(v = x71) are not. A linear equation can be represented
by a straight line

logarithm the power to which the base number
must be raised in order to get a particular number.
For example, log, 32 =5 = 2°=32

long term after a long time

midpoint (of a line segment) a point on a line
segment that divides it into two equal parts

model a mathematical method of describing a
real-life process

modulus The positive value of an expression. The
modulus of -2 is +2. The modulus of +2 is also +2

normal a line intersecting a curve at right angles to
the tangent at that point
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numerator the upper part of a fraction. For example,

A is the numerator in the fraction %

obtuse (angle) an angle greater than 90° but less
than 180°

origin the point where the y-axis and x-axis intersect

outlier a value that lies well outside the other values
in a data set

parallel two lines side by side, the same distance
apart at every point

partial fractions when an algebraic fraction is
converted into a number of simpler fractions, these
are called partial fractions. For example
3x2-3x-2 _ 2 4

(x=-1(x-2) % x-1 * x-2

point marks a location but has no size itself

point of inflection a point where the derivative
changes sign

polynomial an expression involving integer powers
of avariable, e.g. x* + 5x + 2

quotient a result obtained by dividing one quantity
by another

real a number that can be represented by a (possibly
infinite) decimal expansion. Examples include
3,-3,13, 3,log3,sin3,rand e

rearrange to put terms in a different order:
3x+x2+2 =P+ 3x+2

p : & ol
reciprocal the reciprocal of a number x is =

Every number has a reciprocal apart from 0, asl is
0
not defined

reflection when an object is mirrored on a line of
symmetry

RHS right-hand side; opposite of LHS
roots (of an equation) the set of all possible solutions

simplify to replace an expression with a simpler,
usually shorter, one

sketch (noun or verb) a drawing that explains
something without necessarily being accurate

stationary point the point on a function where the
gradient is zero

stretch to make something longer or (in mathematics
only) shorter

substitute to replace something (e.g. a variable) with
something else (e.g.avalue). If y=x +1
and we substitute x =2, we find that y =23+ 1=9

successive following one after the other

symmetrical, symmetry two shapes are symmetrical
if one can be transformed into the other by reflecting,
rotating or stretching

translate move (a shape)
translation moves a shape
trend the general direction in which a group of
points seems to be going
dv
turning point a point at which d_)x changes sign

Itis also known as a maximum, a minimum or a
stationary point. However, not all stationary points
are turning points. For example, a point of inflection
is a stationary point but not a turning point

undefined not having a meaning or a value;
for example, the result of division by zero

vertex (plural vertices) where two lines meet at an
angle, especially in a shape such as a triangle
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CHAPTER 1
Prior knowledge check
1 a 1527 it
3y
2 a (x-1Dx-5 b x+4x-4 ¢ Bx-53x+5)
xr-3 xr+ 4 x+5
3 o
8 x+6 3x+1 r+3
Exercise 1A
-8 x-8
1 All factors cancel exactly except =2 = =1
F; actors cancel exactly excep 8 _x —{;t‘ - 8}
2 a=50b=12
r-4
2x + 10
4 2x2 -3x-2 , x-2
6x-8  3x2+ 14x - 24
_2x2-3x-2 3x%+14x-24
6x -8 x-2
_x+1)x-2) (3x-4)x+6)
2(3x - 4) x-2
=[2x+1]{x+6]=2x2+13x+6
2 2
b fla)=2x+17f4)=2

Exercise 1B

T 7 P+tq 7 3-=x 2a - 15

1 ST d— e

21 20 °pg g © 22 100

2 a x+3 -x+7 Bx-2

xlx + 1) lx - 1lx + 2) 2z + 1lx-1)
d -x -5 N 2x -4 23x+9
6 T o(x+ 4)2 6lx +3lx-1)
3 a X+ 3 b Jx+1 -x -7
(x + 1)2 x - 20x+ 2) [x + 1)lx + 3)2
g 3x+3y+2 2x+5 7x+8
W-0y+Y  @+22x+1) @+ 2+ 3 -4)
4 2x-19
(x + 5)lx - 3)

5 6x2+ 14x + 6 -x%-24x -8
xle + Dix + 2) 3xlx - 2)2x + 1)
9x2 - 14x -7
(x - Dix + Dix - 3)

6 50x + 3

(6 + 1)(6x — 1)
6 36
T = el coposs e BORE ey
a gl Jr+x+2+;1:2—2.1~:—8

_x[x+2]tr—4]+ 6lx — 4) i 36
x+2x-4 @k+2x-4 (x+2lx-4)
_xt 227 -2x+12

(x + 2)lx — 4)

b Divide x* - 2¢% - 2x + 12 by (x + 2) to give x* —4x + 6
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Exercise 1C

1 A=1,B=1,C=2,D=-6

2 a=2,b=-3,c=5,d=-10

3 p=1lg=2,r=4

4 m=2,n=4,p=7

5 A=4,B=1,C=-8andD=3

6 A=4,B=-13,C=33and D=-27

7 p=1l,g=0,r=2,5=0andt=-6

8 a=2,b=1,c=1,d=5ande=-4

9 A=3,B=-4,C=1,D=4,E=1

10 a (-1 *+1)=(x-Dlx+D*+1)

b x-Dx2+1),a=1,b=-1,c=1,d=0ande=1

Chapter review 1

1 a -7 b
2 3x%+5

3 22%-2x+5
i ! 2(x% + 4)(x - 5) 3 22 +3
3 (x2 - 7)(x + 4) x
26-4 4e-1)

x+4 @ 2x—1
-1 Co2x+ 1

w
B

_xlr + 3 - 1) 3 +3 12
T x+3x-1 @+3x-1 @+3x-1

e+ 3x+3lx-1) x2+3x+3
T f+3x-1 x+3

1,B=-4,C=3,
2,B=-4,C=6,D=
1y B= =1 ¥ =:3

-

0
1

3 S 8
Il

Challenge
1 A=2,B=-3,C=3#p=1
2 (ax*+bx*+cx+d +(x-p)
=(ax® + (b + ap)x + d) + (c + bp + ap?)
with a remainder of d + cp + bp? + ap®
fip) = ap® + bp* + ¢p + d = 0, which matches the
remainder, so (x — p) is a factor of {{x).
3 a f-3)=0orflx) =(x+3)(2x% + 3x +1)
1,8 5
x+3) (2x+1) (x+1)

CHAPTER 2
Prior knowledge check

_9-5x _op—8x _5xr-4
L =% b y=" ¢ Y=giox

@ Worked solutions are available in SolutionBank.




4

-]

a

ANSWERS

25x2 - 30x + 5 or 5(5x2 - 6x +1)
1 & 3x+7
6x - 14 T ox-1
Iy

y=x(x + 4)(x - 5)

Exercise 2A

1

2
3
4

a
a

a
a

=

o o B 2

4 O 5, X
WA o
i = SINnx

1 y

ol 9o° 1W0° x
-1
28 b 0 c 18
3 bo28 ¢8 di e4 f11
5 b 46 c 40
16 b 65 c 0

Positive |x| graph with vertex at (1, 0),
y-intercept at (0, 1)

Positive |x| graph with vertex at (-1, 0),
y-intercept at (0, 3) )
Positive |x| graph with vertex at (£, 0),
y-intercept at (0, 7)

Positive |x| graph with vertex at (10, 0),
y-intercept at (0, 5)

Positive |x| graph with vertex at (7, 0),
y-intercept at (0, 7)

Positive |x| graph with vertex at {zi 0),
y-intercept at (0, 6)

Negative |x| graph with vertex and y-intercept at (0, 0)
Negative |v| graph with vertex at (3, 0),
y-intercept at (0, -1)

Yy 3
) =|d4-3x
N & 14-2 |/

} h(x) = 5

0 8 "k
3
x=-2andx=6
x:20rx=—% b x=7orx=3
No solution d xr=1 0rx=—%
x=-torg=2 f x=24o0rx=-12

b x=-2
8§ x=-3,x=4
9 a YA

6 /5;’:-

\

b The two graphs do not intersect, therefore there are
no solutions to the equation |6 — x| = %x -5

10 Value for x cannot be negative as it equals a modulus.

11 a . /y=2.r—‘l

I
0 x
y=-|3x+4]|

b x<-130rx=>1
12 —234x<%
13 a k=-3 b Solutionisx =6

Challenge

# YA flx) = |27 + 9x + 8|

-y

0 \
glx) =

b There are 4 solutions: x =-5+ 3y2 and x = -4 + /7

=X

Exercise 2B

1 ai b i
3 12
4 T>1~17
b T 22
6 27
ii one-to-one ii many-to-one

iii {flx)=12,17, 22, 27} iii {flx)=-3,-2,1,6}

179
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c i d i y flx) =v/x + 2 ii flx)=0
' /‘/‘ iii one-to-one

>

0 x
i = e i =
ii one-to-one g R ¥ flx)=er f(x) _1
i iii  one-to-one
i (flx)=1,47)
2 a i one-to-one ii function
b i one-to-one ii function
¢ i one-to-many ii not a function 1
d i onetomany ii not a function 0| >
e i onetoone
ii not valid at the asymptote, so not a function r i u4 E ii flmer
f i manytoone ii function flx) = 7logx iii one-to-one
a 6 b +2/5 c 4 d 2,-3
a i b i
1 3 1 1
2 5 4 2
37 i T ol h %
419 L B
- ' 25 5 6 a glx)is not a function because it is not defined for
o 1 36 6 ST
ii one-to-one ii one-to-one by ; il 26 ii 10?;
a=-86ora="
[ | d i fley=22+9
1 2
2 2 > 1
> 4 i i
h. 317 T flx)=4-x
4 > L T >
s ) : : ol 4 %
' 7 a y b -7
ii many-to-one ii one-to-one 10 s(x) ¢ —Zand5

e i \
-2 3.14

o . i-
-1 3.37 \+ P

0 > 4
1 —>3~5.72 8§ a y
2 10.39,
. 4
ii one-to-one 1
5 ai Y i flo) =2 = 0 : %
flx) =3x + 2 iii one-to-one b a=-3.910ra=358
2 9 a y
27
0 x 14
b i ¥y ii flx)=9
flx)=x>+5 iii one-to-one . ' ¢ . >
10 -4 O] 6
b Range {2 = h(x) = 27) ¢c a=-9,a=0
- _ 44
2.9) i
11 a=2,b=-1
12 a=3
c i ii O0=sflx)=2
iii many-to-one Exercise 2C
1 a7 b 2or 2.25 c 0.25 d 47 e —26
2 a 4x?-15 b 16x2+8x-3 ¢ L -4
x
d 241 e 16x+5

@ Worked solutions are available in SolutionBank.
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Exercise 2D

181

fo(x) = 322 -2 b x=1 2 a f'x)=10-x,2€eR b gllx)=5x,xeR
4x -5 9 clfan.d “1(x]) =
qplx) = e b x=3 ¢ h (€)=3.2%0 d k')=x+8,xeR
23 b r=Lorx=12 3 Domain becomes x < 4
i ] n : - ‘1
4 ai O=gx=1 ii gl)==
fz[$}=f( 1 ): 1 XL g 3 g T
&+ 1 (1) 1 ¥+2 iii reR,0<x=lglw=3
rx+1 iv ’
Y
f3(x) = X+ 2
W= ar s
2643 b 2r+3
20x b a0
(x+3P-1,gpx)>-1 b 999 C =2
/6
11 a -8=glx)=<12 b 6 ¢ 10.5
b i gx=-1 ii g-%x}:x;l
i yer i =223 iii xeR,x=-1,g"()=0
iii Domain: x € R, Range: y € R W g4 glx)=2x-1
tv Y4 f@) =2z +3
r_I(I]=:I,_3
3 /
il

L3 x

Ay
[

i yeRr ii f'x)=2x-5
iii Domain: x € R, Range: y e R

v . @) =225

D
flx) = 5

N

()]
RN

=Y

ilyer i fix=2-2
iii Domain: x € R, Range: ye R

WV fy—a_3x

0

:\4\"‘

i yeRr i fF@)=1x+7
iii Domain: x € R, Range: ye R
iv

0 %
10y
i gw>0 i gl =23

fli reR,2>0,g'x)>2

iv i4

0
i gv=2 ii gllx)=a+3
fiixeRx=2,glWx)=7

iv ya
/g"'{x] =x"+3
7_

glx)=vx -3
24 ==
0 2 7 x



182 ANSWERS

=1 &~ &

10

11

12

e i gx)>6 i glx)=Vx-2
ili xeRx>6,gx)>2
iv ya
glx)=x+2
6
gllx)=vx-2
24 a—
0o 3 6 x
fi go=0 i gl =Vx+8
ili xeRx=0,glx)=2
iv ¢
.4 gla)=2"-8
gl x) = Vr+8
2
0 3 X
tix)=vx+4+3,xeRx=0
a -2 b mix)=/x-5-2 c £t>5
a h(x) tends to infinity
b 7
¢ h-"{;t:]=M reRx=z2
x-2
d 2+V5,2-5
a nm(x)=x
b The functions m and n are inverse of one another as
mn(x) = nm(x) = x
3 3
3 T x-1
st(x) = . =ux, ts(x) = =x
3-—x 3
+1
r+1
a l‘-‘(x}——fxgg xeER x>-3
b a=-1
a flx)=-5 b fiix)=In(x+5) xeR,x>-5
¢

y = flx)

d gllx)=e*+4,xeR e x=195
3lx + 2) 2
A Hx]=x2+x—20_x—4
_ _3x+2 2 +5 x-4
(x+5lx-4) (x+5x-4) (x+5lx-4)
i
X+ 5

b yeR,y<yg

c ['-‘:x—>%—5.D0mainisxe[F&,x¢%andx:0

Exercise 2E
1 a YA

c y
\ '[ /y=f(|x|J
— 0 X
2 a
'{f glx) = cosx
;__ /0 N L.
-360 IR
h I &
f y =g
-360 0 360 %
¢ y
;__ /0 N, £
-360 IR
3 a Y4 hix) = (x - Dix - 2)(x + 3)
/—3 o] ™% x
b \
’ y = )|
\/\6
-3 o 1 2 x
C
% y=h(z)
6
_NA 0| NG X

@ Worked solutions are available in SolutionBank.
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A
ficel y = k()]
0 x
0 )
o c Y
Both these graphs would match the original graph.
y=k(|x])
R )
0 ;
0 x
@=2%.,a<0
mix}=-5.a< 8 a Ui b They are
mx) =L, a<0 reflections of
. aj_|-a & h oth.
d i True, k(x) = ‘—2‘ == = Imx)| each other
x x in the x-axis.

il False, kijz]) = % # =2 = m(x) 0 Im(x)| = -m(jz)
el jx?

iii True, m(a) = =% = =2 = mu)
X2 12

T = |plx)] 9 a Y b They would
i glx) =2~ fla) = 2+ be the same
D as the original
/ graph.
E2,1)
0 x
0l X
b y
y=plx) - a
Al y = 1(|x))
(-2,1) E(2,1)
O| ¥
y=gllx)
6 a - "
10 a -4<flx)=9
YA
y=1x)
1
\ o 2
. —?\:1() x
b Ya
i = |flx)|
T \/9 s
-3 10 x
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1

Exercise 2F 4 a
A ya(3.14) b y /y=mﬁ
0 5 %
(2,-5)
4 . B
(-2, -4) O=7) 2,29)
5 b i(6,-18) i (1,-9) iii (2,9)
c 4 (2,2 c Y
(-1,0) T /y=mun
W % 5 5%
o o ma T (2.29)
5 a
2.2 % B90, 2)
y = h(x)
) ;x N »
I -90 90 180 %
& iy W12) b s
A(=90, -2)
b A(-90, -2) and B(90, 2)
c i
0 X g B(180, 3)
- y=h{x-90" +1
C Y, d
X 0(90, 1)
p 60 N0 90 180 270 %
-TTA(0, -1)
10 x
y . ' Buso.
¢ 6 %Hf = th(3x)
" : : >
-300 _-180_A 180  360NE
0| b AEan 1) =

b YA
- A(=90, 1) f B(90, 1)
y = 3h(=x)|

o X T 180 90 O 90 180 %
-1
0 x
A=(0,2),2z=2,y=-1 A=(-2,5,2z=0,y=4
c T d WY ; Exercise 2G
T : _ ! ! 1 a Rangef{x) = -3
: x E E
i ( ol & x

A=00,-1x=1,y=0

A=(0,1),x=2,2=-2,y=0

@ Worked solutions are available in SolutionBank. #



¢ Rangeflv) =6
Y

4 y=-2lx-1]+6

/—2 ‘0 4\ .

d Range f(x) = 4

Yy
4 .
y=—%x+4
0 -
2 ab W
y=2r+4/-5
0 x
3 ab 1y
‘.‘""‘ y==-3x| + 6
W
4 a YA
y=4x+6[+1
0] x
b flx)=1 ¢ x=—2andx=--%
5 a y

/I \

b gx)=7 ¢ x=-%orx=%
6 k<14
7 b=2
8 a hx)=-7
b Original function is many-to-one, therefore the
inverse is one-to-many, which is not a function.
c —% <x< % d k< _z_:
9 a a=10 b P(-3,10) and Q(2, 0)
c x=-Sorx=-6
10 a mx) =7 b z=-Fora=-5
c k<7
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Challenge

1 a A(3,-6)and B(7,-2) b 6 units?

2 Graphs intersect at x = 3 and x =
Maximum point of f{x) is (3, 10). Minimum point of g(x)
is (3, 2). Using area of a kite, area = %

Chapter review 2

1 a Y b x=0,x=-4

2
3
4 a y y=|12-5z%|
y=—2x+3
b The graphs do not intersect, so there are no
solutions.
5 a i one-to-many ii nota function
b i one-to-one ii function
¢ i many-to-one ii function
d i many-to-one ii function
e i one-to-one ii nota function
f i one-to-one ii nota function
6 a
4 6. 4)
(-2,2)
0 X
(1,-1)
yand 15 _
7 a pqlx) =422+ 10x b x=_¥
8 a Rangeglx)=7
1 glx)
y=x
g-'(x)
0 Tlr' x

b g“(xJ=x£?,xeR,x;?

¢ g-'(x) is a reflection of g(x) in the line y = x

9 a f‘][x]=i:+—3 reR,x>2

.

b i Range f-'(x) > 1 iirxeRx>2

— x — 1 = < - !
10 a fw)=—7— r+1 @-Da+1) x+1
TE-DE+D @-Da+D @-Da+D
b ) >0 c x=6
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11

12

13

14

16

17

18

B oE oo

20,28, 5 b flx)=-8,glx)eR
g Yx) = VE-T,xeR
4(x% - 1) e a=3
a=-3 b fFlix—x+13-3,x>-4
=21 s er
gfi)=—3 _ reRx=z3
8x -3 =
-0.076 and 0.826 (3 d.p.)
1) =2 reRxzl
x-1
Range -'(x) e R, {'(x) = 2
-1 d 1,¢
8,9 b -45 and 5/2

y=tanx

i Y4 :
/ \tm

-180 90 O 9% 180%
WY :
i vy =tan|x|
1@)\90 0 90 /’80 x
Y4 L
B(4.5,4) B(9, 3)
/'\ A4, 3)

B(11,-3)
glx) =0 b x=0,x=8
Y
r=2andx =06
0l 3

19

20

21

22

23

24

a Positive |x| graph with vertex at (g 0) and
y-intercept at (0, a).
b Positive |x| graph with vertex at ( %, 0) and

y-intercept at (0, a).

¢c a=6,a=10

a Positive |x| graph with vertex at (2a, 0) and
y-intercept at (0, a).

¢ Negative |x| graph with x-intercepts at (a, 0) and
(3a. 0) and y-intercept at (0, —a).

a, b 1
a

y=|2x +a
AN

¢ One intersection point d x
a (1,2).(35n3 -1
b Ha

_-a+ JlaZ + 8)
- 4

¢ (3, -6), Minimum

(3.2 - 15In3), Maximum

a -2=flx) =18

c YA
184

s O

6
4

T U T >
-5-35-20 7
a plx)=10
b Original function is many-to-one, therefore the
inverse is one-to-many, which is not a function.
¢ -11<x<3

d k=8
Challenge
A y
[\
b (-a,0),(a, 0),(0,a? c a=5

@ Worked solutions are available in SolutionBank.

r=20rx=>5
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CHAPTER 3 Exercise 3B

Prior knowledge check

1 a I =sect
: ; AN/ ; ;
i vy sUs e j sUs
1oy = sinzx ! ! ! : : :
JIEEE : : LI : !
-540 g | : L 540
-450 -270 —9(1)L 90 270 450 ¢
b T g T serw \ 5/\5 5/\5 e
ya . . . . : .
b y = cosecd
a 53.1°,126.9° (1 d.p) b -23.6° -156.4° (1 d.p.) 4
TR S N Wi L ik 5 R
sinx cosx  tanx  sinx cosx  sinx  sinx cosx ! ) ! 14 ) ! !
sin®x sinx : : : : : :
- " - - t 1 1 1 1 1 1 >
_ sinx cosx _ cosx — 540 360 180 O] " 180 360 5400
3 0.308,1.26, 1.88, 2.83, 3.45, 4.40, 5.02, 5.98 (3 s.f)) :/‘\: :/_\‘ :/\: i
Exercise 3A i i ; i ; :
1 a +ve b -ve c -ve d +ve ¢ . —
e -—ve : | A | : :
2 a -5.76 b -1.02 ¢ -1.02 d 567 5 5 5 5 5 5
e 0.577 f -1.36 g -3.24 h 1.04 5 5 5 5 5 5
3 a1 b -1 ¢ -1 d -2 ; ; ; . ; ; ;
-540  ¥360 ¥180 0 0 ot
. . V3 2/3 : T -k X
-2 e k 1 -2 | | 3 . i ;
~ ¥ '] 3 3 v 1 1 1 1 1 1
4 cosec(r —x) = ; =_L _cosecx 2 a Ya i
sin(m - x) sinx . E y=—x y = cotx E
- . ]. 1 \.3 2 ! 1
5 cot30secdV'=———x———=-—"x—==2 ! '
= R tan30° ~ cos30° 1 V3 i i
6 cusec(z%) + sec(z?ﬂ.] = _12 — + % E 0 E >
s 3 nire [ &TC . '_Tr :_,;,l— ﬂ—: x
511)[ 3 ) ms( = ) | .
o : :
18 ol 5 :
2 2
2 2 b 2 solutions
=-2+—==-2+=V3 3
+ \__3 + 3\ a YA
Challenge y = sect

a Using triangle OBP, OB cosfl = 1
= 0B = B B sec

cos 0 T T
180 2 360 ¢
b Using triangle OAP, OAsin = 1 —/6.0 %\y = —cos

=04=-1_=coseco i i
sind : :

¢ Using Pythagoras’ theorem, AP? = 0A? — OP? y =sect
So AP? = cosec?t — 1 = Sin?0 b The solutions of sec# = —cos @ are the # values of the
w : ’ vints of intersection of y = sec# and y = —cosd.
1 - sin?f _ cosd : poin y g
— 2 =87 _ COSTV _ oni2p As they do not meet, there are no solutions.

sin2g  sinZ@

Therefore AP = cotf
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4 a ya ; : 7 a y = sec2f
\ y=cotd i ] : i i
e e 170 I R
' L : | (180,1) :
0 L T T T T T T T T >
9 80 278 460 ¢ O 4f° 90° 135° 180° 225° 270° 315° 360° ¢
: >y =sin2d = ; : :
b 6 " (90°,-1)" ‘270°,-1)’
5 a | =
E Jn  PERe by .y =—cosect
i i 14 5 :
d . ; — > v (270°%,1)
0 ! 0 8 i i
90 /180 270 /360 5 : , : —
! ! 14 90° 180" 270° 360° o
: : 90°, -1\ :
Y . .
: : C YA . .
: v\ g =cot(@+907) : :
y=1+sect
e N I
T T T L 1 1
01\ 90 180\ 270 360 ¢ i — >
: : 20_ 9§)° 270°  360° ¢
b cot(d + 90°) = ~tan g ' (180, 0) "
6 a i Thegraphofy= tan(.‘) + g) is the same as that d i |
of y =tand translated by % to the left. : :
ii The graph of y = cot(-#) is the same as that of 1y = cosec(d - 30°)
y = cotf reflected in the y-axis. 14 !
T . v (1200, 1)
iii The graphofy = msec(& + —J is the same as ol i T —>
4 NEL 210°  300° 360°7
that of i = cosec# translated by = to the left. E
4 ©0,-2)\ ! :
iv The graph of y = sec(ﬁ - EJ is the same as that : :
L 4, E E (300°,-1)
of y = secd translated by % to the right. ' :
. ey

b lan(e + g) = cot(-0); cosec[:e + %) = sec(:ﬁ = %)

= 2sec(d L+ 607

3] o
1 1
QQ

(60°, 2) | :

: -

0 150° 330° 0
(2407, -2);
-2 ! :
47 : ;

@ Worked solutions are available in SolutionBank.
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f A ; ; ; 10 a : y4 . |
(U SES71 (I FIL Y FR : y=1+2sech !
d5°,1) (195°1) 5 ! i
O] ' 150° | 330° ¢ 5 5 ;
- (1057, +1) (285°,+1) : : i N
= B S = |0 = & 31 26
AU Rt z 4 2 7.
y = cosec (26 + 60°) | : :
g n b 6=-x,0,x 27
¢ Max = 4, first occurs at 6 = 2
Min = -1, first occurs at # = =
14 i ] : :
(oo fo)  f2sofa | Exercise 3C
\J 3510 \Jd157 d) 1 a cosec®d b 4cot®# ¢ gsec?f
0| [ 90°[ 1807 2307 360° ¢ d coto e secid [ coseczd
1. : : : : g 2/cotd h sec*d
N B BT 2 a3 b -3 ¢ +3
: : : : 3 a cosé# b 1 ¢ sec2f
' ' 1y = ot 20 g 1 o e 1 [ cosA
COE
. .sinfl cos?d + sin?d
h ya E E 4 a LHS=cosé#+sind ci)sfy' = %
: : = = secf = RHS
. y cosf
Y= 1-2secd b LHS = €086 , sinf _ cn‘ml2 0 + sin¢
: (180°, 3) ! sind  cos# sin# cos#d
: T ot 1 1
H L sin# cosf  sinfl  cos#
P 180° ¢ 3607 = cosec d secf = RHS
0o ' ; " s
(0 ,—:1] | ¢ LHS = ‘1 —ginf = 1 .hm f _ l.l{S f
: © 3600, -1) sinfl sin# sinfl
=cosf x M= cosf cotd = RHS
, i sin ¢
E : d LHS = (1 - cos)(1+ 1 ):1—msx+ 1 4
9 Cosx CoS X
8 a 3 b 4r C d 2r _ s g LGOS BN X
9 & - ) Tceosx T T CcOSXY T COSX
: : i ; ; =sinx x 5‘;1_nx =sinx tanx = RHS
. | ; ; cos X
I | vy =3+ 5cosecx 2 _ginx)?
: : : : e LHS - fos°x +.[1 sinx)
| | | | (1 -sinx)cosx
_cos?x +1-2sinx +sin’x
87 (1 -sinx)cosx
T S | x . 3T . __2-2siny _ 2(1-sinx)
. 2 X 2 2 : 2 L (1 -sinx)cosx (1 -sinx)cosx
—2m W -2-0 m 2t x = 2secx = RHS
E E E E f LHS = COS? o cosé s
: : : : 141 [M]
: : i i tanf tan#
: : : : cosd tand sing ;
. ; , . = = = RHS
: : : ; tanf + 1 1 +tand

b -2<k<8
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5 a 45° 315° b 1997 341° a0 N sin®f + cos® 6
¢ 112° 292° d 30° 150° “ 7 cos?f  sinZ@  cos?fsin2f
e 30° 150°, 210°, 330° I 36.9° 90° 143°, 270° 1 29 29 - RHS
- o o o o o a = = N cosec = b
g 26.6° 207 h 45° 135° 225° 315 0520 SinZ 6
6 a 90° b +109° 5 . ; sin®A
¢ -164°, 16.2° d 41.8° 138° g LHS = cosecA(1 + tan®A) = cosecﬂ.(l + msEA)
e +45° +£135° r +60° Ly :
: 1 sinZA sin A 1
_ o _ o o o = cosecA : = cosecA :
g -175" 9?'2 » 124, B2 8 SRfeEr S sinA  cos?A SRR cosA cosA
h -152° -36.5° 28.4°, 143°
511 2 4 3 =cosecA + tan A secA = RHS
7 ar b 2RSS 8 i 439 h LHS = sec26 - sin26 = (1 + tan26) — (1 - cos26)
AB s =tan2d + cos?f = RHS
8 a ——=cosfl = AD = b6secl
AD 7 V2
AC _ tos6 = AC = 6cost g 1
g~ G0s0=AC=6cos 8 a 20.9°69.1° 201°, 249° B &2
CD=AD—AC=‘/ CD = 6sect — 6cosd c _1530,_]350' 26.60, 45° d E’ 3_7‘_'3_7‘_'7_:’_[
= b6(sec f — cosd) PR
b Zem e 120° f 0% 4
1 cosx 4
cosecx — cotx  sinx  sinx 1 1 - cosx o o T o Sm 4w
- - S SO0 0°, 180 h i
2 & 1-cosx 1 - cosx sinx 1 - cosx = . 43 4 3
— cosecr 9 a 1++v2 .-
b x=X 57 b cosk=—1 = : "2_,1 =2 -1
66 1+v2 (2-1)v2+1)
106 sinxtanx _, _ sin?x a ¢ 05.5% 294.5°
1-cosx cosx(l - cosx) 10 a b=2
a -
_sin®x - cosx +cos?x _  1-cosx cos?x b2 (g)
cosx(1 - cosx) cosx(l - cosx) b ¢=cot?r=""= 5= 3
sinx  1-56% i (4)
=—— =gecx a
= e o K . (-
b Would need to solve secx = -5, which is equivalent @z (a®2-16) da’-16
to cosx = -2, which has no solutions.
. . i a Lo 1 _ secl — tané
11 x=11.3°191.3° (1 d.p.) X gect +tanfl (secd — tan#)(secd + tand)
Exercise 3D _ _secH —tan# _ secd —tan#
s " (sec?f — tan2f) 1
1 a sec?(}d) b tanZ@ c 1 : ]
d tand e 1 r 3 b x2+i2+2=(x+%J = (2sech)? = 4secd
g sind h 1 i cosd x
j 1 k 4 cosect(26) 12 p=2(1 + tan?f) — tan?f = 2 + tan?4
2 x/k-1 =>~Lan29=,‘0—2=:v(:0t28=L2
/3 P-
3 al b = -2)+1 e
z 2 ) cosec20=1+co?g=1+_1 =P-B+1_P
-4 a—% b -2 c -3 p-2 p-2 p-2
5 -5 b -2 Exercise 3E
6 LHS = (sec?f — tan®#)(sec?d + tan® ) 1 a =X h & e =k d =%
= 1(sec?# + tan®6) = RHS 2 2 4
b LHS = (1 + cot?x) — (1 — cos?x) e 37T F—s g =~ h T
= cot?x + cos?x = RHS 4 b 3 3
¢ o T m
¢ LHS = 1' ((:f.)sz_msgA =#_] 2 a o0 b -3 c 5
cos?A \sin?A sin?A 8 i b 1 3 d o
= cosectA — 1 = cot?A = RHS " Z 5 =
s 5 V3 V3
d RHS:Lanz.‘)xcoszz‘}:wxmsz&:sinz@ 4 a o b 5 ¢ =1 d 2
cos
=1-cos?6 = LHS _ -l -
) ) L D, T —
e LHS:%:CUSz}‘,[]—SIH%A] 6 a 0<x<l1
seciA ) cos? A : %
N o
= cos?A - sin?A = (1 - sin?A) - sin2A bi 1 el e
=1-2sin*A = RHS ¢ i no change ii no change

@ Worked solutions are available in SolutionBank.



8§ a 1A b
z Y4
2 o
y = flx) iy = glx)
—I1 1I 2 10X
2
_T T
2 2]
Range: -~ = flx) = =
Bein s
¢ gx—aresin2y, -3 =x =g
d ghl:xﬁ%sinx,—gﬂ.xﬂjg
YA 9 a Lety=arccosx.xe[01]=y¢e IO%
3T . - .
i cosy =x,s0siny = /1 - cos?y =1 - x?

ﬁ (Note, siny # -1 — 2 since y € {0, gl s0 sin y = 0)
- y = arcsiny/1 - 2

@ Therefore, arccosx = arcsiny/l — x2 for x € [0,1]

T

2 b For x € (-1,0), arccosx € (%"I’) but arcsin only

has range {— % %J
0 X Challenge
a Iy b A

yll

. : /
______________________ T :
0 ! ';Ir}:E >

|
—
1
o=

y =arccos(2x + 1)

Range: 0 = arcsecx = 7, arcsecx # %

Chapter review 3

B 0 x 1 -125.3° £54.7°
8
2 p=—
q
4 3 pPg* =sin®d x 4% cot?d = 16 sin®f x cos?f
B el e e R : ’ : gin2g
E =16cos*# = 16(1 - sin?#) = 16(1 - p?)
7 | 5 4 ai 60
2 ' ii 30°, 41.8°, 138.2°,150°
: b i 30° 165°, 2107, 345°
; : > ii 45°, 116.6°, 2257, 296.6°
-1, 1 x { 71z 101z
: 60 " 60
-I = —2aresin (-x) jj £ 5% 7w 1lw
| 2] ¢ 1666 6
| 5 -8
____________ g




' ; sinf | cos@\, . 7 17w
6 iz i Ll —) 9+ cosd 11 & 177
a (.ms9+ Sinig) 0 R0 12° 12
ip2 2
=w[sin9+cosﬁl gon &
cos#f sind 3
= sing cosf 7 57 4r 1lx
sinfl cos#  cosf sinf L 363" 6
=secH + cosect = RHS 14 a (secx - 1)(cosecx — 2) b 30°, 150°
1 15 2-43
b LHS:i“*¢ 16 YA

—sinx

sinx ™
1
sinx _ 1 _ sinx 1 E I = arccosx

=== — = — =gec?xy =RHS
1 -sin?x sinx cos?x cos?x

sinx 19
¢ LHS=1-sinx + cosecax - 1 =—— —sinx 100 1 ;\% X
sinx 3
_ ain? 2 -
i :;jll[; LA mfl L~ cosx 2??;: = cosx cotx y=e0ak
si sinx sir 1 T T =
— RHS 17 a -3 bi -5, i -3 'c 126.9'
18 pg = (sec — tand)(secd + tand) = sec?d — tan®@
cotx(l + sinx) — cosx(cosecx — 1) 1
d LHS = =l=p==
(cosecx — 1)(1 + sinx) p q
_ COLX + COSX — COLX + COSX _ 2 cosx 19 a LHS = (sec*f ‘2“1“2 9“2‘:’“29 * 1?2 6) ; .
cosecx—1+ 1 —sinx COSECT — SiNX =1 x (sec?# * tan®#) = sec?f + tan®# = RHS
5 ) ) ) b -153.4° -135°, 26.6°, 45°
: cosx  _ - co.s;; e cos;fzsmxzzmnx 20 a i
Ll - sin x) cosix
sinx . sinx 14
cosec + 1 + cosec — 1 2cosecH
e LHS= - = :
(cosec?d — 1) cot? g \ A
__2 sin?¢ _2sing__2 sing p ,\E}
sinf " cos?d  cos?fd  cosf  cos 2
= 2secH tanf = RHS
24 _ 2
t (ps-fecff-tan®d 1 _ ,a9_RHS
sec? sec? b Ya
in2 o 4)2 T |
7 a LHS= sinx + (1 + c.f)bx} 5
(1 + cosx)sinx
_sinfx+1+2cosx +cos’x _ 2+ 2cosx BI o
(1 + cosx)sinx (1 + cosx)sinx 1 ¥
:M: _2 = 2cosecx
(1 +cosx)sinxy sinx

p T _27 4 5x ¢ The regions A and B fit together to make a rectangle.

T3 3"3"3 ya
y y 2 y 2 : ()2 iy
8 RHS = ( .1 (',1.')59) _ 1 +.Lf)59] _ 1+ COS‘HJ 5
sind  sin# sinZd 1 - cos2d A
- 2
u (1 + cosd) _1+cost_pe B .
(1 -cost)(1 +cos#) 1-cost @] 1 x
9 a -2/2
b cosec’A=1+cot?A=1+3=32
] Area=1xx=T
= C0SECA = +— . Sl
22 4 3/2 TOT A | 1 2 _2/3
As A is obtuse, cosecA is +ve, = cosecA = = 21 cot60”sec60” = o x —eno = A3
10atl  br-1 - d-—*k
k k2 -1 k2 -1

@ Worked solutions are available in SolutionBank.



23

b
a

24 a

Iz T

- e e e R
|

S\ ERERE R
=

ATTTTTMN

-1<k

5

y = 3arcsinx — %

(-1, -2m)

(2:0)

Let y = arccosx. So cosy = x, siny =1 — x2
V1 - a2

= which is valid for x (0, 1]

Thus tany =

V1 - x2
X

Therefore arccosx = arctan for0<x<1

Letting y = arccosx, x € (-1,0) = y € (g W)

siny /1 x?
cosy —  x
22

tany =

arctan 'L —— gives values in the range (— g %)

so for y e (g ':r) you need to add

V1 - a2

y ==+ arctan

V1 - a?

Therefore arccosx = = + arctan ¥

CHAPTER 4
Prior knowledge check

1

2
3

a

a

a

1 V3
L b 3
Ve 2
194.2°, 245.8°

¢ V3

b 45°, 165°, 225°, 345° ¢ 270°

sinx )
COS X

LHS = cosx + sinx tanx = cosx + sin x(

cosx + sinfx 1
=7.EWESECIERHS

LHS = cotx secx sinx = (i(:;i)(m]sx)[m?x)
= 1 = RHS
cosZx +sinfx _ 1

LHS = - = -
1+ cot?x cosec?x

= sin?x = RHS

Exercise 4A

1

10

ai (a-FN+3=na,502LFAB=«
ii ZFAB = ZABD (alternate angles)
ZCBE =90 — o, 50 ZBCE=90-(90 —a) = v
iii cosd= % = AB =cos 3

iv sing=8€ 5 BC=sing

. AD .
sina = —— = AD =sina cos 3
cos 3

s BD .
ii cosa=—— = BD=cosacosj
cos /3

CE > £ o
cosa = —— = CE = cosa sin 3

sin 3
ii sina= sin‘x = BFE = sina sin 3
d i sinla-0= % = FC=sinla -
FA

ii cosla-pgl= a = FA = cosla - 4
FC+ CE=AD,so FC=AD - CE
sinfev — @) = sina cos 3 - cos o sin /7
ii AF=DB+ BE
cos (o — ) = cosa cos 3 + sina sin /7
sin(A - B) _ sinA cosB - cosA sin B
cos(A -B) cosAcosB +sinA sinB

tan(A - B) =

sinA cosB  cosAsinB
_cosAcosB  cosAcosB _ tanA -tanB
" cosAcosB | sinAsinB 1+ tanAtanB
cosA cosB  cosA cosB

sin(A + B) =sinA cosB + cosA sinB
sin(P + (=) = sin P cos (—() + cos P sin (=)
sin(P - Q) =sinP cos@Q — cos P sin @)
Example: with A = 60°, B = 307
sin(A + B) =sin90° = 1; sinA + sinB =%+%: 1
[You can find examples of A and B for which the
statement is true, e.g. A = 30°, B = =30°, but one
counter-example shows that it is not an identity.]
cos(# — #) = cost cosf + sind sind

= sin?f + cos?d=1ascos0=1
a sin(% = 9) = sin% cosfl - msg sing

= (1) cosf - (0) sinf = cos#

b ms(E = 9) = ms% cosh — sin% sing

=(0) costl — (1) sin# = sinf

sin (x + '—"_rJ = sinxcos% + cosxsin% =

sinx + 3 cosx
i] 2

2
cos (x + E) = coszcos —sinzsin® = Leogz - Bging
3 3 3 2 2
a sin35° b sin35° ¢ cos210°
e cosd I cos70 g sin3f
i sinA j cos3x

d tan31°
h tan5f

a sin(x+%) or cos(x—%) b cos['x+g)
¢ sin (x + %J Or €0S (x - %J d sin [x = %)
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11 cosy =sinx cosy + siny cosx 3 tanA + tand  2ianA
i X b e tan 24 = = =
Divide by cosx cosy = secx = tanx + tany 1-tanAtanA 1 -tan?A
80 fany = secx - tanx 4 a sin20° b cos50° ¢ cos80°
12 % 13 2 d tan10° e cosec49° f 3cos60°
o +
sy Lgin16° h cos(Z
14 a 3 b /3 c -(8+5"3) g 250 cos(g)
3 ’ 11
= V2 V3 1
1 2 a — h — c 5 d 1
g BV T e 208 g _ - & N ,
1-V3tanx 2 6 a (sinA + cosA)? =sin?A + 2 sinA cosA + cos?A
1-2/3 (1-2/3)2-3) ,. =1+sin2A
tany = 2.,./3 = 1 =8-5/3 LT 2 . T V2 2442
s b (sm§+ms§) =l+smz=1+7 2
. f 2w\ 2w 47 2w\, 2w '
16 Write 0 as (0 + 27| - 2% and ¢ —_--(9 22 .
rite 0as (0 + 5F) - Srand 0+ Fas (04 )+ 5 7 a cos6f b 3sin46 ¢ tand
Use the addition formulae for cos and simplify. d 2cosd e V2cosf r %sz 20
Chilligs g sin4d h -Jtan2¢ i cos?26
a i Area=3ab sing = jx(y cosB|(sinA) = jxy sin A cos B 8 ¢= i
ii Area = Jab sin® = Lylx cos AllsinB) = xy cos A sinB 9 W P B 2Ry
iii Area = lab siné = lxy sin(A + B)
) : ¢ y2=422(1 - a?) ¥ pttiat)
b Area of large triangle = area Ty + area T, ] 3
1 ; _1 : 1 .- 10 -L
Fxysin(A + B) = gxysinA cosB + Sxy cosA sinB 3
sin(A + B) = sinA cos B + cos A sin B 11 +1
Exercise 4B 12a i3 i 35 il 5 bi &
V2(3+1) , V263+1) _VZ(3-1 5 = B o (22 o 9/2
1 T b . ¢ . dv3-2 a i-3 i = i —=¢
2 a1 b 0 c ﬁ d i e i b tan2A = sin 24 _ 4,2 % _2 _ 4/2
2 2 2 s2A- 9 7 7
f -1 g V3 h % i1 j v2 14 -3
= tan 45° + tan 30°
3 a tan(45°+30°)=—"—" —
[ )= T tana5°tan 30° 15 mn
2 22 _ R2
1 /3 16 a cos2d = %:2—6:3 b %
+ — ; Iy f i = .
b tan75°—_ 3 _3+V3_(B+/3)3+/3) A
o= 2 -SFVe : , 3)
B 3-73 (-3)3+73) 23
] et
3 17 a 3 b m:tan29=i]2=gxl—76=%
EPT B e
4 -6 18 a cos2A =cosAcosA - sinAsinA = cos?A - sin?A
T
5 a cos105° = cos(45° + 60°) & (:052/12— a- CIOSZA} =2cos?A -1
= 05 45° cos 60° - sin 45° sin 60° b 4cos2x = 6cos?x — 3sin2x
1 1 1 43 1-v3 V2-6 cos 2x + 3cos2x — 6cos’x + 3sin2x =0
=Xy X ?:WzT cos 2x + 3(2cos?x — 1) - 6cos?x + 3sin2x =0
' v v cos2x -3+ 3sin2x=0
b a=2,.b=3 _ cos2x + 3sin2x -3 =0
6 o 3+43 p 4+373 10(3/3 - 4) 19 a2 = SN2 _ 2sind cosA
10 10 . 11 ©c0s2A  cos?A - sinZA
7 a 1’ b i, ¢ 3_](‘_1)"3 d % 2 sinA cosA
. » . c0s2A _ 2tanA
8 a -II h - ¢ 3 = - e — :
85 85 T cos2A — sin2A 1 - tan2A
36 204 325 2
9 a 7325 b 253 € —3 c0s?A
[=4=] a
FUGeR o B 225 Exercise 4D
Exercise 4C 1 & 5.7 287 b 170.1°,350.1°
(4 [=4=] [=4=] [=4 o =]
1 sin2A =sinAcosA + cosAsinA = 2sinA cos A ¢ 56.5% 303.5 d 1507, 330
2 a cos2A =cosAcosA - sinAsinA = cos?A - sin?A 2 a sin (9 + 1) = sinfcos™ + cos 6 sin =
b i co0s24 = cos?A - sin?A = cos?A - (1 - cos2A)
=2c08%A - 1 1 . 1 1o
= —sinf + —cosf = —(sinéd + cosf
ii cos2A4 = (1 -sin2A) -sin2A4 =1 - 2sin2A V2 : V2 »-"2[ ¥ J

@ Worked solutions are available in SolutionBank.



b
3 a
4 a

b
5 a

c

e

g

h

J

k
6 5
7 a

b
8 a

b
9 a

b
10 a

b
11 a

0, % 2 c o,g,zﬁ
30°, 270° b 30°, 270°
3(sinx cosy — cosx siny)
- (sinx cosy + cosx siny) =0
= 2sinx cosy — 4cosx siny =0
Divide throughout by 2 cosx cosy
= tanx - 2tany = 0,so tanx = 2tany
Using atanx = 2tany = 2tan45° = 2
s0 x = 63.4°, 243.4°

5w

0, % g 2m b +38.7°
-
30°, 150°, 210°, 330° d T~ & 57 3w
12 4 12 4
60°, 300°, 443.6°, 636.4° f %%
T om
44 )
0°, 30°, 150°, 180°, 210°, 330° i T ﬁ, ﬁ' 2Lk
6 3 6 3

-104.0°, 0°, 76.0°
0°, 35.3°, 144.7°, 180°, 215.3°, 324.7°, 360°

30

5sin 26 = 10sin# cos#, so equation becomes
10sinf cosf + 4sinff =0, or 2siné(5cosf +2) =0
0°, 1807, 113.6°, 246.4°
2sinf cosf + cos?d - sin?f =1
= 2sind cos - 2sin?f6 =0
= 2siné (cosf —sind) =0
0°, 180°, 45°, 225°
LHS = cos? 20 + sin? 2/ - 2 sin 26 cos 26
=1-sin4f = RHS

x 17x
2 RE 9 U 9
— 2tan (E) , sin (E) ) cos? [E)
wlg) "enfy)
= 2sin (g) cos (g) =sin#
1 - tan? ) 1 - tan? ﬁ)
ii RHS = : ﬁJ = : 9(‘2
1 + tan? (E) sec? (EJ
= cos? (g) {1 - tan? (g)} = cos? [g) - sin? (g)
=cos# = LHS
i 90° 323.1° ii 13.3°, 240.4°

3(1 + cos 2x) B (1 - cos 2x)

y

7 anSn 0| S 7 %
s @ alf 3 sy

LHS =

2 2
=1+ 2cos2x
Y
3

Crosses y-axis at (0, 3)

Crosses x-axis at (—% 0) (—% 0), ('3, 0], (ﬁ 0]

12 a

() - (£ -2fL0) - f1 =gy

=1+cos#—-2+2cosf=3cosf-1
b 131.8° 228.2°

13 a (sin?A + cos?A)? = sin* A + cos* A + 2sin2A cos? A
i 3 2
So 1=sin*A + cos*A + W

= 2 = 2(sin*A + cos*A) + sin? 24

sin*A + cos*A = (2 - sin?24)
b Using a: sin*A + cos*A = 1(2 - sin? 24)

=l{2 _(1- cos4A]} _(4-1+cos4A) _ 3 + cos44
e

2 4 . 4
¢ & 57 7m 11z
121212712
14 a cos30 = cos(20 + #) = cos 26 cosf — sin 20 sin#
= (cos?f — sin?f) cosd — 2sinf cosfd sinf
= cos?f — 3sin?# cosf
= 4cos*# - 3(sin? 0 + cos? ) cosl
= 4cos*# - 3cosd
b F5%gngm
9 9 9
Exercise 4E
1 H=]3;tanu-=% 2 35.3° 3 41.8°
4 a

cosf — /3 sinf = Reos (0 + o) gives R = 2, o =%
ol

b y=2cos('9+ 3l

Y

25 0

T T T
T\, W ir 3
6 %z

25cos(f+73.7°)
25,-25
R=V10,a=71.6°
VHeos (20 + 1.107)
6.9°, 66.9°
8.0°,115.9°
5sin (360 - 53.1°)
Minimum value is -5,
when 36 - 53.1° = 270° = 4 = 107.7°
21.6°,73.9°, 141.6°
5(1 - cos 29) B 3(1 + (:0529'] + 3sin 20

\ 2 \ 2 J
=1+3sin20-4cos28,s0a=3,b=-4,c=1
b Maximum = 6, minimum = -4 c 14.8°, 128.4°
R=y10,a =18.4° 6 =69.2°, 327.7°
9cos?f = 4 — 4sinf + sin?f

= 9(1 —sin?#) = 4 — 4sinf + sin?f

So 10sin?f — 4sinf# - 5=10
69.2°, 110.8°, 212.3°, 327.7°
When you square you are also solving
3cosf = —(2 - sinf). The other two solutions are for
this equation.

Cf’—‘qu sinfd + 2sinf =
sin#

0.7)

i2 0 iiil
8 =69.2° 327.7°
6=0.60, 1.44
16.6°, 65.9°
-165.2°, 74.8°

~1
=" - - - = M -

=]
e o R RPREOSR

]

10 a

11

-

=Tl

12 a x sinf =

cos# + 2sinf =1
b 0=126.9"(1d.p)
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13

14

a

a
c

V2 cosd msg +42sind sin% +/3sin# - sinf = 2

= cosf + sin# — sinf +/3sinf = 2

= cosf +3sind = 2

™

3

R=41,a=77.320° b i % ii 77.320°
R=13,a=226° b 6=48.7° 108.7°
a=12,b=-5,¢=12 d minimum value = -1

Exercise 4F

1

a

cos?A - sin?A _ (cos=T+ sin7A)(cos A - sinA)

LHS = =
cosA +sinA cosA + sinA
=cosA - sinA = RHS
RHS=——2  (sinB cosA — cosB sinA)
28inA cos A
sinB  cosB
= - = LHS
sinAd  cosA
. 1-(1-2sin26) 2sin%#
LHS = = =tan# = RHS
2sinfd cosd 2sinf cosf s
sin?#
2 22
LHS = 1+ Lan‘ f _ (:f.)sl &
1-tan?¢ 4 _ sin’¢
cos?d
2 inZ
_cos’d+sin?f _ 1 — sec 20 = RHS

cos?# — sin?d ~ cos 20

LHS = 2sin# cosf(sin?# + cos? )
= 2sin# cosf = sin 26 = RHS

sin 36 cosf — cos 36 sind _ sin (38 - 6)
sind cos "~ sind cosf

sin26 _ 2sinfl coséd
sinfl cos#  sinf cosd

LHS =1 _2cos20cosf_ 1 _ Zcos20cost

LHS =

=2 =RHS

sin sin2¢  sinf  Zsinf ces?
~Lmeos2h Lol B8 0 iy biiie
sin sin E 3
1 ! L
-1 1-(1-2sin2Z
LH,;_msG _1-cosf _ ( ; ZJ
= ) T 1+cosf (o 2f o
e 1+(_2cm,E 1)
2sin22

= = tan2? - RHS
2 mszg 2

LHS = 1-tanx _cosx —sinx
1 +tanx cosx +sinx

(cosx — sinx)(cosx — sinx)
cos?x — sinfx

_cos?x +sin®x — 2sinx cosx _ 1 —sin2x

= E = = RHS
cos?x —sinfx cos 2x

LHS = sin(A + 607 + sin(A - 60°) = sin A cos 60°
+ c0sA sin 60° + sin A cos 60° - cos A sin 60°
=2 sinA cos 60° = sinA = RHS

cosA  sinAd _ cosA cosB - sinA sinB

EHS= sinB  cosB sinB cos B
cos (A + B) :

s
sinB cos B

sin(x + y)
COSX COSY

sinx cosy + cox siny
cOS CosYy

LHS =

_sinx | siny _ .
=g T msy_lanx+lany_RHS

B cos(x +y)

c0s X cosy — sinx sin
LHS= — =~ = ¥ ¥ ¢
sinx siny

- : 1
sinx siny

cosx cosy  sinx siny COSX COS Y

" sinxsing  sinxsing  sinxsing

= cotx coty = RHS

LHS = cos [9 + %) +/3 sin# = cos @ ms%

—sin# sin% +v3 sing = % cosfl — g sin# +v3 siné

=%{:058+%sin95 sin 6+ Z) = RHS
LHS = cot(4 + B) = 054 + B}
sin(d + B)

_cosA cosB - sinA sinB
sinA cosB + cosA sinB
cosA cosB  sinAsinB

_ sinAsinB  sinAsinB _ cotA cotB -1 _ RHS
" sind cosB  cosAsinB  cotA +cotB
sinA sinB  sinA sinB

LHS = sin?45° + §) + sin?(45° - 0 = (sin (45° + #))?
+ (sin (45" — @2 = (sin 45° cos # + cos 45° sin )2
+ [sin 45° cos # — cos 45° sin #)2

- - 2 P r 2
L. V2 . ( va 2 )
= (—2 cosf + > sin 8) + > cosf > sin#

N %(:0529 + cosf sinf + %sinzﬁ + %(:0529

- cosfsinf + %sinzﬁ = c0s%) + sin?f = 1 = RHS

LHS = cos(A + B) cos (A - B)

=lcosA cosB - sinA sinB) x (cos A cos B + sin A sin B)

= (cos2A cos?B) — (sin?A sin? B) = (cos2 Al1 — sin? B

—(I1 - cos? Alsin®B) = cos2A - cos2Asin’B

- sin?B + cos?Asin®B = cos?A - sin?B = RHS

sing  cosf _ sin?# + cos?d

cost  sind sin# cosf

— o TE
(3) sin 26

LHS =

= 2 cosec 20 = RHS

4

Use sin 3# = sin(26 + 0) and substitute
c0s 26 = cos?f — sin?f

Use cos 36 = cos(20 + #) and substitute
c0s 20 = cos?f — sin?f

sin3f  3sind cos®d — sin*d

tan 36 = =
cos 36 cos*# - 3sin?f cosd
_3tan¢ - tan’6
1 - 3tan24
3
2/2 tand = 2y/2
1
sotan3e=9/2-16/2 _-10/2 _ 1042

1-24 -23 23

@ Worked solutions are available in SolutionBank.
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5 a i cosx= Zcoszg— 1
= 2c0s2X =1 + cosx = cos2X = 1+cosx
2 2
ii cosx=1- Zsinzg
= Zsingg =1-cosx = sin2§ = 1_%
25 .5 uq
b i i — iii <
5 5 2
A_ (1+cosAV _ 1+2c0sA + cos?A
ed — =
¢ cos 2 _[ 2 ] 7
1+ 2cosA + (M]
_ (B
n 4
_2+4cosA+1+cos24 _ 3 +4cosA +cos2A
= . =

. A 2
6 LHS = cos*0 = (cos2d)2 = (W]

1+ 2cos28 + cos?20) = % + %(:0529

P +‘230549.] E%+%COSZQ+%+%COS49

8 +1c0529+%cos49 = RHS

2

7 [sin(x + y) + sin (x — y)l[sin (x + y) - sin(x - y)]
= [2sinx cosyl[2 cosx siny]

[2sinx cosx][2 cosy siny]

sin 2x sin 2y

8 2cos (29 + %) = 2({:05 26 ms% — sin 24 sin%)

+

oo fh"_‘ =

- z(cos 29% — sin 29%) = c0s 20 - /3 sin 20

9 4cos (29 = %) = 4 cos 26 cns% + 4sin 20 sin%
= 2/3 cos 20 + 2sin 20 = 2/3(1 - 2sin2f) + 4 siné cos
= 2/3 - 4/3sin20 + 4 sinf cosh

10 a RHS =12 {sin.‘) cos% + cosfsin g}
=2 {sin Bi + C0S Qi} =sin# + cos# = LHS
V2 V2
b RHS= 2{sin 20cos” - cos 20 sin Z‘.}
[ [§)
= Z{Sin 29% - C0s 29%} =/3 sin 20 - cos 20 = LHS
Challenge
1 a cos(A+B)-cos(A-B)

cosA cosB —sinA sinB — (cosA cosB + sinA sinB)
-2sinA sinB

P
b LetA+B=PandA-B=0@. SolvetogetA= ;Q
P-Q
and B = g Then use result from part a to get

e

cosP —cos() =— 2 sin (

¢ —3(cos8x - cos 6x)

197

a sin(A + B) +sin(A - B)
=sinA cosB + cosA sinB + sinA cosB - cosA sinB
=2sinA cosB
LetA+B=PandA-B=0Q

P P-G
SA =LQ:de=T2
P P-
sosinP +sin@Q =2 sin( s Q) cos (—Q)
2 2
p 1r_P+Q 50 _P-Q
24~ 2 247 2
227 107
BT ip " _p_
5 0 iy ¢
32w 2r T
—24—2P=3*P ?,Q—Z,
sin (2_“) +sin LI) Y3 +y2
3 2
Chapter review 4
1 1 V3
1 a o b o C ?
2 sinx= L 50 COSX = i
V5 VD
. e 2 A
cos(x - y)=siny = = cosy + —siny = siny
V5 )
e L 2 V5 +1
= (/D -1 siny=2cosy = tany = — =
vo -1 2
3 a tanA=2tanB=1 b 45°
4 Use the sine rule and addition formulae to get
Lgingx¥3 -2 cosox Ll
20 2 20 2
Then rearrange to get tané = 3,3
5 75°
= Ab s 120
6 a iz i
b Use cos{180° - (A + B)} = —cos (4 + B) and expand.
You can work out all the required trig. ratios (A and
B are acute).
7 Use cos2x = 1 - 2sin?x b2
¢ i Usetanx=2tany= % in the expansion of
tan(x + y)
ii Find tan(x — y) = 1 and note that x — y has to be
acute. i
8 Show that both sides are equal to =
3k ¢ 12k
2 " 4 - 9k2
9 a V3sin20=1-2sin?4 = cos 24
~V3tan20=1=tan20 = L
Vo
T 7'.IT
b ——
12 12
10 a a=2,b=5,¢c=-1 b 0.187,2.95
11

a cos(x - 60°) = cosx cos60° + sinx sin 60°

=1msx+ﬁsinx
2 2
_ 1
So(Z—Q)sinlemsx:»lanx= 2_. = 1,
2 2 2_Q 4 -3
2

b 23.8°, 203.8°
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12

13

14

16

17
18
19
20

21

22

=

cos (x + 20°) = sin (90° - 20° — x) = sin(70° - x)
Using addition formulae:

cosx cos 20° — sinx sin 20°

=sin70°cosx — cos 70° sinx

Rearrange to get: sinx (5 cos 70°) + cosx(3sin70°) = 0

: 3sin70° 3 2

= tanx = ST~ SeosT70° - 5 tan70

121.2°

Find sina = £ and cosa = 2 and insert in

expansions on LHS. Result follows.

0.6,0.8

Example: A = 60°, B=0%sec(A+B)=2
secA+secB=2+1=3

cosf _ sin®# + cos®f

sinf  sind cosé

= 2cosec 26 = RHS

LHS = sind N
cosf

1
] .
5 sin 20

Setting # = % gives resulting quadratic equation in ¢,
2+ 2t-1=0, where ¢ = tan (=

+ W I (8)
Solving this and taking +ve value for ¢ gives result.

Lxpanding tan & + %) gives answer: /2 + 1

60° 240&360“3”'

Graph crosses y-axis at (0°, —/3)
Graph crosses x-axis at (-300°, -0), (-120°, 0),
(60°, 0), (240°, 0)

2sin(x - 60)°

/ N\

—369[300“ -120°

rel 3 o N

R=25,0=1.29 b 32 c#=012,1.17

2.5sin(2x +0.927) b %sin2x+20052x+2 c 4.5

o =14.0° b 0° 151.9° 360°

R=V13, a=56.3° b #=17.6° 229.8°

tis=—1 1 __ 1 _5cosec20=RHS
cos#  sind %sinzg

LHS=1+tanx 1-tanx

1-tanx 1+tanx

_ 1+ tan x)? - (1 - tan x)?
(1 +tanx)(1 - tanx)

(1+2tanx +tan?x) - (1- 2tanx + tan?x)
1 -tan?x
2(2tanx)

4tanx L
= e — = 2tan 2x = RHS
1-tan?x 1-tan®x

LHS = -3 [cos 2x - cos 2y] = 3[cos 2y — cos 2x]
1 : ;

= z[2cos?y - 1 - (2cos?x - 1)]

= 1[2cos?y - 2 cos?a] = cos?y — cos’x = RHS
LHS =2c0s26 + 1 + (2cos® 20 — 1)

= 2co0s260(1 + cos 20) = 2 cos 20(2 cos? #)
= 4 cos?f cos 2/ = RHS

1-(1-2sin*x) _ 2sin?x
1+(2cos2x—-1) 2cosix

= tan®x =secix -1

23

m T
b33
a LHS = cos* 20 — sin* 20
= (cos? 20 - sin? 28)(cos? 26 + sin? 24)
(cos? 20 — sin?24) (1)
cos 46 = RHS
b 15° 75° 105° 165°
a Usecos20=1-2sin?f and sin 20 = 2sinf cos#
b sin360°=0,2-2cos(360°)=2-2=0
¢ 26.6° 206.6°

Challenge

2

cos 260 + cos4f _ 2cos 36 cosf
sin20—sin4f -2cos30sing
b cosb5x + cosx + 2 cos 3x
= 2c0s3x cos2x + 2c0s 3x
=2cos3x(cos2x + 1)
= 2cos53x(2cos?x)
= 4 cos?x cos 3x
a As Z0AB = Z0BA = ZAOB = 7 - 26, s0o ZBOD = 20
OB =1,0D = cos 20
BD = sin 268, AB = 2 cosf
: BD BD
s AB ~ 2cosd
So BD = 2sin# cosf
But BD = sin 26
So sin 26 = 2sin# cosf
b AB=2cosf
AD = (2cosf) cosd = 2cos?d
0D = 2cos2f -1
From part a, OD = cos 26, so cos 20 = 2cos?0 - 1

—cotf

Review exercise 1

1 o W

4x -3
x(x - 3)
2 _ 2
a Hx]:(x+2} 3x+2)+3 _x2+x+1

(x + 2)2
b {x+%}2+§>0
¢ ¥¥+x+1>0fromband(x+2°2>0asx=-2
d=3,e=6,f=-14

x>%0rx-<—5

(x +2)°

a Range: p(x) =4
Y
4

-2 2

0 0, \’1‘
/ y=pl)

b a=-%2ora=2/6

a=-5b=-18,c=1,d=4
b x=_39

10

c r-’{x]=_4x7_rlg,xeR,x¢—5
+ a2

@ Worked solutions are available in SolutionBank.



ANSWERS

7 a Ua 11
1 y = flx)
= i
il 0 x
x+2
( X )+2_x+2+2x_3x+2
(x+2) Tox+2 T x+2
x
c¢cIni13 dgh"{x]=e'r+5,xER
8 a 31-20=1-2Bx+b),b=-3
| 3x+2 1-x
b p-lx) = L) =
p~x) 9 q'lx) >
¢ pg @) = g @pt) = —_STQ 8
a=-3,b=7,¢c=18
9 a Yy b Ya
2,7)
(2, 4)
y=Mfx)+3 y = |f{x)|
T L _|5 0 ‘rli.i‘
-5 0 X >
c Yy
-2,4) | (2,4)
12
y =1z
7o %
10 a Y
y = hix) i
10 14
-5 —1/ .
0 n
(-3,-8)
b i (-5,-24) ii (3,-8) iii (-3, 8)
[ A 15
10 i = h(-|x])
16
0 _
-5 —1| 1 5 x
(-3.-8) (3,-8)
17

a

199

ii
jii : y
N \ 2 y=f29
\Cf :Br
—% —%E -1 A 0 X
fen-1)
i 6 ii 4
b=-9 b A(9,-3), B(15,0)
x=15,2=-21
flx) =8
The function is not one-to-one.
-2ox<-3
k> 4—?
y=4-2cosecx
L N Vi, L
—ZTI'E E—':r 0 / 7n: 27ri T
2<k<6
T 11x  b5n
= b k=2 ——, -
3 2 12
cos x 1-sinx _ cos’x + (1 — sinx)?
1-sinx cosx cosx(1 - sinx)

_cos’r+1-2sinx +sin®x 2 -2sinx
cosx(l — sinx) cosx(l - sinx)

=msx=25ecx
x_3_7r5_7rll?r 137w
T 44 4 4

sin _ cosé _ sin®f + cos?d
cost  sind cos# sinf
1
|
— sin 20
2

__2
sin 2¢

= 2 cosec 20
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18

19

20

21

22

23

24

]

YA . . . :
Z_U; ;U; |
i i i R
20 9p°  180° 270° 360° O
y = 2cosec 26

20.9°, 69.1°, 200.9°, 249.1°
Note the angle BDC = ¢
BC

msr‘)_ﬁ#B( =10cosd
sin@ = % — BD =10cotd
10

= cotf =
V \"

10 cotd = X2 kY

(4] 3
D(—wmqemm—lo (L)=%
Ve

19_
3

sin?f + cos?h =1

in2 22
smlr? L L ], = tan®f + 1 = sec?d
cos?fl  cos?fl  cos?id
0.0°, 131.8°, 228.2°

2
ab=2,a==

b
4-b%_4-02_4-0 = b2
a?-1 4 _, 4-0

b2 bE

™ ™
T _ u = arceos b &
oY arccosx 2

1_ _1
arccos; = p = Cosp =~
Use Pythagorean theorem to show that opposite
side of right-angled triangle is yx® - 1

VT praregtn t0s1
x P=aes f

Possible answer: cannot take the square root of
a negative number and for0 =x = 1,22 -11is
negative.

3
iy el Y
{1,2]‘

sinp =

y = 2arccosx —g

0 x
(1,-3)
> (59
Ve
tanx+g
lan(x+ ) %:r.,i=%
1—ﬁ1anx
3
()tanx+2\3=1—ﬁtanx
(M) tanx=1-2/3
3
1anx=3_6vi_ 18 -v3 _72-111/3
18443 18 -3 321

26

27

28

29

30

31

a

L~ - — -]

sin(x + 30°) = 2sin(x — 60°)
sinx cos 30° + cos x sin 30°
= 2(sin x cos 60° - cos x sin 60°)

% sinx + % cosSx = 2(% sinx — % cosx)

V3 sinx + cosx = 2 sinx - 2V3 cosx

(-2 +3) sinx = (-1 - 2/3) cosx

siny _-1- 23 _-1-2/3 2 /3
COSY¥ _2.,/3 _2+/3 -2_,3
_2+4/34/83+6 g 53
4+2v3-2/3-3
8-5/3

sin 165° =sin(120° + 45°)
=5in120° cos 45° + cos 120° sin 45°

i el A, 3-8
2 2 2 2 2v2 4
cosec 165° = ;_
5in 165°
o 4 - [\(J +\-"I2} 4l/6 +\2}_ 6+ 42
V6 -v2) V6 ++2) 6-2
=T

cosA:%::v sinA = 1

. ] -V7\(3y _ =3/7
sin2A = 2« A,_"A=2( L )—:
sin sinA cos p (4) 5

c0s2A = 2cos?A - 1 =%
(—3\-"7)
tan24 = Sin24 8 /_ =37
cos2A (1)
8

-180°, 0°, 30°, 150°, 180°

-148.3°, -58.3%, 31.7°,121.7° (1 d.p.)
3sinx + 2cosx =13 sin(x + 0.588..)
169

= x=2.273,5.976 (3 d.p.)

cosf sin#  cos?f - sin®d
otf - tanf = = oo el 0
L0 an sinf  cosf sin# cos#d
_ 1(:0329 _ 2(:,052299 — 2 cot 20
5 sin2 sin

f=-2.95,-1.38,0.190, 1.76 (3 s.f)

cos 3 = cos (28 + ) = cos 20 cos# — sin 26 sin#
= (cos2# - sin?#) cosf — (2sinf cos ) sind
= cos?f - 3sin?6 cos
=cos?f - 3(1 - cos?0) cosd
=4cos?f - 3 cosd
-27 _-27/2

secdf=——-=
19y2 38

@ Worked solutions are available in SolutionBank.



32 sin*d = (sin?#lisin?0) 4 a True, because a” = 1 whenever a is positive
cos20 = 1 — 2sin?f — sin? @ =L~ €08 20 b False, for example when a = %
2 ¢ True, because when a is positive, a* > 0 for all
sl = (1 - C08 29‘)(1 - C0S 29') values of x
2 J \ 2 5 A
1 ) bacd
= Z[l - 2.¢08 20 + cos® 24)
1 X 1+ cos4d
= 7(1 - 2cos 29+ 12-0849) 5
= % - %(:0329 + %(:0548
0 x
Challenge
1 a (x+2P+(y-372=25 b 15 units?
% g VL e 16, e 10 4 VAT 3
4 3 4
3 a sinx b cosx C cosecxy
d cotx e tanx f secx 6 k=3 a=2
7 a Asuxincreases, y decreases
b p=12,¢=0.2
CHAPTER 5 Bt
. Challenge
Prior knowledge check gy‘
1 a 125 b 5 c 32 d 49 e 1
ts y=2*2+5
2 a 6° b y* c 26 d
3  gradient 1.5, y-intercept 4.1
21
. 1
Exercise 5A BE—
1 a yA y=(1.7)"
4
o y=4 0 x
34 :
2] e
! Exercise 5B
1 a 271828 b 5459815 ¢ 0.00004 d 1.22140
A B0 H B3 AR 2 a 9
2.6 x
y=e
b x~26 ¢
2 a  y=(0.6)
yJL
4_
34
2 y=e
\ 1 R
P TR 3 0 M

l T T T T T T T - ‘o .
4 53 50 1 23 4% b Student’s own answers
1'4 ¢ e=27T1828...
b i 4_ : e? = 20.08553...
xr=-1.
3 a
3 yl yll y=3'1'+1
4
39 2
24 _—;—:':{ ________ y=1
y=1" =
: 0 T
4 32210 1 2 3 4 %




b yA
y:‘q_ezr
4 \
0 ks
C L
y=2e"-3
074 X
_—__4 __________ y:—S
d y.ll
oo Bosipnige s
TN
\ X
924_er
e 4 1
y7y=6+1092x
16
_______ 6 ____
0 13
r <~
110
y=100e%+10
_____ 10| ~—
[0] x
4 a A=1,0=05,bis positive
b A=4,C=0,bis negative
¢ A=6,0C=2,bis positive
5 A=e%b=3
yl
y = {x)
eE_
o *

6 a 6et b —iew ¢ ldez
d 2et4r e 3e’ + 2e* f 2e*+e*
7 a 3e® b 3 ¢ 3els

8 [f'(x)=0.2e"
The gradient of the tangent when x = 5 is
f'(5) =0.2e' = 0.2e
The equation of the tangent is therefore y = (0.2e)x + ¢
At(5,e)le=02ex5+¢,s0c=0and whenx=0,y=0

Exercise 5C

1 a Iné6 b {In1l ¢ In 20
d ;ln(3) e ;In3-3 f 5-1n19
k. 1 3
2 a e b 3 c ._je’f =5
d %{ef& 2) e 18-e: f 2,5
3 a In2,In6 b 1In2,0 c el el
d In4,0 e In5,In(g f ebe?
4 In3,2In2
5 a g(e*+3) b 1(n3+40) ¢ +In7,0
d e e
6 1+Inb5
4+1In3
7 a The constant 6 represents the initial concentration
of the banned medicine in mg/1
b 4.91mg/l
¢ 3=6ew
.
F=€u
Inf3) =5

t=-10In 1%} =6.931... = 6 hours 56 minutes
8 a (0,3+In4) b (4-e?

Challenge

As y =2 is an asymptote, C =2

Substituting (0, 5) gives 5 = Ae” + 2, 50 A is 3.
Substituting (6, 10) gives 10 = 3e% + 2
Rearranging this gives B = L In (3)

Exercise 5D
1 a logS=log(4x7Y
=log4 + log7*log S
=log4 +xlog7
b gradient log 7, intercept log 4
2 a logA=loglbx?)
=logb + loga*
=logb + 4logx
b gradient 4, intercept log6
3 a Missing values 1.52, 1.81, 1.94
b logya
2.54

2
1.5+

14
0.5+

0 —
0 020406081.01.21.4 logx
¢ Approximately a =3.5,n=1.4

@ Worked solutions are available in SolutionBank.



4 a Missing values 2.63, 3.61, 4.49, 5.82

5

b logyn
7
6_
54
44
3
24
1

=
—>

10%

0 ; ] : ;

0 2 1 6 8
¢ Approximately b= 3.4, a = 10
a Missing values -0.39, 0.62, 1.54, 2.81
b logR &
4_

>
>

3 logm

2 1 0O 1 2
Approximately a = 60, b = 0.75
Approximately 1,600 kcal per day (2 s.f))
Missing values 2.94, 1.96, 0.95

=g~ = A

a
i

005115225335logR

Approximately A = 5800, b =-0.9
Approximately 690 times
Missing values 0.98, 1.08, 1.13, 1.26, 1.37
P = abt!
log P = log (ab’)

=loga + logb!

=loga + tlogh

=g~ =

¢ logPk
1.4+
1.2

]_

0,82
0.6
0.4+

0.2+

0+
0 5 1015202530354045 ¢
d Approximatelya =7.6,b=1.0
e The rate of growth is often proportional to the size
of the population

o

o

logN =0.095t + 1.6

a=40,b=1.2
The constant a represents the initial number of sick
people.

9500 people. After 30 days people may start to
recover, or the disease may stop spreading as
quickly.

logA = 2logw —0.1049

g=2p=0.7854

Circles: p is approximately one quarter =, and the

width is twice the radius, so A = %wz = %12:’)2 = mr?,

Exercise 5E

1

6

a
c

o

=2 - <]

]

=7

€20 000 b €14331

VI(€)

20000

0

V=20000e =

0| 1
30000 b 38221
P (thousands)

P=20+e7

L

0|

100
Model predicts population of the country to be over
200 million, this is highly unlikely and by 2500 new
factors are likely to affect population growth. Model
not valid for predictions that far into the future.
200
Disease will infect up to 300 people.

N4

300 t—-—-—-=-—-—=—=--

Fe - 0.5
200 N=300-100e

0 ;
i 15 rabbits ii 132 rabbits
The initial number of rabbits

dR

- 2 4 e[J.Zm
dm

When m = 6, dar =797 =8
dm

The rabbits may begin to run out of food or space
0.565 bars

dp a2 =013k — _ = —

FT 0.13e =-0.13p. k=-0.13

The atmospheric pressure decreases exponentially
as the altitude increases

12%

Model 1: 15733 Dirhams

Model 2: 15723 Dirhams

Similar results

Model 1: 1814 Dirhams

Model 2: 2484 Dirhams

Model 2 predicts a larger value
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Model 1
Model 2

0 t

d In Model 2 the car will always be worth at least
1000 Dirhams. This could be the value of the car
as scrap metal.

Chapter review 5

1

=1

h /L

a L

y=27

y=-1
C L)
y=Ilnx
ol A X
x=0
a 2lnp+1Ing b np=4Ing=1
a —e* b 1lelts ¢ 30e%
e +5 In5 B 3+/13
a 5 b 4 ;Inl4  d 2
4
e 0 r &

I A good model. The computer will always be worth
something.
9
6 a y= (m)x
(0, 0) satisfies the equation of the line.
2.43
We cannot go backward in time
75°C
5 minutes
The exponential term will always be positive, so the
overall temperature will be greater than 20°C.
8 a S=aV
log § = log (aV?)
=loga + log (V%)
=loga + blogV

o oe oo

b |logsS | 1.26 1.70 2.05 2.35 2.50
logV | 0.86 1.53 2.05 2.49 2.72

c logVy
3.004
2.504
2.004
1.504
1.004
0.504

0.00 T r r r T —
0.00 0.50 1.00 1.50 2.00 2.50 3.00logS

d The gradient is approximately 1.5; a = 0.09
9 a They exponentiated the two terms on the LHS
separately rather than combining them first.
b x=2+2/2
10 a log,,P=0.01t +2
b 100, initial population
¢ 1.023
d Accept answers from 195 to 200
Challenge
y=58x09"
CHAPTER 6
Prior knowledge check
1 a 6x-5 Ry el sl ¢ 8x- 1623
IZ v
2 y=-6x+17
3 0.58,3.73 (3 s.l. each)
Exercise 6A
1 a -2sinx b cos ||
¢ 8cos8x d 4cos|3x
2 a 1lsinx b -5sin(3x)
¢ -Zsin (x| d -6sin2x
3 a 2cos2x-3sin3x b -8sindx+4sinx - 14sin7x

¢ 2r-12sin3zx d -1+ 10c0s5x
x

(0.41, -0.532), (1.68, 2.63), (2.50, 1.56)
8

(0.554, 2.24), (2.12, -2.24)
y=-5x2+57-1

-1

@ Worked solutions are available in SolutionBank.



dy

8 —=4x-cosx
dx d
Alx=7r,y=27r2,£=47r—l2057r=47r+l
Gradient of normal = - 1
47+ 1

Equation of normal:

y- 2x%=- {x —m

47+ 1
dr+ 1Dy -27%4r+ 1) =-x+7
r+@r+ Dy -8 -2r2-7=0
r+@r+ Dy -n8x2+27+1)=0

9 Letfix) =sinx

flx + A) - fix) _ sinlx + A) - sinx

"2y = lim
) h h
i sinx cosh + cosx sinh - sinx
=lim
h—0 h
= lim (LS"2 - 1) sinx + (smh) CoSx
h—0 \ }2 !
Since cosh-1 _, 0 and sink _, 1 the expression

inside the limit — (0 x sinx + 1 x cosx)

. sinlx + k) - sinx
So lim—————"—""~ = cosx
h—0) h

Hence the derivative of sinx is cosx

Challenge
Let flx) = sinkx

P lim(ﬂx +h) - ['(xj) o lim(sin (kx + kh) - sin kx)
T hen h T hen h
B lim(sm kx coskh + coskx sinkh - sin kx']
0 h
oo ffcoskh = 1Y . (sinkh)
= Pelgf}(tih ) sinkx + (—h ) cos kx)
Ash — 0, (Si[;lkh.] — k and (%) — 0 as given,

so f'(x) = 0 sinkx + k coskx = k coskx

Exercise 6B
far X

1 a 28e™ b 3*In3 ¢ [1) lnl d 1
b T

x
.1‘1- 1 3 3 -3 —:
e 4(5)1115 r = g 3e¥+3e™ h -e*+ef
.3-2x 3
4x — e
2 a 3%4In3 b (2] 2In
¢ 2%8In2 d 2%3In2-2*In2

3 32395
4 4y=15In2(x-2)+ 17
5 %:29&—% Atx:l,y:e%%:Zez—l
Equation of tangent: y — e* = (2e? - 1){x - 1)
=y=02e?-1xr-2e?+1+e?=y=(2e-1)Jx-e?+1
6  -9.07 millicuries/day
7 a P,=37000 k=1.01(2dp) b 1178
¢ The rate of change of the population in the year 2000
8 The student has treated ‘In kx’ as il it is ‘e’ — they
have applied the incorrect standard differential.

Correct differential is: %

9 lety= aky = y= plna® _ gkxlna
d
Y _ kIna etne = k Ing e = ik Ina
dx
2 2
10 a 2e* -3
b 2920—%=2=>2ae2ﬂ— =2a=ale*®-1)=1
11 a 5sin(3x0)+2cosB3x0)=0+2=2=y
When x =0, y = 2, therefore (0, 2) lies on C.
b y-= —%x +2
1 1
12 y=- = 162
Y=~ 6483”6483
Challenge
y=3x-2In2+2
Exercise 6C
1 a B8(1+2x)* b 20x(3-2x%)-°
¢ 203 +4x) d 7(6 + 22)(6x + x2)°
e —4 r — 1
(3 + 2x)* 207 -x
g 128(2 + 8x)° h 18(8 - x)7
2 a -—sinuxe®st b -2sin(2x-1) c 1
2x/lnx
d 5(cosx - sinx)(sinx + cosx)*
e (bx-2)cos(3x?-2x+1)
I cotx g —8sindu et h -2e?*sin(e® + 3)
3 -1
4 y=-54x+ 81
5 12e3
4
6 d 1 ¢ Lsec 2y .
2y +1 el + 4 2 1+ 3y?
T L
10
16
8§ 1 )
x
Y=
9 a e i
b y=lhx,er=x
Differentiate with respect to y using part a
el = ﬂ = i = d_y
dy el dx
dy 1
Since x =¥, — ==
ince x = e, & =
) 11
10 a 4cos2(F) =4 (E) =2
When y = % x = 2, therefore (2, %) lies on €.
b g—; = -8sin 2y
my dx . ofT V3 r
AtQ(2,T): 52 = 8 sin2(T) = —8(—) =-4/3
Q24 T (6) =83 :
dy 1
“dr 443
¢ 4/3x-y-8/3+ (E =0
i
11 a 6sin3x cos3x b 2(x + 1)ek=11 ¢ -2tanx
2 sin 2x 1 1
[ TE e - —cos|—
(3 + cos 2x)? 2 (1‘)
12 3125x - 100y - 9371 =0
13 9In3



Challenge
C0S VX in¥3ee .
a ——'— b Oesin'34 ¢og(3x + 4)sin?(3x + 4)
4/x sinyx

Exercise 6D

1 a (Bx+1DH18x+1) b 2032 + 1)2(212% + 1)

¢ 16x%x + 3)%7x +9) d 3x(5x - 2)(5x - 1)-2
2 a -4x-3)2x -1y e

b 2cos2x cos3x - 3sin 2x sin 3x

¢ ef(sinx + cosx) d 5cosbxln(cosx) - tanx sin 5x
3 a 52 b 13 ¢ 5

1 343\

4 (2,0), [—g, 57 )
5 S

256

V27 (- )x + 8y — m/2 (TT‘Z) -0

7 6x(5x - 3)° + 3x3[3(5x - 3)3(5)]
= 6x(5x — 3)* + 4522(5x - 3)2
= 3x(5x - 3)42(5x - 3) + 15x) = 3x(5x - 3)23(10x - 6 + 15x)
=3x(5x-3)0225x-6)=>n=2,A=3,B=25,C=-6

8 a (x+3)3x+ 11)e’ b 85e°

2sinx - 3cosx

9 a (3sinx+2cosx)In(3x)+ T

b 23(7x + 4)eTr -3
10 21.25

Challenge
a -e'sinx (sinx — cosx sinx — 2 cos?x)
b —(4x - 3)%(4x - 1)3(256x2 — 148x + 3)

Exercise 6E

oy 4 o
x+1)2 (3x - 2)2 (2x + 1)2
4 - 6x 15x + 18
2x - 17 5x+ 3
Ax{ei
2 o © *lsmx+'4mst i — 1 . Inx :
cosix e+1) (e+ 12
. e 2((2xet - 2x) Inx - e** - 1)
' xlln x)?
d le* + 3)2((e* + 3) sinx + 3e* cosx)
cosx
2sinx cosx  sin®x
Inx 2lln x)2
1
3 it
16
4 2
25
5 (0.5, 2eY)
6 y= %e
6/3 -27rIn(Z
. W T in (9)
™
8 a f%,Oj b y=—$x+%
9 232 sin 3x + 4 cos 3x)

cos? 3x

206 ANSWERS

(x - 2)2(2e2) — e2{2(x — 2)] _ 2(x — 2)2e2 - 2e2(x - 2)

10 a
[x - 2)¢ x - 24
_20x - 2)e - 2e¥ _ 2eMx-2-1) _2eZ(x - 3)
x-2)* x-2)3 x - 2)%
A=2,B=1,0=3
b y=4e’xr - 3e?

1 a 2x_ N (}x _ 2xlx + 2) b
r+5 (+5lx+2 (x+5lx+2 (x+5lx+2)
_2x(x+2+3) 2xlx+5 _ 2x

k+5lx+2 k+5kx+2 k+2
h 4

25
12 a Using the quotient rule:
2-xf _ i - . —p-x
£l = (-4 sin 2x) 2Icos2x[ g2
(ez-4)?
At the turning points, {'(x) = 0
Thus, e*~*[(-4sin 2x) + 2cos2x] = 0
= —4sin2x + 2cos2x =0
-4sin2y = -2cos 2x

Exercise 6F
1 a 3sec?dx b 12tan?x sec?x

1,2gac2l 1 sec(r — L)
d Ja%sec?gx + 2x tanx + sec?(x - 3

¢ seci(x-1)

2 a -4cosec?dx b 5sec5x tan bx

¢ -4 cosecdx cotdx d 6sec?3x tan 3x
2 o
e cot3x - 3x cosec? 3x r w
P
g -6cosec® 2x cot2x
h -4cot(2x - 1) cosec?(2x - 1)
3 a %[se(:xri tan x b —._{((:olxl'i" cosecx
¢ -2coseciy cotx d 2tanx sec?x
e 3seciytanx f -3cot?x cosec?x
4 a 2xsec3x + 3x%sec3x tan3x
b 2xsec?2x - tan 2x & 2x tanx - x¥seciy
%2 ’ tanZx
e 2
d e*sec3x(1 + 3tan3x) e w
xtan®x
I e@nrgecx(tanx + sec?x)
5 1 i b 2

cos’x  sin’x
¢ 24x -9y +12/3 -87=0

6 1 dy_ cosx x0—-1x-sinxy _ sinx

Wi = . = :
COSX" dy cos?x cos’x
=secx tanx
1
rd =
Y= tanx
1
dy ¢ 2 .2 vl
anx x 0 -1 x sec®x secsr  cosix 5
ke - == T = - cosec?x
dx tanZx tan?x  sinZx
cosix
. dx :
8 a Lety=arccosx = Lnsy=x=>d—=—51ny
Y
dy 1 1 ~ 1

dr  sing 1_cos?y V1-x2

@ Worked solutions are available in SolutionBank.
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b Lety=arctanx
Then, tan y = x

g—; =sec’y
vy _ 1 1 _ 1
dx  secly 1 +tan?y 1+ a2
-2 2
9 a ——= h =
V1 - 4a? 4+ a2
3 -1
e d .
¢ oow 1+a?
e —L o
xwx? -1 wx? -1
g — L h =22
(x - 11 -2 V1 —at
i et (arccosx - — : ) j COSY _ginxarcsinx
V1 — 22 V1 - a2
k x(z arccosx — — ] it
\ V1 - a2 1+ 22
X x 2% - arctan 2x
10a Y_ 1+ (22)2
dr ~ x2
25 ~ —arctan 2x
_ 1 +4a? _ 2 _arctan 2x
_ x? all + 4x2 x?
= ﬁ then
s V3
d_y 3 2 arctan 2(7)
7 B =g
" al(g) 3
2 2 2
_ 2 4n_V3 4r_3/3-4r
23 9 3 9 9
3 2m/3
b x=2 y=
A= 9
Equation of normal:
2m/'3 9 ( V3 )
y - =\ - —
9 33 - 4n 2
O .9 X4 9\3 . 2mv3
33 - 4x 6V3 - 87 9
2 arccos
11 g=2arcmsg,«>< - . —=— — x ‘y
dy 1 =y2 J1-y2
dy y1-42 _ /1 -cosix
dx ~ 2arccosy 20%
SRV . S AR B
5 cot 5y cosec 5y SxvaZ - 1

Chapter review 6

1 a % b 2xsin3x + 3x%cos3x
dy d d

2 a 2—=1-sinx—(cosx) - —Isinxl cosx
dx g

=1 +sin?x - cos?x = 2sinx

d
So é = sin?x

b (53 (-3} ()

207

3 X cosx —sinx 2
’ x? 22+ 9
4 a k=42 b (0,0, (:\-"6, ML )
4y
5 a x>0 b (V256,32In2 + 16
6 (E2)(Tay (2 2] (5 o)
6 4) (.2 J[_G 4)(.2 )
d
7 Maximum is when i 0
dx
d . : - g
Y _ Jsinzx + x(msx x __1 ) =2 SINX+ X COSY _ g
dx 2/sinx 2/sinx
So2sinx + xcosx=0= 2sinx = -xcosx = 2tanxy = -x
s 2tanx+x=0
8 a f'(x)=0.5e"% - 2x
b f(6)=-1.957...<0,f(7)=2.557...>0
So there exists p € [6, 7] such that {'(p) = 0
. there is a stationary point for some
xr=p,b<p<T
o a (322) (im o)
\ 8’ V2 ' \ 8’ V2
b "(x) = 2e24(-2sin 2x + 2 cos 2x) + 4e**(cos 2x + sin 2x)
= de?*(-sin 2x + cos 2x + cos 2x + sin 2x)
= 8e?* cos 2x
B 7
(3—7 l3—*) is a maximum; (E - P—“) is a minimum.
.82 8 V2
d (4'8 ]’[_4' i )
10 x+2y-8=0
11 a x=1 b y=-fx+11
12 a ['(x) = e**(2cosx — sinx) b y=2x+1
2cosx -sinyr=0=tanx =2
13 a y+2ylny b 31_9
14 a e*(-x*+ 322+ 2x-2)
b f'(0) = -2 = gradient of normal = }
Equation of normal is y = Jx
(03 - 2x)er=Jx = 22" —dr=xe* = 222 =e* + 4
Challenge
a 1l+x+(1+2x)nx o~
b 1+x2+(1+2x)lnx=0=x=¢ T+
CHAPTER 7
Prior knowledge check .
1 a 12(2x-7)° b 5cosbx c lei
164 350t 268 3
2 a y:?;rz—IZ;l:2 b 5
3 6 units?
Exercise 7TA
4
1 a 3Lanx+5hl|x|—%+c b 5e*+4cosx+%+c

¢ -2cosx—2sinx+2*+c¢ d 3secx-2In|x+c

e 5e1+4sinx+%+c f Zlnjx|- 2cotx +¢
1 1 ;

g ln|x1—§—ﬁ+c h e‘-cosx+sinx +¢

i -2cosecx -tanx +c¢ j e*+nfx|+cotx +¢



2 a 1anx—%+c b secx +2e+c

1
—cotx - cosecx — - +Inx[+ ¢

c
d —cotx+Inx|+¢ € —COSX + Secy + ¢
f sinx - cosecx + ¢ g —cotx+tlanx + ¢
h tanx + cotx + ¢ i tanx+e'+c¢
j tanx +secx +sinx + ¢

3 a 2e-2e? b 2 c -5 d 2-2

4 a=2

5 a=7

6 b=2

7 a x=4 b mx ' —4n|x| + ¢
¢ 3-4In4

Exercise 7B

1 a —fcosr+1)+c b JeX+c

c 4ertitg d -1isin(l-2x)+e¢

e —scot3x+c r %f_;ec4x+f:

g -6cos(fx+1)+c h —tan(2 - x) +c

i -jcosec2x+c j 3(sin3x+cos3x) +c
2 a ye¥+icos(2x-1)+c b ze+2ef+x+c

¢ Ftan2x +3sec2x+ ¢
d -6cot(z) +4cosec(3) + ¢
—e** 4 cos(3-x)—-sin(3-x)+c
3 a lln2x+1|+c o,
Z 2(2x + 1)
el )
C M+c d 3ln[dx -1 +¢
6 1
3 3
e —3lnjl-4x|+c f et
(3x + 2)° )
gt T
) 5 4(1 - 2x)?
4 a -3Jcos2x+1)+2In|2x+1|+¢
.. (1 =-x)0
R
::P 6 + ¢
¢ ~beot2v+ i+ 2e - oL —so
; 2(1 + 2x)
el
d [3I+2} B 1 e
9 3(3x + 2)
5 a1 b I c 2‘93 d 3In3
6 b=6
7 k=24
Challenge

a=4,b=-3ora=8,b=-6

Exercise 7C
1 a —cotx—-zx+c¢ 3x+4sin2x+c
3x-2c0osx - sin2x + ¢

—2cotx —x + 2cosecx + ¢

1 i
X E:;1r141-x+c

¢ —gcosdx+c
e jtan3x-x+c

g r-5C082¥+¢

o o@m

]
i -2cot2x+c %x+%sin4x—sin2x+c
2 tanx - secx + ¢ b -cotx - cosecx + ¢
2x —tanx + ¢ d -cotx-x+c

e

-2cotx —x— 2cosecx + ¢

208 ANSWERS

f —cotx-4x+tanx+c g X+1c082x+ ¢

h -3x+isin2r+tanx+c i -jcosec2x+c

3 f;sin?xdx = j; [% - % cos Zx) dx
= [%x—isin2x];=%+%= 2 gﬁ
43 93 -10-7 / T V2 -1
4 b 272 - = d
3 8 i REsy 2
5 a sin(3x + 2x) = sin 3x cos 2x + cos 3x sin 2x

sin (3x - 2x) = sin 3x cos 2x — cos 3x sin 2x
Adding gives sin 5x + sinx = 2 sin 3x cos 2x

=

So f[sin3xcos2xdy = [L(sin5x + sinx) dx
= 5(—308 5% - €08 X) + € = —7;C0S 5% — 5COSX + €
6 a 5Hsinfx+7cos?x=5+2cos?x
=6+ (2cos?x-1)
=cos2x + 6
b 11+ 3n)

= ((‘0921‘]2
+ C0S Zx)

7 a cos‘x

1

cos 2x + 4(‘03Z 2x

+
-~
=
w
[a%]
=

'P'|'—‘ m|r—= B = t\J|.-—=

1{1:4 l:054x)
+4(. 2

cos 2x + 1 cos 4x

Lo
4
1
4
3,
8

b %sin‘;x sm2x+§x+c

Exercise 7D

1 a jnjx?+4|+c b %ln]ezx+l|+c
¢ -laz+4)tte d -Lex+1)2+
e 2In|3 +sin2x|+¢ f 13 +cos2a)2+c
g se+c h (1 +sin2x)% + ¢
i jtanr+c j tanx+jtanz+c
2 a L?+2x+3P+c b —icot?2x+c
c ﬁsmf’ 3x+c d et c
e flnje? +3|+c f ot + Dite
g 3x+x+5)ite h 22+x+5)+e
i —E(ms 22+ 3+ ¢ j —%ln lcos2x + 3| + ¢
3 a 468 b 2In3 ¢ 3In(®) d fet-1)
4 k=2
I 9:£
2 2
6 a Inlsinxl+c
b [tanxdx = -Inicosxl + ¢
ol
= [t + e
=Inisecxl + ¢
Chapter review 7
1 a H2r-3P+c b dx -1+ L@dx-1):i+c
¢ 3sin*r+c x—lnx—%xz+c

2

@ Worked solutions are available in SolutionBank.




ANSWERS

e —ilnjcos2xl+¢ f -iIni3-4dxl+c

2 a -205085 b lr-lmn2 c 22 _2n4
V3-1 1, (35
a 2 e —1n(—) r ln(—)
3 a jl lnxdx:[lnx}( j( J( J
Inx l 1
=gk j dx = 20
Inx _1]"_(_1_1 2
f I da = [‘T‘E]f(‘a‘a)‘[“‘ Tzl
1 _ A B W P
b EiD@mon el o1 4T3 B
P =Ll 2o
Ux + 122 R ‘3(x+ 1] 3(2x - 1)/
=[ Thae+ +—ln[2x—1} Il In zx‘l]l
x+1
~(Lm(Z0)) - (B (l)
3 p +1 3 \2/)
2(2p -1 4p - 2
:11[1(L):lln P
3 p+1 3 p+1
4 bH=2
=
5 #= 3
Challenge
k=1
CHAPTER 8
Prior knowledge check
1 a 3.25 b 11.24
2 a P@)==+8r+22 b f(x) =
2/x L X+ 2
c f’{x] =x%cosx + 2x sinx + 4 sinx
3 =2,u,=25u,=29
Exercise 8A
1 a f(-2)=-1<0,f-1)=5>0
Sign change implies root.
b f(3)=-2732<0,f4)=4>0
Sign change implies root.
¢ f(-0.5)=-0.125<0,f(-0.2)=2.992> 0
Sign change implies root.
d f(1.65)=-0.294 <0, f(1.75) =0.195>0
Sign change implies root.
2 a f(1.8)=0.408 >0, f(1.9) =-0.249
Sign change implies root.
b f(1.8635)=0.0013 > 0, {{1.8645) = -0.0053 <0
Sign change implies root.
3 a h(1.4)=-0.0512... <0,h(1.5)=0.0739... >0
Sign change implies root.
b h(1.4405) = -0.0005 < 0, h(1.4415) = 0.0006 > 0
Sign change implies root.
4 a ((2.2)=0.020>0,f(2.3) = -0.087
Sign change implies root.
b {2.2185) = 0.00064... > 0, f{2.2195) = -0.00041... <0

There is a sign change in the interval.
2.2185 <x < 2.2195, so a = 2.219 correct to
3 decimal places.

10

11

f{1.5)=16.10... >0, f{1.6) =-32.2... <0
Sign change implies root.
There is an asymptote in the graph of y = f{x) at

x= % = 1.57. So there is not a root in this interval.

yhg

%
Alternatively: LB o oDy i L
x x 2

f(0.2) = -0.4421..., f{0.8) = -0.1471...

a
b

Lr I -

There are either no roots or an even number of
roots in the interval 0.2 < x < 0.8

f(0.3) =0.01238... > 0, f(0.4) = -0.1114... <0, f{0.5)
=-0.2026... <0, f(0.6) = 0, f{0.7) = -0.2710... > 0
There exists at least one root in the interval
02<x<03,03<x<04and0.7<x<0.8
Additionally x = 0.6 is a root. Therefore there are at
least four roots in the interval 0.2 < x < 0.8

Y
y=x
y=e*
ol x
One point of intersection, so one root.
f(0.7) = 0.0065... > 0, f{0.71) = -0.0124... < 0
Sign change implies root.
YA b 2
0 x
=e" -4
5 / =lnx
fla)=Inx-e*+4.f(1.4)=0.2812... <0,
f{1.5) = -0.0762... < 0. Sign change implies root.
h'(x) = 2cos2x + 4e**, h'(-0.9) = -0.3451... < 0,
h'(-0.8) = 0.1046... > 0. Sign change implies slope

changes from decreasing to increasing over interval,

which implies turning point.
h'(-0.8235) = -0.003839....< 0
h'(-0.8225) = 0.00074... > 0. Sign change implies o
lies in the range —0.8235 < o < —-0.8225,
so o = —0.823 correct to 3 decimal places.
Y4 2
y=5
y=J

1 point of intersection = 1 root

f(1)=-1,f(2) = 0.414... dp=3,¢g=4 e 4

209




12 a f(-0.9)=1.5561>0,{{-0.8) = -0.7904 < 0

b
d

There is a change of sign in the interval [-0.9, -0.8],
so there is at least one root in this interval.
(1.74, -45.37) to 2 d.p. ¢c a=3,b=9%andc=6

N ]

0.9\ [0 3 x

(1.74, -45.37)

Exercise 8B

1

=1

a

o

oo o

x24+2
6
ii ¥2-6x+2=0=22=6x-2=2x=/6x-2

i ¥2-6x+2=0=bxr=22+2=x=

I L | e ey S
x x

i x=0.354 ii x=>5.646 iii x = 5.646
a=3,b=7
i 22-5x-3=0=22=5x+3=>x=/52+3

2 _
ii 2-5x-3=0=x2-3=5r=>z=2"3

i 5.5(1d.p) ii -0.5(1d.p)
22 -6r+1=0=22=6x-1=2x=y6x-1
The graph shows there are two roots of flx) = 0
.d
Ha y=x
y=bxr-1
A
7 : x
i a
_x2+1f
=2 Y=z
L
0 10 x
xe--f—x+2=0=>e--f=x;2=>ef= *
=x=1 ‘ x
x=In—

b x,=-1.10, x, = -1.04, x, = -1.07

i 234522-2-=0=2x3=2_5x2= x=y2— 512
TR T (R S (R,
12 x2

_ 43
iii £3+512-2=0=>522=2 -3 g2=2-%

r
= g = I||2—x3
I 5

x=-4917 ¢ x=0.598

It is not possible to take the square root of a
negative number over R.
14— 32— 6=0= gt yg2_2-0
1.4 . a1, 1
= —xt-2=x=x==xt-2=2p=2,g=-2
3 E] =g

Xy = —1.256,1'2 =-1.051,x; = -1.168

f(-1.1315) =-0.014... <0, {-1.1325) = 0.0024... > 0
There is a sign change in this interval, which
implies o = -1.132 correct to 3 decimal places.
2-x

2 ; x)] i

3coslx2l +x-2=0= coslx =

= x?= arcms(

I) =X = IB.I‘CCUS(

b % =1.109,x,=1.127, 3= 1.129

10

=

f(1.12975) = 0.000423... > 0,

f(1.12985) = -0.0001256... < 0. There is a sign
change in this interval, which implies o = 1.1298
correct to 4 decimal places.

f(0.8) = 0.484..., f{0.9) = -1.025... There is a change
of sign in the interval, so there must exist a root in
the interval, since [ is continuous over the interval.

4cosx 4 cosx
—= —Bx+3=0=8r=—=
sinx sinx
Ccos X 3
= %= - =
2sinx 8

x, =0.8142, x, = 0.8470, x, = 0.8169

f{0.8305) = 0.0105... > 0, f{0.8315) = -0.0047... <0

There is a change of sign in the interval, so there

must exist a root in the interval.

el +2x -15=0=e*1=15-2x
=x-1=In(15- 2x)
=x=In(15-2x) +1

%, =3.1972, x, = 3.1524, ¥, = 3.1628

f(3.155) = -0.062... < 0, f{3.165) = 0.044... > 0

There is a sign change in this interval, which

implies o = 3.16 correct to 2 decimal places.

A(0, 0) and B(ln 4, 0)

flx)=xe*+e*-4=ef(x+1)-4

f'(0.7) = -0.5766... < 0, {'(0.8) = 0.0059... > 0

There is a sign change in this interval, which

implies {'(x) = 0 in this range. {'(x) = 0 at a turning

point.

e +1)-4=0=e*=— =>x=ln( 4 )
x+1 x+1)

%1 = 1.386, 25 = 0.517, x5 = 0.970, x, = 0.708

Chapter review 8

1 a

b
c

22-6x-2=0=x%=6x+2
=>x2=6+%=>x=:1,"6+%;a=6,b=2

X, = 2.6458,x, = 2.5992, x4 = 2.6018,x, = 2.6017
f{2.6015) = (2.6015) * - 6(2.6015) - 2 = - 0.0025...< 0
f(2.6025) = (2.6025)° - 6(2.6025) - 2 = 0.0117 > 0
There is a sign change in the interval

2.6015 < x < 2.6025, so this implies there is a root
in the interval.

@ Worked solutions are available in SolutionBank.



6

i 0‘ \ %

b 2 roots: 1 positive and 1 negative .

¢ x2+e'-4=0=x2=4-e*=x==x(4-eY

d x,=-1.9659, x,=-1.9647, x, = —1.9646,

Xy = -1.9646

e You would need to take the square root of a
negative number.

a g(l)=-10<0,g(2) =16 > 0. The sign change
implies there is a root in this interval.

b gx)=0=2-52-6=0
=25=5x+6=2x=(5x+6)
p=5,g=6,r=5

¢ x,=1.6154,x,=1.6971, x5 = 1.7068

d g(1.7075)=-0.0229... <0, g(1.7085) = 0.0146...> 0

The sign change implies there is a root in this interval.

a ga)=0=2"-32-5=0
>22=3x+5=>x=y3x+5

b.c s
==
y=V3x+5
o 1 X
d yy _x*-5
[©
s
y=%
A
A
ot %

a f(1.1)=-0.0648... <0, {1.15) =0.0989... > 0
The sign change implies there is a root in this
interval.

b 5x-4sinx-2=0=5x=4sinx+2
sx=gsinx+Z=p=1¢=%

¢ 1, =1.113, 2, = 1.118, x5 = 1.119, 2, = 1.120
yA y=x+3 b 2

<

i = 1 = 1
c E_x+3=>0_x+3 x,lelf[;r}_x+3 i
(0.30) = -0.0333...< 0, {0.31) = 0.0841... = 0
Sign change implies root.
d %=x+3=> 1=202+3x=0=22+3x-1
e 0.303
Challenge
a foy=xb+2*-7T22-2+3
f'(x) = 625 + 3x% - 14x - 1
"(x) = 30x* + bx - 14
Mx)=0=152*+3x-7=0 7 _ 15x
i 1524+3%-7=0=3x=7-15xt s> xg=1" 9%
ii 152 +3x-7=0=15x*+3x=7
o 1523+ 3) =T > x=— "
154% + 3
iii 152*+3x-7=0= 152*=7 - 3x
ot ?—31:’ _ 47 =3
BT T
b Using formula iii, root = 0.750 (3 d.p.)
¢ Formula iii gives the positive fourth root, so cannot be

used to find a negative root.

Review exercise 2

1

a k=-1,A(0,2)
b In3
a 425°C b 7.49 minutes ¢ 1.64°C/minute
d The temperature can never go helow 25°C.
a x=2 b x=In3orx=In1=0
a Missing values 0.88, 1.01, 1.14 and 1.29
b logPa
1.4+
1.2
1 4
0.8
0.64
0.4+
0.2
0 T T T —
10 20 30 40!
c P=ab

logP = log(ab’) = loga + t logh
This is a linear relationship. The gradient is logb
and the intercept is loga
d a=59,b6=1.0
e+2 b

a 5 xER ¢ 1.878
a fix)>k
b 2k
¢c Fx—=Inkx-k,x>k
d Y | f(x)
I
1+k




7 a fux2=° 14 a y:cosecx:_L
2 sinx
b h d - g
¥4 e o CORE o L COBK s Ol
dx sin?x sinx  sinx
e y=2 b %= e L =
: x X/ xs —
3
2\1114 > 15 y=arcsinx = x =siny
X
dx dy 1
\ d_yzcngyz;.azcosy
y=1f'() : _ dy 1
¢ Fx)<2 cosy=y1-sin?y=vl-2?=—"—=——
d 3 dxr /1 - 42
8 a gf:x—det xER 16 a=1
b 17 a cos7x + cos3x = cos(5x + 2x) + cos(5x — 2x)

¥ ! : =
=08 5x cos 2x — sin Hx sin 2x + cos 5x cos 2x +

sin bx sin 2x = 2 cos 5x cos 2x
b Zsin7x+sin3x+c
18 m=3
19 a A=3B=2,C=-1

I (L :
b %ln|.\‘|+2hl|_\‘—l|= T+e

e 2 L 9
2 * ¢ [’ﬁxmx= [lln|_\‘1:2ln|_\‘—1]+ 1 ]
¢ gflx)=0 Jy .2 x- 1l,
d -0.418 (3s.f) = (319 +2In8+ 1) - (Fin4 + 2m3 + 1)
g i 2 gl = \2 3
Y= =[1[13+ln64+é)—(lr12+ln9+%)
y=Inx i o .
CnBX64) 5y (32)_ 5
L 2xX9/) 24 3/ 24
5x+3 i 1
28 G- -3 x+2
5 e =x b In54
21 1(2e3 + 10)
22 a g(1.4)=-0216<0,g(1.5=0.125>0
Sign change implies root.
R S 2x - Inx _2x+x_ . b g{].4655] = —0,00025.,. <0
3 ! 3 3 : g(1.4655) = 0.00326... =0
¢ 0.56714 (5d.p.) Sign change implies root.
dy ; 23 a p(1.7)=0.0538... >0, p(1.8) = 0.0619... <0
10 i 4sinx Sign change implies root.
I S O b p(1.7455) = 0.00074... > 0
Srd-z YTy ™ETET_, p(1.7465) = ~0.00042... < 0
2 T 2 Sign change implies root.
e S 1) 24 a e2-3x+5=0=e2=3x-5
-4 = x-2=In(3x-5) = x=In(3x - 5) + 2
= 8y(8 - m) - 16% + nln? — 87 + 8) = 0 b 1, =4, 1, = 3.9459, x, = 3.9225, x, = 3.9121
dy iy 2 : dy ; 25 a f(0.2) =-0.01146... <0, f(0.3) = 0.1564... = 0
T o =mnieen e et In4, el Sign change implies root.
y—-e®+Ind=(3e® - 1ix - 2) b LS SN SR por
=y-3ef-1Uxr-2+Ind+5e6=0 (x-2) (x-2)°
12 2 % - 42x - 3162 + 2002 - 3ex0) sl ow-zpa Ll
Fro x — 3le®) + 2(2x - 3)%(e e V222
= 2(e2)(2x - 3)(2x - 1) ¢ x3=1,2,=1.3700,75, x,=1.4893,
o " %y = 1.5170, %, = 1.5228
b (_5’ 0] and (g! de| d f(1.5235) = 0.0412... > 0, f{1.5245) = ~0.0050... < 0
13 ¢ ¥ _lx- l][ZSinxffzosx—xmsx] Challenge
dx sin?x 1 8x+36y+19 =0
T (T 2 dy T 2 a fl0)=0-k0)+1=1;g(0)=e2"=1; P0,1)
b it M=) %) b 1
(T 2 ; T
y—[z—l) =(7r—2}(x—§) 3 $

=>y:[7.-—2]x+(1—§)

@ Worked solutions are available in SolutionBank.



Exam practice c A
1 X+ 7
2x -1
2 a 200<V=2000 A1, 4)

b After 15 years the value of Maria’s saxophone is
decreasing at 30 euros per year.

¢ 10In (%] y = 2{(3x)
.1‘ '5 . (0, 2)
3 a A=(g,§e:)
b 0<flx)<2e: >
3 0 x
y.ik
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x+1
4 a y by=7

1

7 k=—

s 12

A'(-3,3) 4 1
8 f[;r}=3;7f+2+x_2+Lx_2]2

9 a f(39=131M041)=-7
b There is an asymptote at x = 4 which causes the
change of sign, not a root.
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INDEX

absolute value function see modulus functions
addition, algebraic fractions 3-5
addition formulae 70-96, 100
definition 71
double-angle formulae 78-85
finding exact values of trigonometric functions 75-7
proving 71-5
proving other identities 90-3
simplifying expressions 85-90
solving equations 81-5
algebraic fractions 1-5, 8-9, 97, 172
adding 3-5
converting improper to partial 5-8
dividing 2-3, 5-6, 7
multiplying 2-3
subtracting 3-5
algebraic long division 5-6, 7
algebraic methods 1-9
answers to questions 178-213
arccos x 63-5, 139-40
arcsin x 62, 63, 64-5, 139-40
arctan x 63-5, 139-40
argument of modulus 12-13
asymptotes 49-50, 106-7, 108, 159

C

CAST diagram 55, 58, 60, 63-4
chain rule 128-31, 137-40

reversed 149-51, 152, 153-6
change of sign rule 159-62
cobweb diagram 163
common denominator 3-4
common factors, cancelling 2
common multiple 3-4
composite functions 20-3, 128-31
compound-angle formulae see addition formulae
continuous functions 159, 164
convergent iterations 163, 164
cos X

differentiating 123-5

exact values 47, 76-7

graph 9, 55

inverse function 63-5, 139-40

reciprocal see sec x

simplifying expressions 53-4

solving equations 54-5

see also trigonometric identities
cosec X

definition 47

differentiating 1 38

exact values 47-8, 76

graph 50, 51, 52, 53

identities 57-8, 59-61
using 53-4, 56-7
cot x
definition 47
differentiating 138
exact values 48
graph 50-1, 52-3
identities 5 7-8, 59-61
using 53-7
curves
combined transformations 32-5
gradient 130-1, 133
reflection 28-32
sketching 106-7
stationary points on 124, 125, 134-6

D

decreasing function 103
degree of polynomial 5
derivatives
exponentials 105-6, 126
integrating standard functions 147
logarithms 126
standard trigonometric 123-4, 137-8
differentiation 122-45, 171-2, 173
chain rule 128-31, 137-40
composite functions 128-31
exponentials 105-6, 126-8
from first principles 123
inverse trigonometric functions 139-40
logarithms 126-8
product rule 132-4, 137
quotient rule 134-6, 137, 138, 140
trigonometric functions 123-5, 137-42
divergent iterations 163, 165
division
algebraic fractions 2-3
algebraic long division 5-6, 7
domain
inverse functions 24-7, 62—-4
inverse trigonometric functions 62-4
mappings and functions 15-20
restricting 62
trigonometric functions 50-1, 62-4
double-angle formulae 78-85

E

exam practice 174-5

exponential functions 102-21, 170-1
definition 103
derivatives 105-6, 126
differentiating 105-6, 126-8
graphs 103-8, 116-18



F

integrating 147, 148-9

modelling with 116-18

natural exponential function 105-8, 126, 147, 149
and natural logarithms 108-10, 126

factorise algebraic fractions 2
fixed point iteration 163-7
fractions see algebraic fractions
functions 10-45, 97-9, 101, 171

G

combining transformations 32-5

composite 20-3, 128-31

differentiating see differentiation

domain see domain

integrating see integration

inverse 24-7

many-to-one 15-17

and mappings 15-20

one-to-one 15-17, 24-7, 62

piecewise-defined 17-18

problem solving 35-40

product of 132-4

quotient of 134-6

range see range

roots of 159-69

see also exponential functions; modulus functions;
trigonometric functions

geometric construction 71-2, 73, 75
glossary 176-7
gradient 110-13, 123

curves 130-1, 133

gradient functions 105
graphs 10-45, 97-9, 101, 171

composite functions 22

exponential functions 103-8
exponential modelling 116-18

inverse functions 24-7, 62-5

inverse trigonometric functions 62-5
locating roots 159-62

logarithms 108, 111-16

mappings 15-20

modulus functions 11-15, 28-32
reciprocal trigonometric functions 49-53
transformations 32-6, 51-2, 87
trigonometric functions 49-53, 55, 62-5

identities 5-6

see also trigonometric identities

improper algebraic fractions 5-8
increasing function 103
integration 146-57, 172

complex functions 153-6
exponentials 147, 148-9
function in form f(ax + b) 149-51

and logarithms 147, 148
reverse chain rule 149-51, 152, 153-6
standard functions 147-9
trigonometric functions 147, 148-9
using trigonometric identities 151-3
intersection 12-14
inverse functions 24-7
trigonometric 62-5, 139-40
iteration 163-7

L

logarithms 108-16, 118-21, 170-1
differentiating 126-8
and exponential functions 108-10
integration 147, 148
natural 108-10, 126
and non-linear data 110-16
lowest common multiple 3-4

many-to-one functions 15-17
mappings 15-20, 24
mixed fractions 5-8
modelling, exponential 116-18
modulus functions 11-15
graph of y = f(|x|) 28-32
graph of y = |f(x)| 28-32
transforming 35-40
multiplication, algebraic fractions 2-3

natural exponential function 105-8, 126, 147, 149
natural logarithms 108-10, 126
non-linear data 110-16
numerical methods 158-69, 171, 172-3
fixed point iteration 163-7
locating roots 159-62

0

one-to-many mapping 15, 16
one-to-one functions 15-17, 24-7, 62

P

partial fractions 5-8
piecewise-defined function 17-18
polynomial, degree of 5

product rule 132-4, 137

Q

quotient rule 134-6, 137, 138, 140

R

radians 123
range
inverse functions 24-7, 62-4
inverse trigonometric functions 62-4




mappings and functions 15-20
solving problems 35-9
trigonometric functions 50-1, 62-4
real numbers 1 6
reciprocal (fractions) 2
reciprocal trigonometric functions 47-57
reflection 32-5
inverse functions 24-6, 62-3, 103, 108
modulus function 11-14, 28-32, 35-7
reverse chain rule 149-51, 152, 153-6
review exercises 118-20, 170-3
addition formulae 93-6, 100
algebraic fractions 8-9, 97, 172
differentiation 142-3, 171-2, 173
exam practice 174-5
exponentials and logarithms 118-20, 170-1
functions and graphs 41-4, 97-9, 101, 171
integration 156-7, 172
numerical methods 167-9, 171, 172-3
trigonometric functions 66-8, 99-100, 101
roots 38
iterative methods for finding 163-7
locating 159-62

S

sec x
definition 47
differentiating 138
exact values 47-8
graph 49-50, 51-3
identities 57-9, 60-1
using 53-7
sin x
differentiating 123-5
exact values 5-7
inverse function 62, 63, 64-5, 139-40
reciprocal see cosec x
simplifying expressions 53-4
see also trigonometric identities
staircase diagram 163
standard functions 147-9
standard trigonometric derivatives 123-4, 137-8

stationary points 124, 125, 134-6
straight line 11-14, 110-16, 121
stretch 36, 51-2, 104
combining transformations 32-3, 87, 106-7
subtraction, algebraic fractions 3-5

T

tan x
differentiating 137-8
exact values 76-7
inverse function 63-5, 139-40
reciprocal see cot x
simplifying expressions 55
see also trigonometric identities
transformations 32, 103-4, 106-7
combining 32-6, 51-2, 87
modulus functions 35-40
translation 32-3, 35-6, 104, 107
trigonometric equations 54-7, 81-5
trigonometric expressions 53-6, 85-90
trigonometric functions 46-69, 99-100, 101
differentiating 123-5, 137-42
domain 50-1, 62-4
graphs 49-53, 55, 62-5
integrating 147, 148-9
inverse 62-5, 139-40
proving identities 54, 56-8, 59, 71-5, 90-3
range 50-1, 62-4
reciprocal 47-57
simplifying expressions 53-6
solving equations 54-7
see also addition formulae
trigonometric identities 57-61, 71-96
addition formulae 7 1-7
double-angle formulae 78-85
geometric construction 71-2, 73, 75
integration using 151-3
proving 54, 56-8, 59, 71-5, 90-3
simplifying expressions 85-90
solving equations 81-5
substituting 72-3, 82-3, 137, 139, 152
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