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ABOUT THIS BOOK

The following three themes have been fully integrated throughout the Pearson Edexcel International
Advanced Level in Mathematics series, so they can be applied alongside your learning.

1. Mathematical argument, language and proof
» Rigorous and consistent approach throughout
* Notation boxes explain key mathematical language and symbols

2. Mathematical problem-solving The Mathematical Problem-Solving Cycle

» Hundreds of problem-solving questions, fully integrated specify the problem

into the main exercises
* Problem-solving boxes provide tips and strategies interpret results

collect information
» C(Challenge questions provide extra stretch

process and
3. Transferable skills represent information

» Transferable skills are embedded throughout this book, in the exercises and in some examples
» These skills are signposted to show students which skills they are using and developing

Finding your way around the book
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Each chapter is mapped to the
specification content for easy
reference

Each chapter starts with a
list of Learning objectives

The Prior knowledge
check helps make sure
you are ready to start the

chapter The real world applications of

the maths you are about to learn
are highlighted at the start of the
chapter

Glossary terms will

be identified by bold
blue text on their first
appearance
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viii QUALIFICATION AND ASSESSMENT OVERVIEW

QUALIFICATION AND
ASSESSMENT OVERVIEW

Qualification and content overview

Pure Mathematics 4 (P4) is a compulsory unit in the following qualifications:
International Advanced Level in Mathematics

International Advanced Level in Pure Mathematics

Assessment overview

The following table gives an overview of the assessment for this unit.

We recommend that you study this information closely to help ensure that you are fully prepared for
this course and know exactly what to expect in the assessment.

‘ Percentage ‘ Mark | Time ‘ Availability
P4: Pure Mathematics 4 16%% of IAL ih 1 hour 30 mins | January, June and October
Paper code WMA14/01 First assessment June 2020

IAL: International Advanced A Level.

Assessment objectives and weightings Minimum

weighting in
IAS and IAL

Recall, select and use their knowledge of mathematical facts, concepts and techniques in a

el variety of contexts.

30%

Construct rigorous mathematical arguments and proofs through use of precise statements,
logical deduction and inference and by the manipulation of mathematical expressions,
including the construction of extended arguments for handling substantial problems
presented in unstructured form.

AO2 30%

Recall, select and use their knowledge of standard mathematical models to represent
situations in the real world; recognise and understand given representations involving
standard models; present and interpret results from such models in terms of the original
situation, including discussion of the assumptions made and refinement of such models.

AO3 10%

Comprehend translations of common realistic contexts into mathematics; use the results of
AO4 | calculations to make predictions, or comment on the context; and, where appropriate, read 5%
critically and comprehend longer mathematical arguments or examples of applications.

Use contemporary calculator technology and other permitted resources (such as formulae
AO5 | booklets or statistical tables) accurately and efficiently; understand when not to use such 5%
technology, and its limitations. Give answers to appropriate accuracy.




Relationship of assessment objectives to units

QUALIFICATION AND ASSESSMENT OVERVIEW

ix

Assessment objective
P4 AO1 A02 AO3 AO4 AO5
Marks out of 75 25-30 25-30 5-10 5-10 5-10
% 3340 3340 6-131 65-13} 6-13}
Calculators

Students may use a calculator in assessments for these qualifications. Centres are responsible for
making sure that calculators used by their students meet the requirements given in the table below.

Students are expected to have available a calculator with at least the following keys: +, —, x, +, 7, X%,
VX, lr' X, In x, e, x!, sine, cosine and tangent and their inverses in degrees and decimals of a degree,
and in radians; memory.

Prohibitions

Calculators with any of the following facilities are prohibited in all examinations:
» databanks

« retrieval of text or formulae

* built-in symbolic algebra manipulations

« symbolic differentiation and/or integration

+ language translators

» communication with other machines or the internet



x EXTRA ONLINE CONTENT

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides worked solutions for questions in the book. Download the
solutions as a PDF or quickly find the solution you need online.

Use of technology O "D

% g i : . 333
Explore topics in more detail, visualise @ Find the point of intersection 5
problems and consolidate your understanding. graphically using technology.

Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

GeaGebra CASIO.

GeoGebra-powered interactives Graphic calculator interactives
L imes B [EXE]:Show coordinates
/" E Vi=xZog=8 | | 1y [ | | | 17
£ Simutanecus equations
Sohone (2,1} 1,51 - 3‘0) ~ ‘x
INTSECT
Interact with the maths you are learning Explore the maths you are learning and gain
using GeoGebra's easy-to-use tools confidence in using a graphic calculator

Calculator tutorials

Our helpful video tutorials will
guide you through how to use : to access the function press:
your calculator in the exams.

They cover both Casio's scientific gV & @ @ e

and colour graphic calculators.

P Pearson

Finding the value of the first derivative

@ Work out each coefficient quickly using % Step-by-step guide with audio instructions

the "C, and power functions on your calculator. on exactly which buttons to press and what
should appear on your calculator's screen
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1 PROOF

1.1

Learning objectives

After completing this chapter you should be able to:

e

® Use proof by contradiction to prove true statements - pages 2-5

- = - o _ﬁ;- :' ———
2 __ = _ &'—? .
—

or knowledge check

Pri
1 Factorise:
a. 6x+5 b x2-16
€ 9x2-25 ¢ Pure 1 Section 1.3
You can use proof by
contradiction to prove that

there is an infinite number of
prime numbers. Very large prime

For any integers n and m, decide whether the following
will always be odd, always be even, or could be either:

a 8n bn-m

c 3m d 2n-5 numbers are used to encode chip
« International GCSE Mathematics and pin transactions.



2 CHAPTER1 PROOF

m Proof by contradiction

A contradiction is a disagreement between two statements, which means that both cannot be true.
Proof by contradiction is a powerful technique.

= To prove a statement by contradiction you start by assuming m A statement
it is not true. You then use logical steps to show that this e

assumption leads to something impossible (either a B R RERE o e
contradiction of the assumption, or a contradiction of a called the negation of
fact you know to be true). You can conclude that your that statement.
assumption was incorrect, and the original statement was true.

Prove by contradiction that there is no greatest odd integer.

Begin by assuming the original statement is false.

Assumption: there is a greatest odd S i e
This is the negation of the original statement.

integern, n.
n+ 2is also anintegerand n + 2 > n

You need to use logical steps to reach a
n+ 2 =odd+ even = odd

contradiction. Show all of your working.
So there exists an odd integer greater than n.

This contradicts the assumption that the The existence of an odd integer greater than n
greatest odd integer is n. contradicts your initial assumption.

Therefore, there is no greatest odd integer. .—L

m REASONING

Prove by contradiction that if »” is even, then n» must be even.

Finish your proof by concluding that the original
statement must be true.

Assumption: there exists a number n such —————— This is the negation of the original statement.
that n? is even but n is odd.

nis odd so write n = 2k + 1 | You can write any odd number in the form 2k + 1
n2 = (2k + 1)2 = 4k2 + 4k + 1 where k is an integer.

= 2(2k* + 2k) + 1
S S L All multiples of 2 are even numbers, so 1 more

This contradicts the assumption that n? is than a multiple of 2 is an odd number.

EVEn.
Finish your proof by concluding that the original
statement must be true.

a o
3’ where a and b are integers. m O

wo a set of all rational
® Anirrational number cannot be expressed in the form b where a inbers

and b are integers.

Therefore, if n2 is even then n must be even.

® A rational number can be written as



PROOF CHAPTER 1 3

Prove by contradiction that v2 is an irrational number.

Assumption: V2 is a rational number

Begin by assuming the original statement is false.

Then v2 = £ for some integers, @ and b. ————  _ . i
b This is the definition of a rational number.
Also assume that this fraction cannot be

reduced further: there are no common factors | If @ and b did have a common factor you could just

between a and b. cancel until this fraction was in its simplest form.
a? .

So 2 =— ora® = 2bh2
b2 L

Square both sides and make «? the subject.
This means that a® must be even, so a is also i

cver. We proved this result in Example 2.
If a is even, then it can be expressed in the

form a = 2n, where n is an integer.

So a? = 2b% becomes (2n)¢ = 2b2 which

means 4n® = 2b% or 2n° = b

This means that b% must be even, so b is also Again using the result from Example 2.
even.

If @ and b are both even, they will have a com-

mon factor of 2. All even numbers are divisible by 2.
This contradicts the statement that a and b

have no common factors.

Finish your proof by concluding that the original

Therefore V2 is an irrational number.
statement must be true.

Example o [T noapTive LEARNING

Prove by contradiction that there are infinitely many prime numbers.

Assumption: there is a finite number of prime Begin by assuming the original statement is false.
numbers.
List all the prime numbers that exist:

This is a list of all possible prime numbers.
P P2 Pas -oe Py [

Consider the number ! )
This new number is one more than the product

N=pxp:xpsx..xp,+1 . :
Riie = b ; of the existing prime numbers.

When you divide N by any of the prime num-
bers py, pa, P, ..., Pn YOU g€t a remainder of 1.
So none of the prime numbers p,, p,, Pz, ..., Py
is a factor of N.

So N t either be pri h i . . . .
e HIILS R ED o8 BRNC Rl Ve B This contradicts the assumption that the list

’7 Pv Pz P --- Py contains all the prime numbers.

factor which is not in the list of all possible

prime numbers.

This is a contradiction.
Conclude your proof by stating that the original

Therefore, there is an infinite number of prime
statement must be true.

numbers.
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Select the statement that is the negation of ‘All multiples of three are even’.
A All multiples of three are odd.

B At least one multiple of three is odd.

C No multiples of three are even.

® 2 Write down the negation of each statement.
All rich people are happy.

=]

There are no prime numbers between 10 million and 11 million.

b

¢ If p and ¢ are prime numbers then (pg + 1) is a prime number.

d All numbers of the form 27 — 1 are either prime numbers or multiples of 3.
e

At least one of the above four statements is true.

® 3 Statement: If #° is odd then 7 is odd.
a Write down the negation of this statement.
b Prove the original statement by contradiction.

® 4 Prove the following statements by contradiction.
a There is no greatest even integer.
b If »3 is even then n is even.
¢ If pq is even then at least one of p and ¢ is even.
d If p + ¢ is odd then at least one of p and ¢ is odd.

5 a Prove that if ab is an irrational number then at least one of ¢ and b is an irrational number.
(3 marks)

Prove that if @ + b is an irrational number then at least one of a and b is an irrational

number. (3 marks)

=

¢ A student makes the following statement:
If @ + b is a rational number then at least one of ¢ and 4 is a rational number.
Show by means of a counterexample that this statement is not true. (1 mark)

® 6 Use proof by contradiction to show that there exist m T —
no integers « and b for which 21a + 14b =1 ahick than diulte bothpsides by the’

highest common factor of 21 and 14.

7 a Prove by contradiction that if #? is a multiple of 3, @ o RN
n is a multiple of 3. (3 marks) 3k ARk 2

b Hence prove by contradiction that v3 is an
irrational number. (3 marks)

8 Use proof by contradiction to prove the statement:
® . p y . . P . m You can assume that x and
There are no integer solutions to the equation

s y are positive, since (—x)? = x?
x2—-yr=2



PROOF

CHAPTER 1

9 Prove by contradiction that V2 is irrational.

(5 marks)

® 10 This student has attempted to use proof by contradiction to show that there is no least positive

rational number:

Assumption: There is a least positive rational number.
Let this least positive rational number be n.

. . a .
As 1 is rational, n = b where a and b are integers.

n—1=£—1=a_b

b b

is a rational number that is less than n.

. : a—
Since a and b are integers, B

Problem-solving

You might have to
analyse student
working like this

in your exam. The
question says, ‘the
error’, so there should
only be one error in

This contradicts the statement that n is the least positive rational number. the proof.

Therefore, there is no least positive rational number.
a Identify the error in the student’s proof. (1 mark)
b Prove by contradiction that there is no least positive rational number. (5 marks)

Chapter review o

1

6

Write down the negation of each statement.
a At least two of the above statements are false.
b People in cold countries are unhappy.

¢ One quarter of the people who entered the competition won a prize.

Prove that if ab is rational, then no single number « or b can be irrational.

Select the statement that is the negation of ‘All multiples of five are odd’.

A At least one multiple of five is even.
B No multiples of five are even.
C All multiples of five are odd.

Prove by contradiction, that if @ — 25 is irrational, then at least one of ¢ and b is an irrational number.

Use proof by contradiction to show that there are no integers x and y that can satisfy the

equation 3x + 18y =1

Prove by contradiction that if #*is odd then n must be odd.

Summary of key points

1 To prove a statement by contradiction you start by assuming it is not true. You then
use logical steps to show that this assumption leads to something impossible (either a
contradiction of the assumption or a contradiction of a fact you know to be true). You can
conclude that your assumption was incorrect, and the original statement was true.

=S 4 d o
2 Avrational number can be written as =, where a and b are integers.

b

An irrational number cannot be expressed in the form L

b]

where a and b are integers.
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denominator into partial fractions

After completing this chapter you should be able to:
e (onvert an expression with linear factors in the

e o a9 e & 8 8 3 8 8 8 @
s 8 & e & & 8 8 8 s 8
e 8 & @ e & a0 & ¥ & s
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e & & & 8 8 8 8 9
-» pages 7-9

e (onvert an expression with repeated linear factors in
the denominator into partial fractions - pages 10-11

Convert an improper fraction into partial fraction form
—» pages 12-13

e a0 o
e s o 8
' e s o o
12 e s o 9
3 e s 0 0
g a & & @
B cccoe
1 Fully factorise:
a x2+5x+6
b x2-5x—-14 ¢ Pure 1 Section 1.3

2 Simplify:
x2-9
x2+9x+18
x2-x-30

—x2+3x+18

Use the factor theorem to determine
the factors of;
a X*+3x2-x-3

¢ Pure 2 Section 1.1

b x*-3x2+4 ¢ Pure 2 Section 1.3 |
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e e e & & & & 0 0 ° 0

You can use partial fractions to
simplify expressions and break
them into smaller parts. This is
very useful for analysing linear
differential systems, such as
resonant circuits in electrical
systems.

SOCKET 754
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m Partial fractions

= A single fraction with two distinct linear factors in the denominator can be split into two

separate fractions with linear denominators. This is called splitting it into partial fractions.
A and B are constants to be found.

[ I
5 _ A B
(x+D(x-4)  x . 1 x . 4 The expresslon is m Partial fractions are used
I [EiurlEEnias the.sum of for binomial expansions and
The denominator contains two two partial fractions. integration.

linear factors: (x + 1) and (x — 4)

There are two methods to find the constants 4 and B: by substitution and by equating coefficients.

SENNE o S {IEJ) INTERPRETATION

Split % into partial fractions by a substitution b equating coefficients.
6x -2 A B 6x—2 - . A B
= Set —————— identical t
T T e S s
_ Alx + 1)+ B(x - 3)
=T x=3)x+ 1) L Add the two fractions.
Gx—-2=Ax+ 1) + Bx - 3)
Ex =230 83 -3 To find A4 substitute x =3
16— a4 This value of x eliminates B from the equation.
A=4
-N-2=A4A-1+1) + B(-1 -
) ' LB? . = To find B substitute x = -1
B : ; This value of x eliminates 4 from the equation.
oy B2 il 2
T x=3)x+1) x=-3 x+1
6x — 2 A B

g (x—3)(x+1)5x—3+,\‘+1

_ Ax+ 1)+ Bx - 3)
T x=3)x+1)
Gx—-2=Ax+ 1)+ B(x - 3)
= Ax + A + Bx — 3B ————— Expand the brackets.
=(Ad+Bx+(4- 3B

Equate coefficients of x:

J

Collect like terms.

6=A+ B (1)
Equate constant terms: Youwant (4 + B)x + A — 3B = 6x—2
-2=4-3B @ Hence coefficient of x is 6, and constant term is =2
1 - (2):
85=4B
= B=2

Solve simultaneously.
Substitute B=2in(1) = 6=4+ 2

A=4
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= The method of partial fractions can also be .
- This method cannot be used for
used when there are more than two distinct , : :
a repeated linear factor in the denominator.

linear factors in the denominator.

7 For example, the expression ;2
For example, the expression (x +4)(x - 1)
(x-2)(x +6)(x+3) ; A B 6
P B C cannot be rewritten as i st

can be split into + + e

x—-2 x+6 x+3 : B : : D

_ since —— + is equivalent to ——

The constants 4, B and C can again be found x-1 x-1 X -

either by substitution or by equating coefficients. which would leave you with the expression
A D
siapth © el

This is all due to the repeated factor (x — 1)
There is more on this in the next section.

Example e (T{(NE:J) PROBLEM-SOLVING

6x*+5x -2 =£+ B i C
x(x=-D2x+1) " x x-1 2x+1°

Given that find the values of the constants 4, B and C.

g 6,\‘“+5.t—254+ B + (&)

xX(x = N2x+ 1) X x-=1 2x+1

= Alx = 1)2x + 1)+ Bx(2x + 1) + Cx(x — 1) b e
xX(x=1)2x+1)

’7 The denominators must be x, (x — 1) and (2x + 1)

S EBX2E+bx-2=Ax-1)2x + 1)

+ Bx(2x + 1) + Cx(x — 1) The numerators are equal.

Lletsx = 1:
6+5-2=0+Bx1x3+0
=310
B=3
Let:x =@:
i e S Proceed by substitution OR by equating
-2 =-4 ——— coefficients.
4=2 Here we used the method of substitution.
—
Letagr= >
©_5_,_ . (_i (“_3_)
i 2=0+40+Cx 2)x 5,
3
-3==C
2 4
C=-4
2 e
So 6Xx° + 5x 2:§+_3_ 4

=2zl T % =1 Zeed

SoAd=2 B=3and C=-4 Finish the question by listing the coefficients.
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m PROBLEM-SOLVING
1 Express as partial fractions
a 6x -2 2x+ 11
(x=2)(x+3) (x+D(x+4)
2x-13 6x+6
2x+ D(x-3) ¢ %9
T-3x 8 —x
x2-3x-4 g x2 +4x
-2x-5 . . A
® 2 Show that @+00C-%) can be written in the form Ty

constants to be found.

: A
The expression G- Dc+5)

Find the values of the constants 4 and B.

2x2-12x-26
® 4 0= G sy 2

can be written in partial fractions as

e -Tx—-12
2x(x —4)

@ First factorise the denominator.

Given that h(x) can be expressed in the form > £ +

A, Band C.

PR

-10x2-8x+2 D E

Given that, for x < -1

constants. Find the values of D, E and F.

6 Express as partial fractions

2x2 - 12x =26 —10x2-8x+2

F
¥2x+D0Bx-2) - x T2x+1 T 3x-2"

T D =2)(x +5) *(2x + D(3x - 2)

Express as partial fractions

® 7

2x-14
x2+2x-15
B
+ where 4 and B are
2—-x
(3 marks)
N B
x—4 x+8
C
, find the values of
x+5
(4 marks)
where D, E and F are
(4 marks)
—5x2-19x-32

C G+ D+ -5

m First factorise the denominator.

6x2+7x-3 8x+9
X3 —x 10x2+3x -4
Challenge
2 _ o
Express am e as a sum of fractions with linear denominators.

X —4x2+x+6
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@ Repeated factors

= Asingle fraction with a repeated linear factor in the denominator can be split into two or more
separate fractions.

In this case, there is a special method for dealing with the repeated linear factor.

Aand Band Care

. . - constants to be found.
2x+9 = A i B . C
(x=5x+3)? x-5 x+3 (x+3)7
The denominator contains three linear { ‘ ] o )
factors: (X— 5)' (.’C + 3) and (.’C + 3) The E‘XPFESSIOH is rewritten
(x + 3) is a repeated linear factor. as the sum of three partial

fractions. Notice that

(x=5), (x+3)and (x + 3)?
Example o SHILLY are the denominators.

.2 -
Show that &:)z—m can be written in the form xf I + » fl)z + 2XC-‘|- T where A, Band C

are constants to be found.

Let

Mx2+14x+5_ 4 B 3 C You need denominators of
x+1PCx+10) X+ (x+1¢ (Ex+1) (x+1), (x+1)?and 2x + 1)

e B
= A FNEx HI T HES B e — Add the three fractions.
x4 122x+ 1)

Hence 11x2 + 14x + 5
= A(x + 1)(2x + 1) + B(2x + 1) + C(x + 1)2 (1) ——— The numerators are equal.

let x = -1:
M=-144+5=Ax0+Bx-14+Cx0 —— Tofind Bsubstitute x = -1
2=-1B
B=-2
Letox= -—%:
%—7+5=AxO+BxO+ Cx% —_ ToﬁndCsubstitutex:—%
3 1
e
4 4
G=5 Equate terms in x2in (1). Terms in x2 are
Mi=24 £ ¢ ’_Ax2x2+Cxx2
MNM=24A+3
of=8 L Substitute C=3
A=4
Finish the question by listing the coefficients.
MNx2+14x+ 5
Hence ———m————

(x + 12(2x + 1)

4 o 3 @ Check your answer using the

T+ 1) (x4 12 s @x + 1) simultaneous equations function on your
calculator.

S504A=4,B=-2and C=3
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Exercise @ m PROBLEM-SOLVING

®1

® 2

x+x+1

3
f(x) = 1) ,xz20, x=-1

Given that f(x) can be expressed in the form% + % G £ find the values of

A, Band C. G (4 marks)

e Lo O O
B = e )x-1) i

; D E '3
Find the values of the constants D, E and F such that g(x) = + + (4 marks)

x+1 (x+102 x-1
Given that, for x <0 26'+2x-18 _ P + Q + £ where P, Q and R are constants
’ Tox(x=3)?  x x-3 (x-3)% ' ’
find the values of P, Q and R. (4 marks)
2 _ Dy
Show that 2% 2% can be written in the form a + 2, + B where C, D and E
x3 — x2 X 2" el
are constants to be found. (4 marks)
2x

P =G gt

; B
Find the values of the constants 4 and B such that p(x) = F + Gt 2 (4 marks)
10x*-10x+17 _ 4 n B g & ol
2x+D(x-3)? 2x+1 x-3 (x-3¥
Find the values of the constants 4, B and C. (4 marks)

39x2 4 2x + 59 . . A B 8

Show that o+ 5)(x 1) can be written in the form 15311 Gx— 1)
where 4, B and C are constants to be found. (4 marks)

Express as partial fractions:

4x + 1 b 6x2—x+2
x2+ 10x + 25 4x3 —4x2 + x
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@ Improper fractions

= An improper fraction is one that is top heavy, where the power of the denominator is equal to or
greater than the power of the numerator. An improper fraction can be split into partial fractions.

x?2
(x+ Dlx-1)

case, dividing one by the other should produce a constant, so the form would be 4 +

. Since the top and bottom are both quadratics in this
4 £
x+1 x-1

Some fractions can be given as

-3
It is similar if the expression i split into partial fractions. Then, by first noting the
x+1Dx-1)

difference in powers between numerator and denominator, this can be written in the form
¢ +
x+1 x-1

Example o

Ax + B + This is because a cubic over a quadratic produces a linear function.

Express ——— as partial fractions.
P x+1 P
PX o B Set le identical to 4 + = 7 since linear over
X+l P | e L
linear must be a constant.
_Ax+ 1)+ B
T X+ L
2x=A(x+ 1)+ B Add the fractions.

2x(-)=A=-1+1)+B
To find B, substitute in x = -1

B=-2 [
This value eliminates A4 from the equation.
2x0=4A0+1)-2
A=2
— To find A4 use any value except —2.
2x 2
=2 -
x+1 x+1
Example o
E L ial fracti
Xpress - 5. as partial fractions.
IS y(x—2) P
3x3 e By D Set e identical to
x-Dx=-2_ e B x=-1x-2)
Ax+ B+ c + D since cubic

x-1 x-2
over quadratic must be linear.

Add the fractions.
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(Ax + Bi(x = Nx-2)+Clx - 2)+ D(x - 1)
(x = 1)(x - 2)
Bx+Bx-Nx-2)+Clx-2)+Dx-1)
(x = 1)(x - 2)

3 =Bx+Bix-Nx-2)+Clx-2) + D{x = ) ——1 |

Sx B8 x]+B0 =00 -2 +Cl=24% D1 =9

3=-C

C=-3

3x23=(3x2+B(2 -2 -2)-32-2)+D@2 - 1) ] |
24=D

3x03=(3x0+B)0-10-2) —3(0-2)+24(0 — 1)—

O=2B+6 - 24

B=9

1

Express as partial fractions

3o

To determine A, note that
X2 +

must be 3x + B

To find C, substitute in x = 1, this
value eliminates B and D from the
equation.

To find D, substitute in x = 2, this
value eliminates B and C from the

equation.

To find B, substitute inx =0

a)c+1 b4—x cx2+1 2x7
x+2 x+1 x-1 x+3
x? B
Show that ——————— can be written in the form 4 + —— + , where 4, Band C are
(x =2)(x + 3) X—-2 x+3
constants to be found.
2
Given that o +0% can be expressed in the form 2 + 2 + C , find the values of
(x=1(x+1) 2(x-1) 2(x+1)
A, Band C.
Express as partial fractions

" xr-1 2x2 -2 g 2 —3x?
X3 x(x +3) 2x-1{x+1)
: X :
Given that GT G- can be expressed in the form Ax + B + e T 2 find the values of
A, B, Cand D.
Express as partial fractions
1+ x° X —x
a —— b ——————
x(x +2) (x+2)(x-2)
: X2 ’ B c
Given that ————— can be expressed in the form 4 + + , find the values of 4, Band C.
(x + 1) x+1  (x+1)2

Express as partial fractions
2x3 -1
(x +2)?

x2+1
(x =2)?
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Challenge

Express

as partial fractions.

3x?
(x—1)

Chapter review o

1 Given that

can be written in the form

(x + S(X—‘l) le_ 1t %,ﬁndthevaluesof/i and B.

2 Express as partial fractions
8x + 13 I—=x

T )+ D e D3)
3 Show that 2 be written in f . R . iving th
ow d (X+ 1)(,\‘—2)(x+5) can be writien in 0rmx+1 x—2 x+5,glVll’1g (-]
values of A,B and C.
4 Express as partial fractions
a 3x2+7x -2 b 6x2—7x—18 . X2
x(x+1)(x-1) (x2=4)(x-3) (x + 1)(x+2)(x +3)
3x-2

5 By first using the factor theorem to simplify the denominator, write as
Y 8 Plily X+ x2-14x-24

partial fractions.

6 Express as partial fractions

2 3x+1
X3=2x2—-x+2 X3+ 5x2 + 6x

a

7 Express as partial fractions

" x b 3
(x=3)%x+1) XAx+1)
8 Given that 2% can be written in the form ! + N determine the values of 4 and B
(x +3)? x+3  (x+3)? '
4 . .
9 Express e re—— partial fractions.

10 Express as partial fractions

3x-1 b xX2+1
X +4 X+ 2
X+ 2 o B S
11 Show that -2¢ can be written in the form 4 + P -2y giving the values of 4, Band C.
12 Express as partial fractions
" = . 4x2
(x+ D(x=-2) x—4
% & D

can be written as Ax + B +

13 Given that ot 3) S + o+ 3

find the values of 4,B,C and D.
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Summary of key points

1 Asingle fraction with two distinct linear factors in the denominator can be split into two
separate fractions with linear denominators. This is called splitting it into partial fractions:

5 _ 4 - B
x+Dlx—4) (x+1) (x—4)

2 The method of partial fractions can also be used when there are more than two distinct linear
factors in the denominator:
7 -4 B 8
(x-2Mx+6)(x+3) (x-2) (x+6) (x+3)

3 Asingle fraction with a repeated linear factor in the denominator can be split into two or more
separate fractions:

2x+9 A . B N C
x=5x+32 (x=5 (x+3) (x+3)

4 An improper algebraic fraction is one whose numerator has a degree equal to or larger than
the denominator. An improper fraction must be converted to a mixed fraction before you can
express it in partial fractions.

To convert an improper fraction into a mixed fraction you can use:
- algebraic division
« or the relationship F(x) = Q(x) x divisor + remainder



COORDINATE
EOMETRY IN THE
(x, 1) PLANE

3.1

Learning objectives

After completing this chapter you should be able to:
e (Convert parametric equations into Cartesian form by substitution - pages 17-18

e (Convert parametric equations into Cartesian form using trigonometric
identities - pages 21-23

Understand and use parametric equations of curves and sketch
parametric curves - pages 25-26

Solve coordinate geometry problems involving parametric equations - pages 17-26

s %
[t

Prior knowledge check

1 Rearrange to make ¢ the subject:
a x=41—kt b y=3¢# ¢ y=2-4ln¢ d x=1+2e
4 Pure 3 Sections 4.2, 4.4
Write in terms of powers of cos x:
a 4+3sinx b sin2x C cotx d 2cosx+cos2x

« Pure 2 Section 6.3 _
« Pure 3 Sections 3.1,3.3,3.4 | e N

State the ranges of the following functions: Parametric equations
ay=lnx+1),x>0 b y=2sinx,0<x<m are an alternative
coordinate system to

Cartesian equations.
< Pure 1 Sections 2.4, 4.2 They can be used

C y=x2+4x-2,-4<x<l1

« Pure 2 Section 6.1 to represent an

¢ Pure 3 Section 4.4 otherwise complicated
A circle has centre (0, 4) and radius 5. Find the coordinates of the points of 8 Cartesian equation in
intersection of the circle and the line with equation 2y —x-10=0 B asimpler, and more

« Pure 2 Section 2.3 accessible, form.

i .
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@ Parametric equations

You can write the x- and y-coordinates of each point on a curve as functions of a third variable.
This variable is called a parameter and is often represented by the letter .

® A curve can be defined using parametric equations x = p(f) and y = q(f). Each value of the
parameter, t, defines a point on the curve with coordinates (p(f), q(7)).

;"‘ A= *’2_::1 L y=261>0 These are the parametric equations of the curve.
| The domain of the parameter tells you the values
e of ¢ you would need to substitute to find the
4 coordinates of the points on the curve.
3 -
2 2
ol Whenr:Z,x:z;1=2.5andy=2x2=4
. —————> This corresponds to the point (2.5, 4)
-1 {J 1 2 3 4 5 6%
052+1
m The value of the parameter ¢ is When 1=05,x=="z—=25andy=2x05=1
generally not equal to either the x- or the This corresponds to the point (2.5, 1)

y-coordinate, and more than one point on
the curve can have the same x-coordinate.

® You can convert between parametric m e e
equations and Cartesian equations by using dimensions involves the variables x and y only.

substitution to eliminate the parameter.

You can use the domain and range of the parametric functions to find the domain and range of the
resulting Cartesian function.

® For parametric equations x = p(f) and y = q(f) with Cartesian equation y = f(x):
e the domain of f(x) is the range of p(7)
e the range of f(x) is the range of q(7)

ETT o m ANALYSIS

A curve has parametric equations
X=2% p=it; —3I<i=23
a Find a Cartesian equation of the curve in the form y = f(x)
b State the domain and range of f(x)
¢ Sketch the curve within the given domain for .

A Cartesian equation only involves the variables x

-

B FELSEE 2 M and y, so you need to eliminate .
y=r @
Substitute (1) into (2): Rearrange one equation into the form ¢ =... then
S o substitute into the other equation.
= (LJ =
& 2 4

L This is a quadratic curve.
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b x=2,-3<1<3 The domain of f is the range of the parametric
So the domain of f(x) is -6 < x < & —————— function for x. The range of x = 2t over the
y=12, -3<t<3 domain -3<t<3is-6<x<6

So the range of f(x) is O <y < 9
The range of f is the range of the parametric
e % function for y. Choose your inequalities carefully.

v=r*canequal 0intheinterval -3 <t <3 souse =

=Dy but it cannot equal 9, so use <
- .Irz

The curve is a graph of y = %xz

Use your answers to part b to help with your sketch.

LGLUXI Pay careful attention to the domain

when sketching parametric curves. The curve is
only defined for -3 <t <3,orfor-6<x<6
You should not draw any points on the curve

Example o EXIEY crimca miiking outside that range.

A curve has parametric equations

x=In( +3), =ﬁ (> 2

=y

a Find a Cartesian equation of the curve of the form y = f(x), x > k where k is a constant to be found.

b Write down the range of f(x).
N
@ Sketch this parametric O '

curve using technology.

a x=In{t+3)
ef=1+3
Soer— 3=1
Substitute t = e* — 3 into

T | e 1 e o]
Tt+5 e-345 e+2 —_

L— e*isthe inverse function of |n x.

» Rearrange the equation for x into the form ¢ = ...

then substitute into the equation for y.

Whent=-2: x=In(t+3)=n1=0

As tincreases In(t + 3) increases, so the To find the domain for f(x), consider the range of
range of the parametric function for x is values x can take for values of > -2

x>0

The Cartesian e tion | 5
Gl il e You need to consider what value x takes when

i __L_Q Y SE t = -2 and what happens when ¢ increases.
e+ 2
b Whent=-2:y= ] The range of f is the range of values y can take
t+5 3 within the given range of the parameter.
As tincreases y decreases, but is always
positive, so the range of the parametric You could also find the range of f(x) by
function for yis O < y < % — considering the domain of f(x). f(0) = % and f(x)
; 1
Thetargeoffx) 6 0.3 <ie decreases as x increases, so y <%

« Pure 1 Section 2.3
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Exercise @ m CRITICAL THINKING

1 Find a Cartesian equation for each of these parametric equations, giving your answer in the form
y = f(x). In each case find the domain and range of f(x).

ax=t-2, y=£+1, -4=1=4 b x=5-t y=£-1, teR

c x:%, y=3—-1t t=0 m If the domain of ¢ is given as ¢ # 0, this

implies that ¢ can take any value in R other than 0.

d x=2r+1, yz%, t>0 exzi, Y=t 132

2 For each of these parametric curves
i find a Cartesian equation for the curve in the form y = f(x) giving the domain on which the
curve is defined
ii find the range of f(x).
1

"1+ 1272

a x=2In(5-1), y=£-5 t<4 b x=In(t+3), vy

c x=¢, y=e¥ teR

® 3 A curve Cis defined by the parametric equations x =v#, y=t9-1), 0=t=<35
a Find a Cartesian equation of the curve in the form y = f(x) and determine the domain and
range of f(x).

b Sketch C showing clearly the Problem-solving

coordinates of any turning _ o :
y=1(9 — #) is a quadratic with a negative ¢ term and roots

points, endpoints and intersections i ) 3
O atr=0and r = 9. It will take its maximum value when ¢t = 4.5

4 For each of the following parametric curves:
i find a Cartesian equation for the curve in the form y = f(x)
ii find the domain and range of f(x)
iii sketch the curve within the given domain of ¢.

ax=2-3, y=9-£ >0 b x=3t-1, y=@¢-1)(t+2), -4<t<4
¢ x=t(+1, y:%, teR, t=1 d x=vi-1, y=3/i, t>0

e x=In4-1¢), y=t-2, t<3
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® 5 The curves C, and C, are defined by the following parametric equations.

I S
2%-3 Y523

a Show that both curves are segments of the ) ) )
s . Straight lines and line segments can
same straight line. ; . ;
be referred to as ‘curves’ in coordinate geometry.

C: x=1+2t, y=2+3t 2<t<5 G X= 2<t<3

b Find the length of each line segment.

6 A curve C has parametric equations

3

x=?+2, y=2t-3-¢7, teR, t#0

a Determine the ranges of x and y in the given domain of . (3 marks)
b Show that the Cartesian equation of C can be written in the form

A(x2+ bx + ¢)
Ve -2y

where 4, b and ¢ are integers to be determined. (3 marks)

7 A curve has parametric equations

o 1
x=In(t+3), Y=7% t>=-2
a Show that a Cartesian equation of this curve is y = f(x), x > k where & is a constant to be
found.

b Write down the range of f(x).

8 A diagram shows a curve C with parametric equations Ve
x=31, y=£-2t 0=t1=2 5: C
a Find a Cartesian equation of the curve in the form |
y =1f(x), and state the domain of f(x). (3 marks) i
dy 2 I
b Show that — =0when == (3 marks)
dr I3 o —~—_/ s *
¢ Hence determine the range of f(x). (2 marks)

9 A curve C has parametric equations
x=£8-t, y=4-7, teR
a Show that the Cartesian equation of C can be written in the form

x=(a=y)b-yy
where a and b are integers to be determined. (3 marks)

b Write down the maximum value of the y-coordinate for any point on this curve. (2 marks)
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Challenge

A curve C has parametric equations

PRI
1+

teR

a Show that a Cartesian equation for this curve is x2 + y2 =1
b Hence describe C.

@ Using trigonometric identities

You can use trigonometric identities to convert trigonometric parametric equations into Cartesian
form. In this chapter you will always consider angles measured in radians.

Example o [EZIEY nonprive innovaTion

A curve has parametric equations x =sinz+2, y=cost—3, t€R
a Show that a Cartesian equation of the curveis (x—2)> + (y +3)* =1

b Hence sketch the curve.

a x=sint+2 Problem-solving

So sint=x-2 0] If you can write expressions for sin £ and cos ¢ in
terms of x and y then you can use the identity
sin? ¢ + cos? ¢ = 1 to eliminate the parameter, .

« Pure 2 Section 6.3

y=cost—-3
cost=y+ 3 (2)

Substitute (1) and (2) into

| P
sin“t + cos®t =1 Your equations in (1) and (2) are in terms of
(¥ = 2P + (y+3F= | sinrand cos 50 you need to square them when
i you substitute. Make sure you square the whole
sl expression.
0 -

(x —a)? + (y—b)? =r?is the equation of a circle
with centre (¢, b) and radius r.

So the curve is a circle with centre (2, —3) and
radius 1. < Pure 2 Section 2.2
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Example o | skiLLs T

A curve is defined by the parametric equations @ N
You can graph the
x=sint, y=sin2s, L e parametric equations using
2 2 technology.

a Find a Cartesian equation of the curve in the form
y=1fx), -k=sx=<k
stating the value of the constant k.

b Write down the range of f(x).

a y=sin2t Use the identity sin 2t = 2 sin t cos ¢, then
= 2sinfcost ’7 substitute x =sin ¢
=2xcost (1)

Use the identity sin® ¢ + cos? ¢ = 1 together with
L— x=sinzto find an expression for cos ¢ in terms

sin?t + cos?t = 1

costt =1 - sint

of x.

=1-x?

S —
SRS @ _ m Be careful when taking square
Substitute (2) into (1): y = 2xv1 - x? roots. In this case you don'’t need to consider the
- r (T 1 negative square root because cos ¢ is positive for

LSS TS (_E) T all values in the domain of the parameter.
LT S o1 T

When ¢ = 2._\—5|n(2)—1

To find the domain of f(x), consider the range of

The Cartesian equation is y = 2xv1 - x2, ’7 x = sin ¢ for the values of the parameter given.
-l=x=1sok=1

within -2 <t < T, y = sin 21 takes a minimum
b Srsye 2 2

Example o Y creanviry

A curve C has parametric equations

value of =1 and a maximum value of 1.

x=cotr+2 y=cosec’r-2, O<t<m

a Find the equation of the curve in the form y = f(x) and state the domain of x for which the curve
is defined.

b Hence, sketch the curve.
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a x=cott +2 Problem-solving

cott’=xX =2 (1) The parametric equations involve cot ¢ and
y = cosec?t — 2 cosec?t so you can use the identity

o 24— 2 2
cosec?t=y + 2 ) 1 + cot“t = cosec“ ¢ « Pure 3 Section 3.4

Substitute (1) and (2) into L
1+ cot?t = cosec?t

T+(x=-2F=yp+2
T+xX2—4x+4=y+2

Rearrange to find expressions for cot t and
cosec? ¢ in terms of x and y.

Expand and rearrange to make y the subject.

)=x% —4x + 3
? \ You could also write the equation as:
The range of x = cott + 2 over the domain y=(x-22-1

O <t < mis all of the real numbers, =0 the
domainof f(x)isx e R
b y=x*-4x+3=(x-3)(x—-1isa

quadratic with roots at x = 3 and x =1 and

This is the completed square form which is useful
when sketching the curve.

Consider the range of values taken by x over the

y-ntercept 3. The minimum point is (2. 1) domain of the parameter. The curve is defined

Ny on all of the real numbers, so it is the whole
guadratic curve
C
N
= @ Explore this curve O
\ (2,1—1) graphically using technology.
0 1 3 X

Exercise @ m PROBLEM-SOLVING

1 Find the Cartesian equation of the curves given by the following parametric equations.

a x=2sint—-1, p=5cost+4, 0<t<2r b x=cost, y=sin2t, 0<t<2mw
5 m
¢ x=cost, y=2cos2t, O<t<2m d x=sins, y=tan?2t, 0<t<5
m
e x=cost+2, y=4dsect, 0<t<5 f x=3cott, y=cosect, O<t<m

2 A circle has parametric equations x =sin7—5, y=cost+ 2

a Find a Cartesian equation of the circle.

b Write down the radius and the coordinates of the centre of Problem-solving

the circle. )
Think about how x and y

¢ Write down a suitable domain of ¢ which defines one full change as  varies.
revolution around the circle.

3 A circle has parametric equations x =4sint+ 3, y=4cost— 1

Find the radius and the coordinates of the centre of the circle.
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4 A curve is given by the parametric equation x =cost—2, y=sint+3, -w<i<m7
Sketch the curve.

® 5 Find the Cartesian equation of the curves given by the following parametric equations.

a x=sint —sin(t+£) Seyga
B 4) T2 2
T m
b x=3coss, y=2cos (f+g)= 0<t<§ m Use the addition formulae

. . and exact values.
¢ x=sint, y=3sin(t+m), O0<t<2w

@ 6 The curve C has parametric equations

x =8cos? ’—lseczr Tt

= B AT TR 2
a Find a Cartesian equation of C. (4 marks)
b Sketch the curve C on the appropriate domain. (3 marks)

® 7 A curve has parametric equations
x=3cot?2r;, y=3s5in?2r O0<t= %

Find a Cartesian equation of the curve in the form y = f(x)
State the domain on which f(x) is defined. (6 marks)

8 A curve C has parametric equations

I .. . T
x=7sint, y=sin3t, O<t<3

3 2
a Show that the Cartesian equation of the curve is given by
y=ax(l - bx?)
where a and b are integers to be found. (5 marks)
b State the domain and range of y = f(x) in the given domain of ¢. (2 marks)

9 Show that the curve with parametric equations
B m
x=2cost, yzsm(t—g), O<t<m

can be written in the form

L=3e

i l2—3x3—x),—2<x<2 (6 marks)

10 A curve has parametric equations

. i T
x=tan*t+5, y=>5sint, 0<t<’5

a Find the Cartesian equation of the curve in the form y? = f(x). (4 marks)

b Determine the possible values of x and y in the given domain of .
(2 marks)
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11 A curve C has parametric equations

m
O<t<—

c=tant
X i 5

y=3sin(t-m),

Find a Cartesian equation of C.

Challenge

The curve Cis given by the parametric equations:

(4 marks)

1 : T
==C0s2!, =sin{t+—=), O<t<?2
) y=sin(t+%) i

Show that a Cartesian equation for C'is (4 — 2 + 2x)? + 12x2 -3 =0

@ Curve sketching

Most parametric curves do not result in curves you will recognise and can sketch easily. You can plot
any parametric curve by substituting values of the parameter into each equation.

Example o XY irerereration

Draw the curve given by parametric eq

uations

x=3cost+4, y=2sint, 0=t=27
—
P B [rm "] B _ Sm | 3m| 7w o This parametric curve has
i 2 e 4 2 4 Cartesian equation
x=3cost+4 | 7 |612| 4 (1.88] 1 |1.88| 4 |612| 7 x—&\2 (N2
y=2sint o |14 2 14| 0o [<141| -2 [2141] © ( 3 ) - (g) =1
x This isn't a form of curve
é_ 3 T that you need to be able to
5] 4“ 2 % recognise, but you can plot
| m the curve using a table of
T 2 values.
il aHEl o HBE e A
o B% i Choose values for ¢ covering
i 4 % o the domain of . For each
value of ¢, substitute to find

corresponding values for

x and y which will be the
coordinates of points on the
curve.

Plot the points and draw the
curve through the points.
The curve is an ellipse.
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Example o [EZIT)) irerpRETATION

Draw the curve given by the parametric equations x =2¢, y=¢, -1=¢t=5

N
t -1 10| 1 2 |30 4y 15 @ Use technology to graph O '

the parametric equations.

x=2¢t |-2| 0|2 |4 |6 |&6]|10
y=# (RO N I RN T = O I = =t
Only calculate values of x and y for values of ¢ in

the given domain.

This is a ‘partial’ graph of the quadratic equation
g
=
You could also plot this curve by converting to
Cartesian form and considering the domain of
and range of the Cartesian function.

The domain is —2 = x = 10 and the range is
0sy=25

Exercise @ m INTERPRETATION

1 A curve is given by the parametric equations

x=2t y= t#0

?‘J

Copy and complete the table and draw a graph of the curve for-5=¢=<35

¢ 5] 4] 3] 2] 00s5]05] 1] 21371 475
x=2t | 10 | -8 T
y=> | -1 |-125 10

2 A curve is given by the parametric equations

IS
xX= f2, V==
=00

Copy and complete the table and draw a graph of the curve for 4 = =4

t -4 -3 -2 -1 0 1 2 3 4
x=f 16

A
y=3 -12.8

3 A curve is given by parametric equations

. T m
x=tanr+1, y=sint, -3 St<3

Copy and complete the table and draw a graph of the curve for the given domain of .
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t

]
)

Sl=
=N E|

==

w3

x=tant+1 0 1

y=sint 0

4

Draw the curves given by these parametric equations:
ax=t-2, y=r+1, -4=1=4
b x=3/t, y=£-2t, 0<1=<2
cx=0r py=Q2-0(+3), -5=t=5

. m m
d x=2sint—-1, y=5cost+1, —i%tsi

e x=sec’t—-3, y=2sint+1, -

f x=t-3cost, y=1+2sint, 0=¢=2m

The curve C has parametric equations
x=3-t, y=£r-2, -2=t=<3
a Find a Cartesian equation of C in the form y = f(x)

b Draw the curve C on the appropriate domain.

The curve C has parametric equations

. m
x=9cost—-2, y=9sins+1, —géts

£ NI=

a Show that the Cartesian equation of C can be
(x+ayl+(y+byl=c
where a, b and ¢ are integers to be determined.
b Draw the curve C on the given domain of .
¢ Find the length of C.

Challenge

Sketch the curve given by the parametric equations on the given

domain of ¢:

9¢ 92

= ‘ = , il
1+ Y 1+7

Comment on the behaviour of the curve as ¢ approaches -1 from the

positive direction and from the negative direction.

ritten as

(4 marks)
(3 marks)

(4 marks)
(3 marks)
(2 marks)
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Chapter review o

1 The diagram shows a sketch of the curve with %
parametric equations B

x=4cost, y=3sint, 0=¢<2m

a Find the coordinates of the points 4 and B. /(; 3
b The point C has parameter ¢ =% &/

Find the exact coordinates of C.

¥

¢ Find the Cartesian equation of the curve.

2 The diagram shows a sketch of the curve with VA
parametric equations

1 .
X =CoS{, y=<531112r, 0==r<2n

The curve is symmetrical about both axes.

Copy the diagram and label the points having

37
parameters t =0, t = % t=mwand = 77

® 3 A curve has parametric equations
x=eX*l+1, y=t+In2, ¢t>1

a Find a Cartesian equation of this curve in the form y = f(x), x > k where k is a constant to be
found in exact form.

b Write down the range of f(x), leaving your answer in exact form.

4 A curve has parametric equations

o]
T 2ta !

- l) 1
_1-_2111(t+2 L t>2

Find a Cartesian equation of the curve in the form y = f(x), and state the domain and range
of f(x).

5 A circle has parametric equations x =4sinf -3, y=4cost+5, 0=t=27
a Find a Cartesian equation of the circle.
b Draw a sketch of the circle.

¢ Find the exact coordinates of the points of intersection of the circle with the y-axis.

6 The curve C has parametric equations

2 -3¢ 3+ 2t
Bt 2 Taps 481
a Show that the curve C is part of a straight line. (3 marks)

b Find the length of this line segment. (2 marks)
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@ 7 A curve C has parametric equations

x=£-2, y=2t, 0st=2

a Find the Cartesian equation of Cin the form y = f(x)

b State the domain and range of y = f(x) in the given domain of .

¢ Sketch the curve in the given domain of .

8 A curve C has parametric equations

x=2cost, y=2sint-5 0=t=n

a Show that the curve C forms part of a circle.

b Sketch the curve in the given domain of z.

¢ Find the length of the curve in the given domain of 7.

9 The curve C has parametric equations

x=t-2, y=£-222, teR

a Find a Cartesian equation of C in the form y = f(x)
b Sketch the curve C.

Summary of key points

1

A curve can be defined using parametric equations x = p(¢) and y = q(7)
Each value of the parameter ¢, defines a point on the curve with coordinates (p(z), (7))

(3 marks)
(3 marks)
(2 marks)

(3 marks)
(3 marks)
(3 marks)

(3 marks)
(3 marks)

You can convert between parametric equations and Cartesian equations by using substitution

to eliminate the parameter.

For parametric equations x = p(7) and y = q(¢) with Cartesian equation y = f(x)
« the domain of f(x) is the range of p()
« the range of f(x) is the range of q(z)
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Learning objectives

After completing this chapter you should be able to:

® Expand (1 + x)" for any rational constant n and
determine the range of values of x for which the
expansion is valid - pages 31-34

Expand (@ + bx)" for any rational constant n and
determine the range of values of x for which the
expansion is valid - pages 36-38

Use partial fractions to expand fractional
expressions - pages 40-41

Prior knowledge check

1 Expand the following expressions in ascending
powers of x up to and including the term in x:
a (1+5x)7 b(5-2x)° ¢ (1-x)2+x)"
< Pure 2 Section 4.3
Write each of the following using partial
fractions:
14 10 p 24x—1

a N
(1+2x)(1-5x) (1+2x)2
24X + 48x + 24

(1+ x)(4—3x)2
« Pure 4 Sections 2.1, 2.2

im: \

4 BINOMIAL
E)(PANSION

The binomial expansion can

be used to find polynomial
approximations for expressions
involving fractional and
negative indices. Medical
physicists use these
approximations to analyse
magnetic fields in an MRI
scanner.
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m Expanding (1 + x)"

If nis a natural number you can find the binomial expansion for (a + bx)" using the formula:

o m There are n + 1

s n P
2) a7+ L+ (r)ﬂ" B+ ... +b", (neN) terms, so this formula
produces a finite
number of terms.

(a4 B =+ (T)a”‘lb + (

If nis a fraction or a negative number you need to use a different
version of the binomial expansion.

= This form of the binomial expansion can be applied to negative or fractional values of n to
obtain an infinite series.
nn-1) nn-1)(n-2) nn-1)...(n-r+1)
X%+ X+ ...+ X'+
2! 3! rl

(1+x)"=1+nx+

= The expansion is valid when |x| <1,n € R

When # is not a natural number, none of the m T
factors in the expres§|0n nin=1) ... .(" - r'_" 1) value of x, but is only valid for values of x that
are equal to zero. This means that this version satisfy |x] < 1, or in other words, when -1 < x < 1
of the binomial expansion produces an infinite

number of terms.

Example o ({{(NE:3) PROBLEM-SOLVING

g 1 . ; 3 . 1
Find the first four terms in the binomial expansion of T+
. (e x) Write in index form.
T+x
={=2)x2
=1+ (-x + Lall o —‘
2l Replace n by —1 in the expansion.
—1)(—2)(—3)x3
+—( X 3)‘( 2 Fon J
: As n is not a positive integer, no coefficient will
=1—1Ix+1x% - 1Ix3 + ... ever be equal to zero. Therefore, the expansion is
infinite.

=l—-x+x7-x3+ ..
For the series to be convergent, |x| < 1

= The expansion of (1 + bx)", where n is negative or a fraction, is valid for |bx| < 1, or |x| < ﬁ
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Example ° X0 ProsLev-soLvinG

Find the binomial expansions of
a (1-x)

1
. (1 + 4x)?

up to and including the term in x3. State the range of values of x for which each expansion is valid.

5 ’_1;‘ Replace n by% and x by (-x).
=1+ (5)e
AN s — Simplify brackets.
5)z- ) i
- 2]
(1_)(}_ ” 1)(i _ 2) ()3 m Be careful working out whether each
3 A i i term should be positive or negative:
3! e + even number of negative signs means term is
(1)(_3)(" 02 positive
— (1){_,5) L ASIN B + odd number of negative signs means term is
3 negative
.;1;3}(.,§)(ﬁ§)(,1\‘)3 The 2 terrn here has 5 negative signs in total, so
A it is negative.
G o
il S B
=1 3x 9x 51,\ i L
Expansion is valid as long as |-x| <1 Simplify coefficients.
= %] <
1 : — Terms in expansion are (—x), (—x)?, (—x)?
7“ e =1+ 4x) L
T ey Write in index form.
[=2){~2 = T4x}E
+ 2l L Replace n by -2, x by 4x

o e R i
+ +

3! Simplify brackets.
=1+ (=2)(4x)
(=2)(-=3)16x2 Simplify coefficients.
2
(—2)(-3)(-4)64x3
5 = Siign Terms in expansion are (4x), (4x)?, (4x)3
=1—8x + 48x% - 256x% + ... ‘7

Expansion is valid as long as |4x| <1

= |x| < 1 @ Use technology to explore o

4 why the expansions are only valid
for certain values of x.
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a Find the expansion of VI — 2x up to and including the term in x3.

b By substituting in x = 0.01, find a decimal approximation to v2.

a J1-2x=(-2x)z Write in index form.

Il
+

Replace n by% and x by (-2x)

g 3l
1
i (E)(—z,\)
(H(ml)("rr‘?) - Simplify brackets
o)\72)%* Ll -
e —
1\ 1\( y
(2)(-z)-3)-e
+ c + .
5 B Simplify coefficients.
P R e |
x-S =St
Expansion is valid if |‘é*‘”|47—|— Terms in expansion are (—2x), (—2x)?, (—2x)?
=ilx| < i
e oy e | 001 L x=0.01 satisfies the validity condition |x]| <%
- s Substitute x = 0.01 into both sides of the
expansion.
V0.98 ~ 1 - 0.01 - 0.00005
- 0.0000005 Simplify both sides.
Note that the terms are getting smaller.
/ 198 . 09899495 il
100 L
98
[49x2 Write 0.98 as 305
T 0.96992435
72 Use rules of surds.
~ 0.9892495
10
s 0.9829495 x 10
o T
L This approximation is accurate to 7 decimal

V2 &= 1.414213571 places.
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Example o | skis JEEIREITOTE

2+ x

f(x) =
*) vl + 5x

a Find the x? term in the series expansion of f(x).

b State the range of values of x for which the expansion is valid.

a f(x)=(2 + (1 + 5x)°% Write in index form.
(1+5x)F=14+ (—%)(5)(}
B T
+( 2)2(i 2 (5x)2

Find the binomial expansion of (1 + 5x)-:

3!
B s TBa 118850

=1==3: e

A R

5 H - 2D oy
fi(: =2+_(T——;+ ‘——;-*+,,,)
0 ={ & 2 A T @ Use your calculator to calculate %

75 5' &5 the coefficients of the binomial expansion.

2X?+1X—§=—4—

X2 term is %xz Problem-solving

2
b The expansion is valid if |5x| < 1 There are two ways to rsnake an x? term.

. 75
Either 2 x —x? or =
* 3 X X X 2X

i S

Simplify coefficients.

= |x] < %
Add these together to find the term in x2.

Example o XY ProsLem-soLvin

In the expansion of (1 + kx)~* the coefficient of x is 20.

a Find the value of £.
b Find the corresponding coefficient of the x? term.

a (1 +kx)*=1+(-4kx) +w(k,\-)2 + ... =/—— Find the binomial expansion of (1 + kx)=*

2l
=1 —4kx + 10kZx2 + ...
—4k = 20 “
Solve to find k.
k=-5 |

b Coefficient of x? = 10k? = 10(-5)? = 250



BINOMIAL EXPANSION CHAPTER 4 K1

Exercise @ 1 (|NE ) PROBLEM-SOLVING

1 For each of the following:
i find the binomial expansion up to and including the x? term
ii state the range of values of x for which the expansion is valid.
a (1+x)* b (1+x)° ¢ (1+x)
d (1+x) e (1+x) f (1+x)2

2 For each of the following:
i find the binomial expansion up to and including the x* term
ii state the range of values of x for which the expansion is valid.
=5 3
a (1+3x)3 b (1+3x] ¢ (1+2x)i
d (1-5x) e (1+6x)= f(1-2x)°
3 For each of the following:
i find the binomial expansion up to and including the x* term

ii state the range of values of x for which the expansion is valid.

1 1 e
8 TR b 3 ¢ V1-x a - part , write
; T the fraction as a single
3,.'—'_—'— VIi—2x f(l — ZX)
power o
d vI-3x e I’l—l f o
yl+3x
1 +x
4 f) =77,
a Show that the series expansion of f(x) up to and including the m First rewrite f(x)

x3termis 1 + 3x + 6x2 + 12x° (4 marks)

b State the range of values of x for which the expansion is valid.

as(1+x)(1-2x)71

(1 mark)
® 5 W =/T+3x, 3 <x<;
(x)=v1 +3x,—§<x€§
a Find the series expansion of f(x), in ascending powers of x, up to and including
the x? term. Simplify each term. (4 marks)
1 . v103
b Show that, when x = 100° the exact value of f(x) is 10 (2 marks)
¢ Find the percentage error made in using the series expansion in part a to estimate
the value of f(0.01). Give your answer to 2 significant figures. (3 marks)

® 6 In the expansion of (1 + ax)~* the coefficient of x2 is 24.
a Find the possible values of a.

b Find the corresponding coeflicient of the x3 term.
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® 7 Show that if x is small, the expression VII 1% A m 'x is small’ means we can assume
I-x the expansion is valid for the x values being
is approximated by 1 + x + %,\—2 considered because high powers become

insignificant compared to the first few terms.

6 4
LI Y i e

a Find the series expansion of h(x), in ascending powers of x, up to and including

the x? term. Simplify each term. (6 marks)
b Find the percentage error made in using the series expansion in part a to estimate

the value of h(0.01). Give your answer to 2 significant figures. (3 marks)
¢ Explain why it is not valid to use the expansion to find h(0.5). (1 mark)

9 a Find the binomial expansion of (1 — 3x)? in ascending powers of x up to and including

the x3 term, simplifying each term. (4 marks)
1 5. 971V97
b Show that, when x = 100° the exact value of (1 — 3x)1is 1000 (2 marks)
¢ Substitute x = ﬁ into the binomial expansion in part a and hence obtain an approximation
to v97. Give your answer to 5 decimal places. (3 marks)
Challenge
he = (143) Ixl>1
a Find the binomial expansion of h(x) in ascending powers of x up to m Replace x with%

and including the x2 term, simplifying each term.
3V/10
10

¢ Use the expansion in part a to find an approximate value of //10.
Write your answer to 2 decimal places.

b Show that, when x = 9, the exact value of h(x) is

@ Expanding (a + bx)"

The binomial expansion of (1 + x)” can be used to expand (« + bx)" for any constants « and b.

You need to take a factor of a” out of the expression:

- b \\' e b \" m Make sure you multiply a” by every
(a+ bx)"= (a(l +EX)) =q (1 +Ex)

term in the expansion of (1 + éx)
a
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= The expansion of (a + bx)”, where n is negative or a fraction, is valid for |gx| <lor|x|< |§|

Example o XY noaerive Learin

Find the first four terms in the binomial expansion of a v4+x b

1
(2 + 3x)2

State the range of values of x for which each of these expansions is valid.

a Vd+x=04+x)7?

—2(1+’—“-——"‘~‘2 + z +
'I & 128 T 1024 T T

) ]

XX

T4 Ea

x3

2 + ...
57 e

Expansion is valid if ‘Zx‘ <1

= |x| <4

Write in index form.

Take out a factor of 43

Write 47 as 2.

Expand (1 + %)z using the binomial expansion
with n =%andx=%

Simplify coefficients.

Multiply every term in the expansion by 2.

The expansion is infinite, and converges when
|ﬂ <lor|x|<4
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2+ 307 = (2 + 3x)2 Write in index form.
+ 3x
-2+ %))
- (.2(T e
— Take out a factor of 2-2
mw
- -2 et
= 2T (T + > )
-2 i —2_l—l
=%(1+32’\) — Write 2 =%=13
3x\2 ]
4 2 2l Expand (1 +7x) using the binomial
3 : ; 5oL 3
(2)(=2 — 1)(=2 - 2)(%) expansion with n = -2 and x = >
+ 3 +
io o]
oy, 2000
dlove2f)
———— Simplify coefficients.
s 3
(—@(—3)(-4)( o ) )
+ 5 + "
_ ( 27x2  27x3 )
4 - 4 2 1
[ Multiply every term byz
_ 8 _ 8.5 27x%2 _ 27x° 3
4 4 16 &

The expansion is infinite, and converges

Expansion is valid if ‘%‘ i 3 >
when ‘TX‘ 2 1l b= -

= |x| <§
2

Exercise @ maumms

® 1 For each of the following:
i find the binomial expansion up to and including the x* term
ii state the range of values of x for which the expansion is valid.

/& + 2x I

o . . B

a 4+ 2x g c @y ' d V9+x
mwmepartg

2 1 f 5 I +x el h 2+x

V2 +x 3+ 2x g 24 x S IT-x
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® 2

® 3

fx)=(5+4x)72, x| < %

Find the binomial expansion of f(x) in ascending powers of x, up to and including the
term in x*. Give each coefficient as a simplified fraction. (5 marks)

m(x)=v4d—x,|x| <4
a Find the series expansion of m(x), in ascending powers of x, up to and including
the x? term. Simplify each term. (4 marks)
<
b Show that, when x = l the exact value of m(x) is it (2 marks)

3

¢ Use your answer to part a to find an approximate value for v35, and calculate the percentage
error in your approximation. (4 marks)

ar83+lx+L\‘2+
Ja + bx g g e

The first three terms in the binomial expansion of

a Find the values of the constants ¢ and b.

b Find the coefficient of the x? term in the expansion.

34 2x —x?
= 4-x
Prove that if x is sufficiently small, f(x) may be approximated by % + %x - %xz
1 S . . . . .
a Expand ﬁ, where |x| < %, in ascending powers of x up to and including the term in x?,
va+ 2iXx

giving each coefficient in simplified surd form. (5 marks)
b Hence or otherwise, find the first 3 terms in the expansion of L as a series in ascending

powers of x. V5 +2x (4 marks

16 .
< —-in ascending powers of x,

a Use the binomial theorem to expand (16 — 3x)%, |x

3
up to and including the term in x?, giving each term as a simplified fraction. (4 marks)
b Use your expansion, with a suitable value of x, to obtain an approximation to V15,7
Give your answer to 3 decimal places. (2 marks)
(x) = P i) L
B = o T 3r s M2

a Show that the first three terms in the series expansion of g(x) can be written
oL 107 719
2" 7274327

b Find the exact value of g(0.01). Round your answer to 7 decimal places. (2 marks)

(5 marks)

¢ Find the percentage error made in using the series expansion in part a to estimate
the value of g(0.01). Give your answer to 2 significant figures. (3 marks)

39
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Q Using partial fractions

Partial fractlons can bfe used to simplify the expansions of m Youl need to be confident
more difficult expressions.

Example o XY mwovarion

4 — 5x
(1+x)(2-x)

b Hence show that the cubic approximation of

expressing algebraic fractions as
sums of partial fractions.

a Express as partial fractions.

__A—ox iS2—E+£‘C2—§Y3
(1+x)(2-x) 2 4 8"

¢ State the range of values of x for which the expansion is valid.

4 — 5x A B

a = + The denominators must be (1 + x) and (2 — x)
1+ x)(2 - x) T+x 2-x

A2 - %)+ B +x)
i T

Add the fractions.

4 - 5x = A(2 - x) + B(1 + x) ————— Set the numerators equal.
Substitute x = 2:

4-10=4Ax0+Bx3 Setx=2tofind B.
-6=38
B=-2
Substitute x = —1:
4+5=4Ax3+Bx0 Set x =-1to find 4.
9 =34
A=3
4 - 5x ] 2
e =—n Ty 2-3
e i i i Write in index form.
b 4-5x __ 38 __2
M+x2-x) 1+x 2-x Problem-solving
=31+ x)" - 22 - x) Use headings to keep track of your working.
This will help you stay organised and check your
The expansion of 3(1 + x)~' answers.
e
= 3|1 + (-x + (HIN-2)5;
2! Expand 3(1 + x)! using the binomial expansion
-3 f
+ (IN-2)-3)5; + ) J with n= -1

=31 -x+x2-x%+..)

=3 -3x+3x2-3x+ ...
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The expansion of 2(2 — x)™'

-(ef1-3))

=2 x 2—’-(1 - EX) Take out a factor of 21
o ENEa(-5) .
=1x\1+ (—-1)(~1—) +—2 Expand (1 —5) using the binomial expansion
2 2] P 2 g P
.3 f e — X
(._1)(_2)(,3)(_%J withn=-1and x >
= 3l B
=l (1+1\;+£+—3+ )
- 2 4
= 2 e
Hence i . S
1+ x)(2 —x)
=31+ x)" =22 -x" ‘Add’ both expressions.

= (3 — 3x + 3x2 - 3x%)

—(1+£+’“2+£)
2 4 B

e PR (RS The expansion is infinite, and converges when

v B r|x|<1

- valid if x| <1

T+x The expansion is infinite, and converges when
2 e 100 Mctor 2
5 e valid 1f‘§‘<1=}> [x] <2 |E|< x| <
o——o
o o
O s LELUEITY You need to find the range of values
-2 -1 0 1 2

of x that satisfy both inequalities.
The expansion is valid when |x| <1

Exercise @ m INNOVATION

8x+4 : .
® 1 a Express I-x2+%) as partial fractions.

8x+4

b Hence or otherwise expand ——————=—— in ascending powers of x as far as the term in x2.
P T n2+x EP

¢ State the set of values of x for which the expansion is valid.
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-}

5 as partial fractions.

® 2

Express — 2+ =

. 1
can be expressed in the form —=x + Bx? + Cx? where constants B

2x
(2 + x)? 2

and C are to be determined.

b Hence prove that —

¢ State the set of values of x for which the expansion is valid.

-}

6 + 7x + 5x? : :
® 3 a Express A+90-02+2) as partial fractions.

_ 6+ 7x + 5x?
b Hence or otherwise expand A+ -0C+

¢ State the set of values of x for which the expansion is valid.

1r1 ascending powers of x as far as the term in x°.

L Ix-1 1
4 e =T 03 <3

. : 2 _ 4 B
Given that g(x) can be expressed in the form g(x) = 0 + [~ 3x
a Find the values of 4 and B. (3 marks)
b Hence, or otherwise, find the series expansion of g(x), in ascending powers of x,
up to and including the x> term. Simplify each term. (6 marks)
2x?+ Tx — ; : m e
® 5 a Express m in partial fractions. First divide the numerator

by the denominator.
2x?+7x —

(x +5)(x -4)

powers of x as far as the term in x2.

b Hence, or otherwise, expand in ascending

¢ State the set of values of x for which the expansion is valid.

3x2+4x -5 B &)
TR N e
a Find the values of the constants A, B and C. (4 marks)
3x? +4x -
(x+3)(x— 2)

Give each coefficient as a simplified fraction. (7 marks)

b Hence, or otherwise, expand in ascending powers of x, as far as the term in x2.

2x2+ 5x + 11 1

7 f(x) = 2

0= a1+ 1y <2
4 B C

f(x) can be expressed in the form f(x) = 1 + Ox - 12 + 1
a Find the values of 4, Band C. (4 marks)
b Hence or otherwise, find the series expansion of f(x), in ascending powers of x,

up to and including the term in x?. Simplify each term. (6 marks)

¢ Find the percentage error made in using the series expansion in part b to estimate
the value of (0.05). Give your answer to 2 significant figures. (4 marks)
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Chapter review o LI{[NE) PROBLEM-SOLVING

® 1

For each of the following
i find the binomial expansion up to and including the x* term
ii state the range of values of x for which the expansion is valid.

A 1 4
— 4x)? /
a (1-4x) b v16 + x ¢ 1"y d2+3x
4 1+x (1+xr x-3
e —— f g e
Vvd — x 1 +3x I-x (1 =x)(1-2x)

Use the binomial expansion to expand (1 - %A) |x] < 2 in ascending powers of x,

up to and including the term in x3, simplifying each term. (5 marks)

a Give the binomial expansion of (1 + x)z up to and including the term in x3.

b By substituting x = %, find an approximation to v5 as a fraction.

The binomial expansion of (1 + 9x)7 in ascending powers of x up to and including the term in
x3is 1+ 6x + ex? + dx3, |x] <%
a Find the value of ¢ and the value of d. (4 marks)

b Use this expansion with your values of ¢ and d together with an appropriate value
of x to obtain an estimate of (1.45)3 (2 marks)

¢ Obtain (1.45)5 from your calculator and hence make a comment on the accuracy
of the estimate you obtained in part b. (1 mark)

In the expansion of (1 + ax): the coeflicient of x2is 2.
a Find the possible values of a.

b Find the corresponding coefficients of the x* term.

flx)=(1 +3x)7, |x] < %
a Expand f(x) in ascending powers of x up to and including the term in x°. (5 marks)

b Hence show that, for small x:

l+x
1+ 3x
¢ Taking a suitable value for x, which should be stated, use the series expansion in

~1-2x+6x2—-18x3 (4 marks)

part b to find an approximate value for %, giving your answer to 5 decimal places. (3 marks)

When (1 + ax)" is expanded as a series in ascending powers of x, the coefficients of x and x? are
—6 and 27 respectively.

a Find the values of a and n. (4 marks)
b Find the coefficient of x°. (3 marks)
¢ State the values of x for which the expansion is valid. (1 mark)

43
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8 Show that if x is sufficiently small then ,3_ can be approximated by =i ix + ixz
V4 + x 2 167 256

® 9 a Expand ,r4l— where |x| < 4, in ascending powers of x up to and including the term in x2.

V4 — x
Simplify each term. (5 marks)
b Hence, or otherwise, find the first 3 terms in the expansion of 1,:& as a series in
Vd - x
ascending powers of x. (4 marks)

@ 10 a Find the first four terms of the expansion, in ascending powers of x, of

2+ 3x)7 ¥ < % (4 marks)
b Hence or otherwise, find the first four non-zero terms of the expansion, in ascending powers
of x, of:
1+x 2
213 < 3 (3 marks)

a Use the binomial theorem to expand (4 + x)~2, |x| < 4, in ascending powers of Xx,
11 a Use the bi ial th d@+x)" 4,1 di f
up to and including the x* term, giving each answer as a simplified fraction. (5 marks)

b Use your expansion, together with a suitable value of x, to obtain an approximation

e
to % Give your answer to 4 decimal places. (3 marks)

(®) 12 q) =G +40)7, ¥ < %

Find the binomial expansion of q(x) in ascending powers of x, up to and including
the term in the x2. Give each coefficient as a simplified fraction. (5 marks)

39x + 12
1 ) e e ) (o)

g(x) can be expressed in the form g(x) = 4 i G

x+l+x+4+x—8

a Find the values of 4, Band C. (4 marks)
b Hence, or otherwise, find the series expansion of g(x), in ascending powers of x,
up to and including the x? term. Simplify each term. (7 marks)

o DwEed .
14 00 =5 o W<y

1 I2x+5 A4 B
For x # e 1+ 4x)? . + T+ 4x7 where 4 and B are constants.
a Find the values of 4 and B. (3 marks)

b Hence, or otherwise, find the series expansion of f(x), in ascending powers of x,
up to and including the term x?, simplifying each term. (6 marks)
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9x? + 26x + 20
15 U= e e

a Show that the expansion of q(x) in ascending powers of x can be approximated
to 10 — 2x + Bx? + Cx?* where B and C are constants to be found. (7 marks)

b Find the percentage error made in using the series expansion in part a to estimate
the value of q(0.1). Give your answer to 2 significant figures. (4 marks)

Challenge

Obtain the first four non-zero terms in the expansion, in ascending

powers of x, of the function f(x) where f(x) = o e

V1 + 3x2

Summary of key points

1 This form of the binomial expansion can be applied to negative or fractional values of n to
obtain an infinite series:
nn-1x2 nn-10n-2)x3 nn—1)...n—r+1)x
+ et -
2! 3! r!

1+x)"=1+nx+

The expansion is valid when |x| < 1,n € R.

2 The expansion of (1 + bx)", where n is negative or a fraction, is valid for |hx| < 1, or |x| < ﬁ

3 The expansion of (a + bx)", where n is negative or a fraction, is valid for |gx| <lor|x|< |%|

f(x)

4 If an expression is of the form %where g(x) can be split into linear factors, then split

g into partial fractions before expanding each part of the new expression.
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Review exercise

€D 1

EP 2

Prove by contradiction that there are
infinitely many prime numbers.

“)

« Pure 4 Section 1.1

Prove that the equation x2 — 2 = 0 has no
rational solutions.

You may assume that if »2 is an even
integer then »n is also an even integer.

)

« Pure 4 Section 1.1

Prove by contradiction, that if » is odd,
then 3n2 + 2 is odd.

« Pure 4 Section 1.1

Prove by contradiction that V5 is irrational.

« Pure 4 Section 1.1

2x -1 .
Show that G- 1)2x=3) can be written
: A B
mtheformv 1 +2x—3

B are constants to be found.

3)

« Pure 4 Section 2.1

Given that
3x+7 __P Q R
x+Dx+2D(x+3) x+1 x+2 x+3

where P, Q and R are constants, find the
values of P, O and R. 4)
« Pure 4 Section 2.1
i(x)=

- x#-1,x#2

(2-x)1 +x)7?
Find the values of 4, B and C such that

4 B C
T+x  (1+x? “)

« Pure 4 Section 2.2

flx) = 3

® 10

® n

@EP) 12

REVIEW EXERCISE

14x2 + 13x+ 2
(x+DR2x+1)?

- A
Tx+1

B
2x + 1

L C
Q2x + 1)

Find the values of the constants 4, B
and C.

« Pure 4 Section 2.2

3x246x-2 _  ex+f
Given that T4 S
find the values of d, e and f. 4)

« Pure & Section 2.3

9—-3x-12x*
P& = T =0T+ 2%)
Show that p(x) can be written in the form
¥ N C
l-x 1+2x°
constants to be found.

A+

where 4, B and C are

4)

« Pure & Sections 2.1, 2.3

Split . into partial fractions.

(x+ D(x +3)

« Pure 4 Section 2.1
33
(x=3)(x~ 1P

as 4 + 5 + ¢ +
x=3" x—1 " (x-=1p
the values of 4, B, Cand D.

« Pure & Sections 2.1, 2.3

Given that can be written

determine

S5x+3

a Express m in partial
fractions. 3)
b Hence find the exact value of
f 2 e ¥ DIVITiP VOUL
2x=3)x+2)
answer as a single logarithm. (€)]

« Pure 4 Section 2.1



REVIEW EXERCISE 1

(®) 14

@ v

A curve C has parametric equations
4
=1 —?,y=r2—3r+ l,teR,t#0

a Determine the ranges of x and y in the
given domain of z. 3)

b Show that the Cartesian equation of C

can be written in the form
_ax*+bx+c
T (1-x)?

integers to be found. 3)

« Pure 4 Section 3.1

, where a, b and ¢ are

A curve has parametric equations

x=ln(t+2)_,y=ti—t3_,r>4

a Find a Cartesian equation of this
curve in the form y = f(x), x > k, where
k is an exact constant to be found. (4)
b Write down the range of f(x) in the
form a < y < b, where @ and b are
constants to be found. )
« Pure 4 Section 3.1

A curve C has parametric equations
1 1

xzm,yzm,—l <r<1
Show that a Cartesian equation of Cis
X
y - 2X L 1 (4)

« Pure 4 Section 3.1

A curve C has parametric equations
™
x=2cost,y=cos3t,0 =t = 3

a Find a Cartesian equation of the curve
in the form y = f(x), where f(x) is a
cubic function. 5)

b State the domain and range of f(x) for
the given domain of ¢. 2)

18 The curve shown in the figure has

parametric equations

X = sint }—sin(t+1) Tl
¢ 24 6" 2 2

yﬂ/"’\

B

A4
/ 0
a Show that a Cartesian equation of the
curve is

= E - l .'"{]72 = =
y—2A+2\,' —x).,—l‘*n.XH-l (4)
b Find the coordinates of the points 4
and B, where the curve intercepts the

x- and y-axes. 3

“Y

« Pure & Section 3.2

® 19 The curve C has parametric equations

x=3cost,y=cos2t,0=t=m
a Find a Cartesian equation of C. 4)

b Sketch the curve C on the appropriate
domain, labelling the points where the
curve intercepts the x- and y-axes. (3)

< Pure 4 Section 3.2, 3.3

® 20 a Expand (1 — 2x)'%in ascending

powers of x up to and including the

term in x°. 3)
b Use your answer to part a to

evaluate (0.98)'Y correct to 3 decimal

places. (€)]

« Pure & Section 4.1

21 If xis so small that terms of x? and

higher can be ignored,

(2 = X)(1+2xP=a+tbx+cx®

Find the values of the constants

a, b and c. ()]

« Pure & Section 4.1

« Pure 4 Section 3.2 22 The coeflicient of x in the binomial

expansion of (2 — 4x)?, where ¢ is a
positive integer, is —32¢. Find the value
of g. 4)

« Pure 4 Section 4.2

47
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® 23

® 24

® 25

1

v1—-x

g(x) =

a Show that the series expansion of g(x)
up to and including the x* term is

x 9% Sxd
ARG g
b State the range of values of x for which
the expansion is valid. 4))

« Pure 4 Section 4.1

When (1 + ax)" is expanded as a series in
ascending powers of x, the coefficients of
x and x? are —6 and 45 respectively.

a Find the value of a and the value of n.
b Find the coefficient of x3.

¢ Find the set of values of x for which

the expansion is valid.
« Pure 4 Section 4.1

a Find the binomial expansion of
(1 + 4x)? in ascending powers of
x up to and including the x* term,

simplifying each term. 4)
b Show that, when x = i the exact
100
. 112V112
value of (1 +4x):is 1000 ?2)

¢ Substitute x = l-% into the binomial

expansion in part a and hence obtain
an approximation to v112. Give your
answer to 5 decimal places. 3)

d Calculate the percentage error in your
estimate to 5 decimal places. 2)

« Pure 4 Section 4.1

flx)=(1+x)3+2x)73, x| < %

Find the binomial expansion of f(x)
in ascending powers of x, up to and
including the term in x3. Give each
coefficient as a simplified fraction.

)

« Pure & Section 4.2

® 27

EP) 28

EP) 29

EP) 30

REVIEW EXERCISE

h(x) =v4 - 9x, |x| < %

a Find the series expansion of h(x),
in ascending powers of x, up to and
including the x? term. Simplify each

term. (4)
1
b Show that, whenlx—_ 100° the exact
value of h(x) is i 2)

10
¢ Use the series expansion in part a

- 1
to estimate the value of h( 100 and

state the degree of accuracy of your
approximation.

3)

« Pure 4 Section 4.2

Given that (¢ + bx)-2 has binomial
expansion L + lx +cx?+
p gHgxXto
a Find the values of the constants
a, b and c.

“4)

b Find the coefficient of the x? term in
the expansion.

2)

« Pure 4 Section 4.2

(e i o ol

B = +300-x"™M"3

Given that g(x) can be expressed in the

B

form g(x) = T3 +7 5

a find the values of 4 and B.

b Hence, or otherwise, find the series
expansion of f(x), in ascending powers
of x, up to and including the x* term.
Simplify each term. (6)

« Pure & Sections 4.1, 4.3

3x=1 A N B
1-2x)* 1-2x (1-2x)*
a Find the values of 4 and B.

3)

2
(3)
3Ix-1
(1 —2x)°
in ascending powers of x, as far as the
term in x3. Give each coefficient as a
simplified fraction.

x| <

b Hence, or otherwise, expand

(6)

« Pure & Sections 4.1, 4.3



REVIEW EXERCISE

@EP) 31

@ =

25
)= G120 -n’
f(x) can be expressed in the form
A N B N C
3+2x  (3+2x)? 1-x
a Find the values of 4, B and C.
b Hence, or otherwise, find the series
expansion of f(x), in ascending powers

of x, up to and including the term in
x?%. Simplify each term.

x| <1

(C))

(6)
& Pure 4 Sections 4.1, 4.2, 4.3

4x?+30x +31 N B N (8}

x+4H2x+3) x+4 2x+3

a Find the values of the constants 4, B
and C. €)]

b Hence, or otherwise, expand
4x2+31x+30
(x+4)2x+3)
x, as far as the term in x2. Give each
coefficient as a simplified fraction.

in ascending powers of

()

« Pure 4 Sections 4.1, 4.2, 4.3

49

Challenge

1 Prove by contradiction that if @, b € Z then

a*—8h %2
4
2 Express 2“2 4 o partial fractions.
XE —

3 A curve has parametric equations
x=sin, py=sin3t,0st<=mw
a Find a Cartesian equation of the curve in the
form y = f(x)
b Determine the domain and range of f(x), and
hence sketch the curve.

y.lk
1

0.5

._._
=Y

-1 -05 O 0.5

~

Using the binomial expansion, find an
approximation, to 6 decimal places, for V98
Using your result, find an approximate value for

cos% to 6 decimal places.
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o DIFFERENTIATION

5.1
5.2

Learning objectives

After completing this chapter you should be able to:
e Differentiate parametric equations - pages 51-52
e Differentiate functions which are defined implicitly

—» pages 54-55

® Solve problems involving connected rates of change
and construct simple differential equations
- pages 57-59

.

./"

Prior knowledge check

1 Differentiate;
a sin2x b x2(1 -3x)* ¢ efx+3
4« Pure 3 Sections 6.1, 6.2, 6.4

2  Find the gradient of the function y = In (\_‘2:3 ) atthe |8
point where x = 1 X+ 3, X

The curve Cis defined by the parametric equations IIREESE S & \ou can use differentiation

x=32-5 y=£+2 teR SRS es 10 find rates of change in
R trigonometric and exponential
models. The velocity of
. a wrecking ball could be
Solve 2 cosec x —3secx=0intheinterval 0 < x <27 ¥ 24 cstimated by modelling
giving your answers correct to 3 significant figures. - S its displacement then

« Pure 3 Sections 3.2, 3.4 |IRY Wb wag differentiating.

Find the coordinates of any points where C intersects
the coordinate axes. « Pure 1 Sections 4.1, 4.3

i - ', ‘:
. &t Ve
B %s ; 1) g - »
N‘-f:-p.:- - - # aq‘f“q* i by )
» * “q 4 P 5
is ' .
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@ Parametric differentiation

When functions are defined parametrically, you can find the gradient at a given point without
converting into Cartesian form. You can use a variation of the chain rule:

dy
i.‘i_ E; m You can orbtam‘thls

[ i i : =— dy dx d
If x and y are given as functions of a parameter, t: P from writing—} )
== dx dr dr
dt
Example o i) ProsLew-soLving
Find the gradient at the point P where ¢ = 2, on the curve given parametrically by
x=£+t, y=r+1, telR
dx =32 41, ﬁ e First differentiate x and y with respect to the
dt dt parameter ¢.
ay
el e B dy
dx ~ dx T 3£2 +1 | This rule will give the gradient function 0
= X
dt in terms of the parameter, .
P A
=5 dx B 13 L 21
4 Substitute 7 = 2 into ——
So the gradient at P is 3 3+
Example o m INNOVATION
Find the equation of the normal at the point P where 0 = % to the curve with parametric
equations x = 3sinf, y = 5cos 6.
L S T 0. i‘_ sl 18 s il First differentiate x and y with respect to the
ae 0 parameter 6.
dy  —5sinfd
dx ~ 3cosb dy dx
. L Use the chain rule,d—;+@,and substitute 6‘:%
At point P, where 0 = %
i R

i AW
o s VB =3/3 @ Explore the graph of this o
2

3 curve and the normal at this point
using technology.
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3/3 The normal is perpendicular to the curve, so its

The gradient of the normal at P is . X . 1 X .
= gradient is —— where m is the gradient of the
it e % e §_\-2‘§ curve at that point.
The equation of the normal is You need to find the coordinates of P. Substitute
5/3 3/3/ 3 = mto each of the parametric equations.
2—=—5 ( ‘—E) « Pure 2 Section 6.2
5y = 3/3x + 8/3 | Use the equation for a line in the form

y=yi=mlx - xy)

Exercise m PROBLEM-SOLVING

1 Fmd s for each of the following, leaving your answer in terms of the parameter z.

a x=2t,y=0-3t+2 b x=32y=2¢ ¢ x=t+3,y=4t
2 1 5

=72 I 5 = V= 2 — )=
d x=t-2,y=3¢ e xX=7,) 31 —2 f x S P g

= 2B, . ¢ h.E=18 y=27 i x=4sin3¢, y=3cos3t
EX=1vr? 142 e T s
i x=2+sint,y=3-4cost k x=sect, y=tant I x=2t-sin2t,y=1-cos2t
mx=e¢-5y=Int,t>0 n x=Int,y=-64,1>0 o x=e’+1,y=2'"-1,-1<t<1

® 2 a Find the equation of the tangent to the curve with parametric equations
x=3-2sint, y=tcost, at the point P, where t =«

b Find the equation of the tangent to the curve with parametric equations
x=9 - y=¢+ 6¢, at the point P, where ¢ = 2

® 3 a Find the equation of the normal to the curve with parametric equations
x=¢!, y=e¢'+ e, at the point P, where t =0
b Find the equation of the normal to the curve with parametric equations

x =1-cos2t, y=sin2t, at the point P, where ¢ =%

® 4 Find the points of zero gradient on the curve with parametric equations

P BRI
Wl Lot

You do not need to establish whether they are maximum or minimum points.

o |

® 5 The curve C has parametric equations x =e*, y=¢e' - 1,1 € R
a Find the equation of the tangent to C at the point 4 where ¢ =1n 2

b Show that the curve C has no stationary points.
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6

7

8

@ w

The curve C has parametric equations

2-3t-4

7 , y=2t, t>0

i o

The line /, is a tangent to C and is parallel to the line with equation y = x + 5
Find the equation of /. (8 marks)

A curve has parametric equations

i i
X=2min f, y=2c0tr Oz

2
: : dy .
a Find an expression for F terms of the parameter ¢. (4 marks)
b Find an equation of the tangent to the curve at the point where 7 = % (4 marks)
The curve C has parametric equations
x=4sin¢, y = 2cosec2t, Osr<=nx
The point A lies on C and has coordinates (2\:"'?,4 ;3)
a Find the value of 7 at the point 4. (2 marks)
The line / is a normal to C at A4.
b Show that an equation for /is 9x + 12y — 343 =0 (6 marks)
The curve C has parametric equations
x=£+t, y=£-10t+5 teR
where ¢ is a parameter. Given that at point P, the gradient of C'is 2,
a find the coordinates of P (4 marks)
b find the equation of the tangent to C at point P (3 marks)
¢ show that the tangent to C at point P does not intersect the curve again. (5 marks)

Problem-solving

Substitute the equations for x and y into the equation of your tangent,
and show that the resulting quadratic equation has no real roots.

The curve C has parametric equations

x=2sint, y=v2cos2t, 0<t<m

dy
a Find an expression for d_)x in terms of 1. (2 marks)
The point A lies on C where ¢ = % The line /is the normal to C at A.
b Find an equation for / in the form ax + by + ¢ = 0, where a, b and ¢ are exact constants
to be found. (5 marks)

¢ Prove that the line / does not intersect the curve anywhere other than at point 4. (6 marks)

53
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11 A curve has parametric equations

X =COS |/, =%sin2t 0=sr<2x
: : dy
a Find an expression for d_ in terms of ¢. (2 marks)
b Find an equation of the tangent to the curve at point 4 where 7 = Z (4 marks)

6
The lines /; and /, are two further distinct tangents to the curve. Given that /, and /, are both
parallel to the tangent to the curve at point A,

¢ find an equation of /, and an equation of /, (6 marks)

@ Implicit differentiation

Some equations are difficult to rearrange into m U R e e
the form y = f(x) or x = f(y). You can sometimes given explicitly.

differentiate these equations implicitly without

rearranging them. Equations which involve functions of both x

and y such as x> + 2xy =3 or cos (x + ) =
In general, from the chain rule: are called implicit equations.

. d ey
a(f(y)) =f (y)a;

The following two specific results are useful for implicit differentiation:

dy
) = -1
) =ny dx
d dy
E—(xy)=x—+y
dx (y) dx Y
When you differentiate implicit equations
your expression for il usually be given You need to pay careful attention to
dx the variable you are differentiating with respect to.

in terms of both x and y.

Example m ADAPTIVE LEARNING

Find a in terms of x and y where x* + x+ 1*+ 3y =6

Differentiate the expression term by term with
,dy dy
3‘\_2 1 + 3).‘,._ i 3 = O respect tO X

T

2 (32 + 3) = ~3x2 |
g S ESERIES

W|thn 8

d 41— =1 d']

Then make s the subject of the formula.

dy_ _BxEad :
dx — 3(1 +1?)
t Divide both sides by 32 + 3 and factorise.
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Example ° T ProsLem-soLvinG

: B : dy r
Given that 4x)° + e 10, find the value of dx at the point (1, 1).

Differentiate each term with respect to x.

12x  6x2 dy :
T Use the product rule on each term, expressing

(4\' x 211lji + 4 2) + —_—
il “dx ) ¥V pZ dx

L e J

2
6J_>c as 6x2y!

dv
Find the value Ofd_) at (1, 1) by substituting
X

(82 4] (12 Gﬂl—!) =0

L\ dx e e ER

sea 1l =l
dy

16+2-—=0 . . o
dx Substitute before rearranging, as this simplifies

dy the working.

i

}

d
Y at this point.

Substitute x =1, y = 1 to give L

Solve to find the value of

Example o XY rrosLew-soLvin
d

Find the value of % at the point (1, 1) where e*Iny =x + y — 2.

. ay dy
e2* x —1: = +Inyx2e®* =1+ o Differentiate each term with respect to x.
Y dx T' dx
Substitute x =1, y = 1 to give Use the product rule applied to the term on the
dy dy left hand side of the equation, noting that In y
e2x—=1+— 1 dy
ax ax differentiates to give ———
¥y dx
(e® — Jﬂ =1
dx
dy 1 dy :
— = — Rearrange to make — the subject of the formula.
dx 2 -1 dx

Exercise @ m INNOVATION

d
® 1 By writing « = y", and using the chain rule, show that %(y”) =it %

d
® 2 Use the product rule to show that i(xy) = xd—i +y
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d
® 3 Find an expression in terms of x and y for —Jé, given that:

a xi+)i=2 b x*+5y°=14 ¢ x2+6x—-8y+5y2=13
2y
d yV+3x2y—-4x=0 e 312-2y+2xy=x3 £ x= x""
xX-—y
g (x-y)f=x+y+5 h ey = xe¥ i xy+x+32=0

® 4 Find the equation of the tangent to the curve with implicit equation x> + 3x)” — »* = 9 at the
point (2, 1).

® 5 Find the equation of the normal to the curve with implicit equation (x + y)* = x> + y at the
point (1, 0).

® 6 Find the coordinates of the points of Problem-solving

zero gradient on the curve with implicit
. 2 2 7 . . dy
equation x* +4y* - 6x — 16y + 21 =0 Find = then set the numerator equal t0 0 to find
X

the x-coordinate at the points of 0 gradient. You
need to find two corresponding y-coordinates.

7 A curve C is described by the equation
2x2+ 3= x+6xy+5=0

Find an equation of the tangent to C at the point (1, —2), giving your answer in the form

ax + by + ¢ =0, where a, b and ¢ are integers. (7 marks)
8 A curve C has equation
=y -2xy
: dy : : :
Find the exact value of 1 at the point on C with coordinates (2, —3) (7 marks)

9 Find the gradient of the curve with equation
In (y?) = %x In(x-1), x>1, y>0

at the point on the curve where x = 4. Give your answer as an exact value. (7 marks)

10 A curve C satisfies sinx + cos y = 0.5, where -t < x<mand -t <y <

d )
a Find an expression for —} (2 marks)

b Find the coordinates of the stationary points on C. (5 marks)

11 The curve C has the equation ye=3* — 3x = )2

]

a Find —} in terms of x and y. (5 marks)

b Show that the equation of the tangent to C at the origin, O, is y = 3x (4 marks)
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Challenge

The curve C has implicit equation 6x + »2 + 2xy = x*
d
a Show that there are no points on the curve such that d_y =0l
X

b Find the coordinates of the two points on C such that :_x =
¥

@ Rates of change

® You can use the chain rule to connect rates of change in situations involving more than two
variables.

Example o XY caimcas rinkin

Given that the area of a circle 4 cm? is related to its radius » cm by the formula 4 = 7, and that

the rate of change of its radius in cm s~ is given by g—: =5, find ol when r =3

ds
A =mr? Problem-solving
dd _ D In order to be able to apply the chain rule to
e find & you need to know d—A. You can find it by
Using 94 _d4  dr di dr

M3 T ar X ar differentiating 4 = wr? with respect to r.

ot = Prrixs

dt You should use the chain rule, giving the

= 30w, when r =3 derivative which you need to find in terms of

known derivatives.

Example o XY mrerpremaTION

The volume of a hemisphere }'cm? is related to its radius rcm by the formula V' = %mJ and the total

surface area S cm? is given by the formula S = 712 + 27r?> = 372, Given that the rate of increase

. . dVv . . . ds
of volume, in cm3s-!, ¥ Pl 6, find the rate of increase of surface area ar

This is area of circular base plus area of curved
surface.

V = %m'g and § = 37r?

s s
LA 2mr? and o Gmr
dr dr dv ds

As ¥V and S are functions of r, find — and —

dr dr
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Now IS _dS  dr dV Use the chain rule together with the property
— ==X ——X—
Nor dr ay dr _. . dV
that —=1+—
1 dv dr
= 6 TF X E';Tﬂ_'g » 6
16

An equation that involves a rate of change is called a m ” _ ) ’
differential equation. You can formulate differential . c_’” e ”Sfe [ERIEton 1=y _Ve
differential equations. = Pure 4 Section 6.5

equations from information given in a question.

Example o mADAPTWELEAnmNG

In the decay of radioactive particles, the rate at which particles decay is proportional to the number
of particles remaining. Write down a differential equation for the rate of change of the number of
particles.

Let N be the number of particles and let ¢ be
time. The rate of change of the number of

dN

particles g’— is proportional to N.

. dN g (LAY
AN . ) e —— o< N so you can write — = kN
lerTps —kN, where k is a positive constant. ——— dt dt

where k is the constant of proportion.
The minus sign arises because the number of RIS

particles is decreasing.

Example o mADAPTWELEARNING

Newton’s law of cooling states that the rate of loss of temperature of a body is proportional to the
excess temperature of the body over its surroundings. Write an equation that expresses this law.

Let the temperature of the body be 6 degrees
and the time be t seconds.
The rate of change of the temperature j—?

, . : . 0 — 6, is the difference between the temperature
is proportional to 8 — 0, where 8, is the

of the body and that of its surroundings.
temperature of the surroundings.

i.e. al —k(f — 0p), where k is a positive . : y
dr 1 The minus sign arises because the temperature
constant. L is decreasing. The question mentions loss of

temperature.
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Example @ XY crmcat mhinkin

The head of a snowman of radius Rcm loses volume by evaporation at a rate proportional to its
surface area. Assuming that the head is spherical, that the volume of a sphere is %?TRS cm?® and that
the surface is 47 R>cm?, write down a differential equation for the rate of change of radius of the
snowman’s head.

The first sentence tells you that j_lf/ = —kA,

where Vem? is the volume, t seconds is time,
k is a positive constant and A cm? is the

surface area of the snowman's head. : . . o
The question asks for a differential equation in

Since K= %TFR3 terms of R, so you need to use the expression for
; Vin terms of R.
db 2
= 47R~

dR [
dV_dV_dR _ P dR L The chain rule is used here because this is a
i e i related rate of change.

B cLawg ™

o == i — Use the expression for 4 in terms of R.
s B

ATRZ x == —k x 47R — Divide both sides by the common factor 47 R2.
dR _ - . .
T This gives the rate of change of radius as required.

Exercise @ m CREATIVITY

® 1 Given that 4 = lmf? and that L =6, find g1 when r =2
4 dt ds

: i dx dy
2 Given that y = xe¥ and that E =5, find a when x =2

3 Given that r =1 + 3cos @ and that % =3, find % when 0 = %

Given that V' = lﬂ'r3 and that d—V = 8§, find gi_r when r =3
3 dt dr

5 A population is growing at a rate which is proportional to the size of the population.
Write down a differential equation for the growth of the population.

@ 000 @ 6

6 A curve C has equation y = f(x), y > 0. At any point P on the curve, the gradient of C'is
proportional to the product of the x- and the y-coordinates of P. The point 4 with coordinates

(4, 2) is on C and the gradient of C at A4 is L

2
Show that d—} e
dx 16
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® 7 Liquid is pouring into a container at a constant rate of 30 cm?s-!. At time ¢ seconds liquid is

. . 2 . W
leaking from the container at a rate of 15 Vem?s—!, where V'em? is the volume of the liquid in
the container at that time.

Show that —15% =2V =450

® 8 An electrically-charged body loses its charge, O coulombs, at a rate, measured in coulombs per
second, proportional to the charge Q.
Write down a differential equation in terms of Q and ¢ where ¢ is the time in seconds since the
body started to lose its charge.

® 9 The ice on a pond has a thickness x mm at a time 7 hours after the start of freezing. The rate of
increase of x is inversely proportional to the square of x.
Write down a differential equation in terms of x and ¢.

® 10 The radius of a circle is increasing at a constant rate of 0.4 cm per second.
. . dC . . . . . .
a Find E where C is the circumference of the circle, and interpret this value in the context of

the model.

b Find the rate at which the area of the circle is increasing when the radius is 10 cm.
¢ Find the radius of the circle when its area is increasing at the rate of 20 cm? per second.

® 11 The volume of a cube is decreasing at a constant rate of 4.5 cm? per second. Find
a the rate at which the length of one side of the cube is decreasing when the volume is 100 cm?

b the volume of the cube when the length of one side is decreasing at the rate of 2 mm per
second.

® 12 Fluid flows out of a cylindrical tank with constant cross section. At time 7 minutes, 7 > 0,
the volume of fluid remaining in the tank is ¥'m?. The rate at which the fluid flows in m* min-!
is proportional to the square root of V.
Show that the depth, /& metres, of fluid in the tank satisfies the differential equation % =—kvh
where k is a positive constant.

® 13 At time, 7 seconds, the surface area of a cube is 4 cm? and the volume is V' cm?.
The surface area of the cube is expanding at a constant rate of 2 cm?s~!.

a Write an expression for } in terms of 4.

; : dV
b Find an expression for dA

4. 1 =i
¢ Show that 3i =5 V-
® 14 An inverted conical funnel is full of salt. The salt is allowed to leave by a small hole in the
vertex. It leaves at a constant rate of 6cm?s~.
Given that the angle of the cone between the slanting edge and the vertical is 30°, show that

the volume of the salt is %m‘r‘, where /1 is the height of salt at time ¢ seconds. Show that the rate

of change of the height of the salt in the funnel is inversely proportional to /#>. Write down a
differential equation relating /2 and ¢.
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Chapter review o m PROBLEM-SOLVING

1 The curve C'is given by the equations

Pedi3; J=oy ¥50

2

where 7 is a parameter.
At A, t = 2. The line /is the normal to C at A.

a Find d_)x in terms of 1. (4 marks)
b Hence find an equation of /. (3 marks)

2 The curve Cis given by the equations x = 2¢, y = £*, where ¢ is a parameter.
Find an equation of the normal to C at the point P on C where ¢ = 3 (7 marks)

3 The curve C has parametric equations
=, e sl

Find an equation of the tangent to C at A4 (1, 1). (7 marks)

4 A curve C is given by the equations
x=2cost+sin2t, y=cost—2sin2t, O<t<m

where 7 is a parameter.

;.o OX 3"
a Find P and q; 0 terms of ¢. (3 marks)
dy ,
b Find the value of d_.i at the point P on C where 7 = % (3 marks)
¢ Find an equation of the normal to the curve at P. (3 marks)

5 A curveis given by x = 27 + 3, y = * — 41, where 7 is a parameter. The point A4 has parameter
t = —1 and the line / is the tangent to C at 4. The line / also cuts the curve at B.

a Show that an equation for /is 2y + x =7 (6 marks)
b Find the value of r at B. (5 marks)

® 6 A car has value £V at time ¢ years. A model for V" assumes that the rate of decrease of } at time
t is proportional to V. Form an appropriate differential equation for V.

® 7 In a study of the water loss of picked leaves the mass, M grams, of a single leaf was measured
at times, ¢ days, after the leaf was picked. It was found that the rate of loss of mass was
proportional to the mass M of the leaf.
Write down a differential equation for the rate of change of mass of the leaf.

® 8 In a pond the amount of pondweed, P, grows at a rate proportional to the amount of
pondweed already present in the pond. Pondweed is also removed by fish eating it at a constant
rate of Q per unit of time.
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Write down a differential equation relating P to ¢, where ¢ is the time which has elapsed since
the start of the observation.

® 9 A circular patch of oil on the surface of some water has radius r and the radius increases over
time at a rate inversely proportional to the radius.
Write down a differential equation relating r and ¢, where ¢ is the time which has elapsed since
the start of the observation.

® 10 A metal bar is heated to a certain temperature, then allowed to cool down and it is noted
that, at time ¢, the rate of loss of temperature is proportional to the difference between the
temperature of the metal bar, ¢, and the temperature of its surroundings 0.
Write down a differential equation relating ¢ and .

11 The curve C has parametric equations

2 T s
x=4cos2t, y=3sint, —§<I<IE

A is the point (2, %) and lies on C.

a Find the value of ¢ at the point A4. (2 marks)

b Find d_i in terms of ¢. (3 marks)

¢ Show that an equation of the normal to C at Ais 6y — 16x+23=0 (4 marks)
The normal at A cuts C again at the point B.

d Find the y-coordinate of the point B. (6 marks)

12 The diagram shows the curve C with parametric VA
equations

Y4

3 1
X=asin*t, y=dacost, Oétszﬂ'
where « is a positive constant. The point P lies

on C and has coordinates (%a, %a)

dy P
a Find d_i giving your answer in terms of ¢z. (4 marks)

b Find an equation of the tangent to Cat P. (4 marks) B

=Y

The tangent to C at P cuts the coordinate axes
at points 4 and B.

¢ Show that the triangle 4OB has area ka” where k is a constant to be found. (2 marks)

13 This graph shows part of the curve C with A I
parametric equations P

x=(t+ 1) y=%t3+3, t>-1 c
P is the point on the curve where ¢ = 2
The line / is the normal to C at P.
Find the equation of /. (7 marks) 0 AN

=Y
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Find the gradient of the curve with equation 5x? + 5y? — 6xy = 13 at the point (1, 2). (7 marks)

dy
Given that e** + e* = xy, find a in terms of x and y. (7 marks)
Find the coordinates of the turning points on the curve 3 + 3xy> - x* =3 (7 marks)
.
a If (1 +x)(2+y)=x>+)", find e terms of x and y. (4 marks)

b Find the gradient of the curve (1 + x)(2 + y) = x? + y* at each of the two points
where the curve meets the y-axis. (3 marks)

¢ Show also that there are two points at which the tangents to this curve are
parallel to the y-axis. (4 marks)

A curve has equation 7x + 48xy — 7)° + 75 =0. 4 and B are two distinct points on the curve

and at each of these points the gradient of the curve is equal to ~—. Use implicit differentiation

11
to show that the straight line passing through 4 and B has equation x + 2y =0 (6 marks)
Given that y = x*, x > 0, y > 0, by taking logarithms show that
ki X1 +1Inx) (6 marks)

dx

a Given that ¢* = ¢&*, where « and k are constants, @ > 0 and x € R, prove that
k=Ina. (2 marks)

b Hence, using the derivative of e, prove that when y = 2~

dy
e 2¥In2 (4 marks)
¢ Hence deduce that the gradient of the curve with equation y = 2* at the point (2, 4)
1sIn 16. (3 marks)

A population P is growing at the rate of 9% each year and at time 7 years may be approximated
by the formula

P=Py1.09),1=0

where P is regarded as a continuous function of ¢ and P, is the population at time 7 = 0.

a Find an expression for ¢ in terms of P and P,,. (2 marks)

b Find the time 7 years when the population has doubled from its value at ¢ = 0, giving your
answer to 3 significant figures. (4 marks)

¢ Find, as a multiple of P,, the rate of change of population % attimer=T (4 marks)

A curve C has equation
y=In(sinx), O<x<mw
a Find the stationary point of the curve C. (6 marks)

b Show that the curve C is concave at all values of x in its given domain. (3 marks)

63
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23 The mass of a radioactive substance ¢ years after first being observed is modelled by the
equation

m = 40e-0-244¢
a Find the mass of the substance nine months after it was first observed. (2 marks)

b Find % (2 marks)

¢ With reference to the model, interpret the significance of the sign of the value of
dm

n found in part b. (1 mark)

24 The curve C with equation y = f(x) is shown in the VA
diagram, where

cos 2x
flx) = —, 0==x=n
Pt
=3

The curve has a local minimum at 4 and a local Cs
maximum at B.
a Show that the x-coordinates of A and B satisfy the

equation tan 2x = —0.5 and hence find the coordinates of 4 and B. (6 marks)
b Using your answer to part a, find the coordinates of the maximum and minimum

turning points on the curve with equation y = 2 + 4f(x — 4) (3 marks)
¢ Determine the range of values for which f(x) is concave. (5 marks)

Challenge

The curve C has parametric equations

y=2sin2t, x=5cos(t+%), O=st<=2n

m The points on C where
dx

dy
a Find —in terms of .
dx

dy d_ = 0 correspond to points
b Find the coordinates of the points on C where —=10 Y

dx where a tangent to the curve
¢ Find the coordinates of any points where the curve cuts or would be a vertical line.

intersects the coordinate axes, and determine the gradient of the
curve at these points.

d Find the coordinates of the points on C where ;i_x =0

e Hence sketch C. ’
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Summary of key points

d
1 If xand y are given as functions of a parameter, ¢: il Tl
dr
2 For implicit differentiation, the following techniques can be applied.

d dy
e N = Tl ==
dx((y)) (» Ix

dy
el e Lo il
q 0" =ny dx
iay}zvcﬁﬂv
R

3 You can use the chain rule to connect rates of change in situations involving more than two
variables.
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6.4

. & | Learning objectives

=\ After completing this chapter you should be able to:
Find the area under a curve represented in parametric form
Find the volume of revolution when a curve is rotated around the x-axis.
- pages 67-73
Integrate functions by making a substitution, using integration by parts ’
and using partial fractions - pages 74-83

Solve simple differential equations and model real-life situations with
differential equations - pages 84-91

r \1 W

Prior knowledge check

1 Differentiate:
a @x-7)¢ b sin5x c e

¢« Pure 3 Sections 5.1, 5.2, 5.3

Given f(x) = 8x7 — 6x 2 find:
a "f(.\'] dx

b I’ f(x) dx « Pure 1 Section 9.1

¢« Pure 2 Section 8.1

3x + 22

Mlens T )

as partial fractions. « Pure 4 Section 2.1

Find the area of the region R bounded by the curve
y = x% + 1, the x-axis and the lines x=-1land x =2

YA

Integration can be used to
solve differential equations.
Archaeologists use differential
equations to estimate the
age of fossilised plants and

¢ Pure 2 Section 8.2 animals.



INTEGRATION CHAPTER 6 67

m Finding the area under a curve defined parametrically

You already knalow how to find t‘he’ area under’a curve using integration. m P—
We are now going to extend this idea by looking at the area under a
curve that is defined by a set of parametric equations.

If we consider the curve C defined by x = f(¢), y = g(#) for a < t < b, and start with the formula for

X
the area under a curve, then we have A4 = fay dx. The curve we have does not quite fit this

formula. We can see that y can be replaced by g(z), but how to we replace the dx?

9% _ 1), and so dx = (1)t

Since we know x = f(¢), it is reasonable to state that T

t=bh
Now we can write 4 = f g(n)f'(r)dt. This is the formula for the area under a parametric curve.
t=a

A curve is represented by the parametric equations x = ¢, y = 32

Find the area under the curve fromr=1tor=2

Start with the formula for area.
A = [ydx

— 'ﬁz o
=t Al 1= dx = dt

Differentiate the function x, and obtain dx in
terms of dt.

2
Hence 4 = [3:‘251!

Re-write the area formula, now in terms of ¢.

Then 4 = [%:]1 = [

Integrate and simplify.
SoAd=2%-12=7

A curve is represented by the parametric equations x = cost, y = —cost

s o

Enter the limits to obtain the answer.

Find the area under the curve from 7 = % totr= %
A= [ydx Start with the formula for area.
dx :
X = cost, [, —— = —sint \_
dt Differentiate the function x.

and so dx = —sintdt

— Determine an expression for dx.

Hence A = f(-— cost)(—sint)dt

—— Substitute into the area formula.

= _fl %5in2.’df

— Usesin2A =2sinAcosA
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7
So A= [——cos 2JL Integrate the function.
I
1 ™ T : " ey
Then A = 7 (505 > cos 3) Substitute in the limits.
Which gives A = —i(—l] -
9 2\" 72 E) Evaluate the area.

Exercise m ANALYSIS

Determine the area under the curve represented by the set of parametric equations
x=t"’,y=t+ lfor-1<¢<2

2 The parametric curve C has the set of equations x = V7, y =472

Determine the area under the curve fromr=3tor=35

3 The parametric equations x = sint, y = 2cost represent the curve C, over the interval 0 < 7 < -

w3

Find the area under the curve over the given interval.

4 The area under the curve x = 612, y = ﬁ over the interval 2<r< b, is 117.

Determine the value of b.

5 Given that the curve C has parametric equations x = 212, y = 417, determine the area under
the curve from ¢ = 4 to ¢ = 16, giving your answer in the form Inb.

6 Determine the area under the curve represented by the set of parametric equations
x=eX y=edforn3<t<In8

Give your answer in an exact form.

@ Volumes of revolution around the x-axis

You have used integration to find the area of a m e e
IR R b0|:|nded by a curve, the x-axis and definite integration. « Pure 2 Sections 8.1, 8.2
two vertical lines.

VA
y=1f() - .
The area between a positive curve, the x-axis and the

lines x =a and x = b is given by

Area = [fpdx
“a

where y = f(x) is the equation of the curve.

=Y
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You can derive this formula by considering the sum of an infinite number of small strips of width 4x.
Each of these strips has a height of y, so the area of each strip is

Vi
04 = ydx y=fX)
The total area is approximately the sum of these strips, i
or Y ybx |
The exact area is the limit of this sum as §x — 0 P .
which is written as [ydx. 0 g FAb *

You can use a similar technique to find the volume of an object created by rotating a curve around a
coordinate axis. If each of these strips is rotated through 27 radians (or 360°) about the x-axis, it will
form a shape that is approximately cylindrical. The volume of each cylinder will be 7wy?dx since it will
have radius y and height dx.

So the volume of the solid will be approximately equal to the sum of the volumes of each cylinder, or
Y 7y28x. The exact volume is the limit of this sum as §x — 0, or 7 [y2dx

= The volume of revolution formed when y = f(x) is rotated through 27 radians about the x-axis
between x = @ and x = b is given by:

Volume = 7 [?y2dx

;A
Example o ({'((NEJ) PROBLEM-SOLVING 2

The diagram shows the region R which is
bounded by the x-axis, the y-axis and the curve
with equation y = 9 — x2

The region is rotated through 27 radians about 0 \ s
the x-axis. Find the exact volume of the solid
generated.
9_x2=0 First find the point where the curve intersects
the x-axis.

(2 =x)34 x)=0
|— From the diagram, x > 0, therefore x =3

X =3 Or.X%="—3




70 CHAPTER 6 INTEGRATION

— Use V=n['y?dxwitha=0b=3andy=9-x

V=mr[39 - x22dx
A

— Simplify the integrand.

= [°(81 - 18x2 + x4) dx
= 7.*[81,\* -6x3+ lx5] i Integrate each term separately.
o]

= Tr((243 162 + 243) (Gt OJ) ——— Substitute the limits.

_ 648w Simplify the resulting answer and write it as an
5 exact fraction in terms of .

If a function is given in parametric form, such as x = f(7), y = g(¢) for @ < t < b, in order to
determine the volume you must start from the standard formula.
\2

So, using V=7 [ y?dx, we first notice that there is no reference to our parameter, the integral

Xy

is purely in terms of x.

If we consider % = f'(1), this can be written as dx = f'(z) dz.

Substituting all of this into our volume formula gives V' = ﬂ'f g(1))? f'(¢)d¢ that is an integral purely
in terms of 7 which can now be evaluated.

Example o m PROBLEM-SOLVING

A curve is represented by the parametric equations x = 2¢, y = ¢

Find the volume generated when the curve is rotated about the x-axis, fromt=2to t =4

V= [my?dx Start with the formula for volume.

,\‘=2.“,c£=2 = dx = 2dt
dt

1 Differentiate x to determine the operator dx in

g terms of dr.

V= wf (12)° x 2dt

2

Rewrite the volume formula, substituting in

? everything relating to .

il
= 21'Tf t4dt L

2

Simplify the integral.

1 T
2T [— 15]
5k

= 2™ 4024 - 32) —— Integrate the function.
5
aidoa ™ Substitute in limits.

5

[

Evaluate.
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Example o ({{NEJ) PROBLEM-SOLVING

The curve C has parametric equations x = 412 — 1, y = 1> — ¢, the curve cuts the x-axis at the points
A and B. the curve is rotated about the x-axis, between the points 4 and B. Find the volume generated.

Determine where the curve cuts the x-axis.

=0 =00
V= [ny? dx Use the formula for volume.
ax
X =4 -1, =6t = dx = &tdt
dt Differentiate x to determine the operator dx in

1

V= ﬂf (2 - 112 X 8¢ dt terms of dt.
8 : L Rewrite the volume formula, substituting in
= 8Wf (t* = 26 + )t dt everything relating to .
0]
= 8frf (1° — 2t + 13) dt Simplify the integral.
0]
=ém [lsG = 215 + lf‘*]1 Integrate the function.
.6 5 ol
= r(é —% + ;—) Substitute in limits.
-2
=BT L— Evaluate.

Exercise @ m ANALYSIS

1 Find the exact volume of the solid generated when each curve is rotated through 360° about the
x-axis between the given limits.

a y=10x2between x =0 and x =2
b y=5-xbetweenx=3andx=35
¢ y=x between x =2 and x = 10

d y=1 +#betweenx= land x=2

® 2 The curve shown in the diagram has equation y = 5 + 4x — x2. The finite region R is bounded by
the curve, the x-axis and the y-axis. The region is rotated through 27 radians about the x-axis
to generate a solid of revolution. Find the exact volume of the solid generated. (5 marks)

yp=5+4x-x2

)
=Y
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® 3 The diagram shows the region R which is bounded by the x-axis, the lines x = 1 and x = 8, and
the curve with equation y = 3 — x. The region is rotated through 27 radians about the x-axis.
Find the exact volume of the solid generated. (5 marks)

1
] >
Oll 8 X

® 4 The diagram shows the curve C with equation y = vx + 2 . The region R is bounded by the
x-axis, the line x = 2 and C. The region is rotated through 360° about the x-axis.
Find the exact volume of the solid generated. (5 marks)

=Y

>

5 The diagram shows a sketch of the curve with equation y = 9x: — 3x3
The region R is bounded by the curve and the x-axis.

Va

El Kl
y=9x2-3x2

a Find the coordinates of A. (2 marks)
The region is rotated through 27 radians about the x-axis.

b Find the volume of the solid of revolution generated. (5 marks)

{244

; : x*+=3, . ;
6 The curve with equation y = \—3 is shown in the diagram.
%

The region bounded by the curve C, the x-axis and the line x = 6 is shown shaded in the
diagram. The region is rotated through 27 radians about the x-axis. Find the volume of the
solid generated, giving your answer correct to 3 significant figures. (6 marks)
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7 The diagram shows the curve with equation 5y — x* = 2x — 3. The shaded region is bounded
by the curve and the line x = 4. The region is rotated about the x-axis to generate a solid of
revolution. Find the volume of the solid generated.

4 X Rearrange the equation to make y? the subject.

8 The curve shown in the diagram has equation y = x4 — x2. The finite region R is bounded by
the curve, the x-axis and the line x = @, where 0 < @ < 2. The region is rotated through 27

. ; : : ; 657
radians about the x-axis to generate a solid of revolution with volume 1 6[?
Find the value of a. (5 marks)
VA
y=xvd-x?
i
I R
0 - 7 X

® 9 The diagram shows a shaded rectangular region R of length /1 and width r. The region R is
rotated through 360° about the x-axis. Use integration to show that the volume, V, of the
cylinder formed is V = 7r?h
VA

r

0] kx

® 10 A curve is represented by the parametric equations x = t%, = £

The curve is rotated about the x-axis to form a volume fromr=1tor=3

Find the volume generated.
3
!
The curve is then rotated about the x-axis between the values of r=2and 1 =3

® 11 The parametric curve C is represented by the set of equations x =2+ 1, y =

: .5 . a
Determine the volume generated, giving your answer in the form k7 In (i)

b
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Challenge -

The diagram shows the curve C with equation &
v =|x% = Tx + 10|. The shaded region R is
bounded by the x-axis, the curve C and the . .
lines x = 1 and x = 6. The region is rotated 2w i i
radians about the x-axis. Find the exact volume ' '

(0] 1 6 X

of the solid generated.

@ Integration by substitution

Sometimes you can simplify an integral by changing the variable. The process is similar to using the
chain rule in differentiation and is called integration by substitution.

In your exam you will often be told which substitution to use.

Example o I sonemive Learniv

Find |xv2x + 5 dx using the substitutions

au=2x+5 b ?=2x+5

You need to replace each 'x’ term with a
o (b T f_x\-"2x o corresponding ‘u’ term. Start by finding the

relationship between dx and du.
let u=2x+5

1
Sodx =—du
S0 9% _ o - 2
ax ;
So dx can be replaced by Edu r Next rewrite the function in terms of u=2x + 5
.-".2; + - ! = ‘l
B 55 L Rearrange = 2x + 5 to get 2x = u — 5 and hence
x=" ; = 5
2
=Bk

Sl = f( > )a X35 du

L— Rewrite 7in terms of « and simplify.
! H

= fz(&{ - 5)11’ du

= f%{a% - 514%) du O

Multiply out the brackets and integrate.

1w dur « Pure 1 Section 9.1
28 .8
2 2
S B el
S o e Simplify.

So = (2’“15 SIS 5(2)6; 2l +c Finally rewrite the answer in terms of x.
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b Let I=|x/2x + 5dx

CHAPTER 6 75

> =2x+5
du
2u e 2

So replace dx with udu.

Vex+ 5 =u
ok
and ’c:”25
u> -5
5 1o] I:f( > )uxuda
(5w
‘f(z' 2)d“
w 5w
10 G
C(2x+5)° 5(@x+5)
So 1= 10 - c +C

Example o SKILLS CRITICAL THINKING

Use the substitution # = sin x + 1 to find

fcosx sinx (1 + sinx)*dx

Let I= fcos xsinx(1 + sinx)®dx
Let u=-=sinx+1

_dﬁ = COo5 X

iy

So substitute cos x dx with dit.

(sinx + 1)% = u"ﬁ—‘

sinx=u—-1 J

So = f{u — N du

= f(rﬁ - u3) du—|

>
S ae J

_(sinx+1)° (sinx+1)* _
So = 5 - 2 +C

First find the relationship between dx and du.

Using implicit differentiation, cancel 2 and
rearrange to get dx = udu

Rewrite the integrand in terms of . You will need
to make x the subject of u? = 2x + 5

Multiply out the brackets and integrate.

Rewrite answer in terms of x.

First replace the dx.

cos x appears in the integrand, so you can write
this as du = cos x dx and substitute.

Use u = sin x + 1 to substitute for the remaining
terms, rearranging where required to get
sinx=u-1

Rewrite Iin terms of u.

Multiply out the brackets and integrate in the
usual way.

Problem-solving

Although it looks different, fsian(l + sinx)? dx
can be integrated in exactly the same way.
Remember sin2x = 2 sinx cos.x, so the above
integral would just need adjusting by a factor of 2.
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Example o | skis Ry

Use integration by substitution to evaluate
. & y . LCEUKIT If you use integration by substitution
a fnux(x + 1)3dx b fn'cos xvV1 +sinxdx to evaluate a definite integral, you have to be

careful of whether your limits are x values or u
. values. You can use a table to keep track.
a let F= fo_x(x + 12 dx

let u=x+1
du
dx T
so replace dx with du and replace (x + 1)° Replace each term in x with a term in u in the
with 3, and x with u — 1 usual way.
X u
> Change the limits.
N T Whenx=2,u=2+1=3andwhenx=0,u=1
So I = f,ﬁ(u - Nu® du L Note that the new u limits replace their
& Lﬁ(m iy corresponding x limits.
_ [ _ut i Multiply out and integrate. Remember there is no
5 4l “— need for a constant of integration with definite
x (243 B 15_1) B (1_ B l) — integrals.
muh 4 5 4
=464 - 20 =264 | Theintegral can now be evaluated using the
5 limits for u without having to change back into x.
b f:cosx\f"T + sinx dx
- l clu L
u=1+snx = T cos X, s0 replace Useu=1+sinx
cos x dx with du and replace V1 + sinx
with uZ, Remember that limits for integrals involving
5 || o trigonometric functions will always be in radians.
5 e
— ’7 x==meansu=1+1=2and
2 x=0meansu=1+0=1
O | 1
Seil= fLu" dut Rewrite the integral in terms of u.
2 31°
= [5u], :
- (_2_2;__;) . (g) L— Remember that 2° = V8 = 2V2
T eE G

Sods —25(2\.-"'2 - 1) Problem-solving

You could also convert the integral back into a
function of x and use the original limits.



INTEGRATION CHAPTER 6 77

PITITD) PROBLEM-SOLVING

1 Use the substitutions given to find

— 1 +sinx .
afxv’1+xdx;u=l+x b |=cosx dx;u=sinx
. 2
c fsm3xdx;u=cosx d f},_—dx;uzx/;
Vx(x —4)
e fseczxtan xwl+tanxdx;uw?=1+tanx f |sect*xdx;u=tanx
2 Use the substitutions given to find the exact values of
5 — 2
I S 1 O
afnxu+4dx,u_x+4 bfnx(2+x) dy;u=2+x

c fn'sinx\e"3cosx+ 1 dx; u=cosx

4 1 . P
€ flmdx,u—\/}

3 —s
d fn secxtanxvsecx + 2dx; u=secx

® 3 By choosing a suitable substitution, find

s 5 % Vx2+4
a fA(3+2x) dx b f\mdx c f o X
® 4 By choosing a suitable substitution, find the exact values of
a [ x/2+xdx ble.l_v:,_x_ldx ¢ J a0
. Ny . 20 8x
® 5 Using the substitution > = 4x + 1, or otherwise, find the exact value of f 6 /2 ] dx (8 marks)
Vvax +
= 4x
(E/P) 6 Use the substitution u? = e* — 2 to show that ™ dv=24cIn d, where a, b, ¢
. 3 e¥—2 b
and d are integers to be found. (7 marks)

7 Use the substitution # = cos x to show , .
Use exact trigonometric values to

fjsin% cos?y dx = % (7 marks) change the limits in x to limits in u.

A
2

8 Using a suitable trigonometric substitution for x, find f x31 = x2dx (8 marks)

Challenge

By using a substitution of the form x = k sin &, show that
1 9=
dx=-
fx2u9 - x? 9x

=G
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m Integration by parts

You can rearrange the product rule for differentiation:

m uand v are both

i = ﬁ ,% functions of x.
dz(uv)_udx-ﬂda

dv_d _,du

dx dx d

u—dA f——(uv) dx - fv%—dx

Differentiating a function and then integrating it leaves the original function unchanged.

So, fdd_x (uv)dx = uv

. . . . dv du
m Th u—dx=uv- |v—
is method is called integration by parts.f dx=u f dx

To use integration by parts you need to write the function you are integrating in the form u%
X

You will have to choose what to set as «# and what to set as j—‘

%
Example o m ADAPTIVE LEARNING Problem-solving
Find fx cos xdx

For expressions like x cos x, x2sin x and x%e* let u
equal the x" term. When the expression involves
Inx, for example x2In x, let u equal the In x term.

let: I= fx cos xdx

du Letu:xandﬁ=cosx.
=X e = dx
a du dy
v s Find expressions for u, v, — and —
dx-cosx:} v—51r1xj dx dx
Using the integration by parts formula: Take care to differentiate u but integrate %
I=Xxsinx — fsm,\ x Tdx
= XsinX + cosx + ¢ L Notice that vg—f: dx is a simpler integral
dv
than fuadx

Example @ m PROBLEM-SOLVING

Find fxz Inxdx

et i F= f,\‘e Inxdx

du 1
u=lInx #a—}—‘

= — _x_aj
Tl

Since there is a ln x term, let # = In x and ? = i
X

. . du dy
Find expressions for u, v, and —
i pressi PN i o

Take care to differentiate u but integrate ?
X
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x? x3 ]
1= gh"l,\ = J‘g * }d’(
X3 x2 — Apply the integration by parts formula.
= —inx="|—adx
3 3
_x b S | du
= Inx g ¢ Simplify the lie term.

It is sometimes necessary to use integration by parts twice, as shown in the following example.

Example @ (K PROBLEM-SOLVING =
i — a2 et
There is no ln x term, so let u = x2 and o e

B 2ax
Find f* evdx — Find expressions for u, v, % and (e
X

dx
[t (T = fx'?e-" dx Take care to differentiate u but integrate ?
X
w=x2 é%:&v—‘
dv ' J — Apply the integration by parts formula.
—_— = e_\# V= e.\'
dx
So I = x2ex — fzxe\-dx Notice that this integral is simpler than I but
du still not one you can write down. It has a similar
u=22x = e 2 structure to 7 and so you can use integration by
; . R dv _
% Satene st sy parts again wlthu_z_vcand&—ex

—_ yeak _ X XAy
o S (2xe f2e dJ\) L Apply the integration by parts formula for a

xéet — 2xe¥ + f2e-"dx second time.

= x%e* — 2xe* + 2" + ¢

Example @ m CREATIVITY

2 . . .
Evaluate f ] In x dx, leaving your answer in terms of natural logarithms.

Write the expression to be integrated as Inx x 1

2 e
Let]:f: sk =f1 PSR —L thenu:lnxand&=1
dx

u=lnx = j": = lx Remember if an expression involves In x you
) should always set u = In x
L. 4% 1=2v=x
dx =
2 e 1 o
I=[xInx]; - f] Xix —dx Problem-solving
: o du
=(2In2) - {1In1) - Id 1dx Apply limits to the uv term and the fvadx term
3 separately.
=2In2 - [x]?
=2In2 -(2-1)

Evaluate the limits on uv and rememberln1=0
=2In2 -1
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Using integration by parts, find f e¥sinxdx.

1 =f8"' sinxdx
~ du i
u=e", — =¢e'
dx
dv E
— =SinNX,y=-Cc05X
dx

I =[-e" cosx] —f—e-" cosxdx

= [-e* cos x] +fe-" cosXxdx

a = e.\" % = e.\' —‘
dx

dv :
— = CO5X, V=35nXx
dx

I=[-e"cosx] + ([e-" sin x] —fe-" 5inxdx) —&—1 |

I=[-e*cosx +evsinx] -1

21 = [e* (sinx — cos X))

Ize—xlsinx—cosx] + ¢ L

2
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Label the integral 1.

Find expressions for u, v, g—“ and i

e dx

Apply the integration by parts formula.
Simplify.

; . du dv .

Find expressions for u, v, — and —, takin
P dx dx &

care not to switch the functions

(you are still differentiating e*).

Apply the integration by parts formula again.

Recognise that the original integral is now on the
right hand side.

Simplify the expression.

m PROBLEM-SOLVING
1 Find
a fxsinxdx b |xe‘dx c fxseczxdx
d |xsecxtanxdx e f‘x dx
sin? x
2 Find
Inx
a f31nxdx b |xInxdx c —3dx
X

d [(nxpdx e [+ Dinxdx

3 Find

a fxze“ dx b fxz cosxdx ¢ f12x2(3 +2x)°dx d f2x2 sin2xdx e f2x2 sec?x tan x dx

4 Evaluate

In2 ; % §
a fn xe¥dx b fn xsin xdx

f fnﬂxcoslxdx

e [\'ax(1+x7dx n

In x
2 dx

d ff

c fozxcosxdx

g f; sin x In (sec x) dx
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® 5 a Use integration by parts to find |xcos4xdx (3 marks)

b Use your answer to part a to find f x?sin4xdx (3 marks)

6 a Find [/8—xdx (2 marks)

b Using integration by parts, or otherwise, show that

Jor-28=xdx= —2(8 X +D+e (6 marks)

¢ Hence find f (x —2)/8 — x dx (2 marks)

7 a Find [sec?3xdx (3 marks)
b Using integration by parts, or otherwise, find f xsec?3xdx (6 marks)

¢ Hence show that f;x sec?3x dx = pr — ¢In 3, finding the exact values of the
constants p and g. - (4 marks)

@ Partial fractions

Partial fractions can be used to integrate algebraic fractions.

Using partial fractions enables an expression that looks m Make sure you are confident
hard to integrate to be transformed into two or more expressing algebraic fractions as
expressions that are easier to integrate. partial fractions ¢ Pure 4 Section 2

Example @ m INNOVATION

Use partial fractions to find the following integrals.

x—-35 8x?— 19x + 1 2
= b dx d:
f(A+l)(r—2) Qx+ Dx =22 cfl-xz *
X%:—:5 A B Split the expression to be integrated into partial
& (x + 1{x — 2) X+ 1 + x -2 fractions.

Sox—-5=Ax-2)+ B(x + 1)

let x=-1: -6=A(-3)s0A4=2
letx=-1and2
letx=2: -3 =B(3)s0B=-1

f_ x-5 dx Rewrite the integral and integrate each term as in
(O + 1)0x - 2) « Pure 3 Section 6.4

2t
Bkl = Remember to use the modulus when using In in

=2In[x+1] -In|]x=-2| +¢ integration.
_ | &+ 02
- x — 2 The answer could be left in this form, but

sometimes you may be asked to combine the In
terms using the rules of logarithms.
« Pure 2 Section 3.3
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[

Bx = 19x £
Bl S s ol e
% Bialle -
&x2 -19x+1 _ A B C

= +
Px+)x—22 2x+1 (x—22 x-2

X2 = 19x+1=Alx -2+ B2x+ 1) +
CZ2x + 1)(x = 2)
let x=2:-5=0+ 5B+ 0s0 B=-1

s sl sl e
let x= —:12;=5°4+0+0s04=2

let x=0: Then 1=44A+B-2C
So N1=8—-1—=-2CscC€ =3

It is sometimes useful to label the integral as 1.

Remember the partial fraction form for a
repeated factor in the denominator.

Rewrite the intergral using the partial fractions.
Note that using 7 saves copying the question again.

= 2 _ ! 3 " Don't forget to divide by 2 when integratin
1_f(2x+1 (_x~2)2+xw2)d" g ! S

L and remember that the integral of
2x+1

+3In|x—-2| +¢—B8—

2 i 1
=§|n|2,\+1|+x_2

L does not involve In,
) 1 : (=212
=In|2x+1| + +Injx=-2|2+¢
X=2
=lIn|(2x + 1)(x — 2)3| + o T i Simplify using the laws of logarithms.
2
let = ax
e leti= 755
2 o 2 o dA g B Remember that 1 — x2 can be factorised using
1-x2 (1-x1+x) 1-x 1+x the difference of two squares.
2=A01+ x) + B(1 — x)
let x=-1then2=2Bsc B=1
let x=1then2=24s04=1
I Rewrite the integral using the partial fractions.
So I:f( 1 + T )dx
Tox " =x
=i aosl e ol e Notice the minus sign that comes from
1+ x . ! :
_In‘T —x‘ + ¢ mtegratmgl_x

When the degree of the polynomial in the numerator is greater than or equal to the degree of the
denominator, it is necessary to first divide the numerator by the denominator.

ETE @ m CRITICAL THINKING

i
Find f —9""'%23;": 2 ix

O9x2 — Bx 4+ 2
e R e e - irst divi
TP First divide the numerator by 9x? — 4

1

9x? — 4)9x% - 3x + 2—‘ 9x2 + 9x2 gives 1, so put this on top and subtract
Ox? —4J 1 x (9x% — 4). This leaves a remainder of —=3x + 6

-3x+ 6
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50 1:f(1 + 6“3£)dx

9x2 - 4
6-3x __ A P B Factorise 9x2 — 4 and then split into partial
9x2 -4 3x-2 3x+2 fractions.

let x = -% then & = 4B so B= -2

then4 =44 =s0A4 =1

20 sz i 3x1— i 3x2+ 2)dx

x+%th—2|-%MBx+2Hc

Letx =

wro

’7 Rewrite the integral using the partial fractions.

Integrate and don't forget the%

=x+—=In Sx-2

Sl e e

L Simplify using the laws of logarithms.

Exercise @ m INNOVATION

1

Use partial fractions to integrate
a 3x+5 3x-1 - 2x -6 d 3
(x+ D)(x+2) 2x+ D)(x-2) (x+3)(x-1) 2+ x)(1-x)
Find
2(x*+3x-1) X3+ 2x2+2 X X2+ x+2
f(x+1)(2x—l)dx f e f Tead . f3—2x—x2dx
4 1
()= Gxr D20 ** ¥2
a Given that f(x) = 4 + B , find the value of the constants 4 and B. (3 marks)
2x+1 1 -2x
b Hence find f f(x) dx, writing your answer as a single logarithm. (4 marks)

2
¢ Find fi f(x) dx, giving your answer in the form Ink where k is a rational constant. (2 marks)

17 — 5x 3
= 2
W) =Grae-m 2*F
a Express f(x) in partial fractions. (4 marks)
L 17—5x . .

b Hence find the exact value of fu G 1200 — 27 dx, writing your answer in the form

a + Inb, where a and b are constants to be found. (5 marks)

9x2+4 2
f(x)_9x2_4,x=:|: 3
B C

a Given that f(x) =4 +

% -0 arid find the values of the constants 4, Band C. (4 marks)

b Hence find the exact value of Problem-solving

1.yl
s 9% +4 dx, writing your answer in the Simplify the integral as much as possible before

1042 _
s9x% -4 substituting your p limits.
form a + b Inc, where a, b and ¢ are

rational numbers to be found. (5 marks)
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a Express f(x) in partial fractions. (4 marks)
46 + 3x — x? g2 :
b Hence find the exact value of | mdx, writing your answer in the form a + Inb,
where « and b are rational numbers to be found. (5 marks)
32x2+4 B '3
T arr D=1 =2 21 T a1
a Find the value of the constants 4, B and C. (4 marks)
b Hence find the exact value of fz 22 +d dx writing your answer in the form
L @x+ DH@dx- 1< gy
2 + k Inm , giving the values of the rational constants k and m. (5 marks)

@ Solving differential equations

Integration can be used to solve differential w A first order differential equation
equations. In this chapter you will solve first order contains nothing higher than a first order
differential equations by separating the variables. dy

R bt
derivative, for example —
I P dx

dy .
" When E_; = f(x)g(y) you can write A second order differential equation would

1 dy ff(x) da have a term that contains a second order
— dv= .
gy derivative, for example d—xJ‘i

The solution to a differential equation will be a function.

When you integrate to solve a differential equation you still need to include a constant of integration.
This gives the general solution to the differential equation. It represents a family of solutions, all
with different constants. Each of these solutions satisfies the original differential equation.

]

For the first order differential equation d—} = 12x?% - 1, the general solution is y = 4x° - x + ¢,
ory=x@2x-10@x+1)+¢ i

Each of these curves represents a particular
solution of the differential equation, for different
values of the constant ¢. Together, the curves
form a family of solutions.

@ Explore families of solutions

using technology.
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d
Find a general solution to the differential equation (1 + x?) d—J; =Xxtany

In|sin y| =;—|n|1' + x| +¢

In|siny| = ;—|n|1' + xZ| +Ink

or
In|siny| = In|k/1 + x2|
S0

siny = kvl + x2 ‘

Finally remove the In. Sometimes you might be
asked to give your answer in the form y = f(x)
This question did not specify that so it is
acceptable to give the answer in this form.

dv
Write the equation in the form d—“; =f(x)g(»)

Now separate the variables:

1
) dy = f(x) dx

Use coty =

tany
fcotx dx = In|sin x| + ¢

Don't forget the +¢ which can be written as In k.

Combining logs.

Sometimes you are interested in one specific solution to a differential equation. You can find a
particular solution to a first-order differential equation if you know one point on the curve.
This is sometimes called a boundary condition.

Example Q m CRITICAL THINKING

Find the particular solution to the differential equation

_ T30-2)
T 2x+ D)(x+2)

given that x = 1 when y =

dy
dx

4. Leave your answer in the form y =

f}-v—2 f(2;+1(\»+2)d

=3 _ 4 B

i

Ex+x+2]  2x+ 1] [x+2
-3 =Ax+ 2)+ B(2x + 1)

Llet x = =2: -3=-3B =0 B=1

- g -
Letx_—2. 3—2/1 =0 A=-2
So

m The boundary

condition in this question is
that x=1wheny=4

f(x)

First separate the variables. Make sure the
function on the left-hand side is in terms of y
only, and the function on the right-hand side is in
terms of x only.

Convert the fraction on the RHS to partial
fractions.

Rewrite the integral using the partial fractions.
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Injy = 2| =In|x+ 2| —In|2x + 1| + Ink————— Integrate and use +In k instead of +¢

k(x + 2)‘ ;
Injy = 2| =1In Yo Combine In terms.
x+2
y—-2= fc(zx B 1) Remove In.
4—2:&(%):}&’:2 B Use the condition x = 1 when y = 4 by
g substituting these values into the general
- X+ . :
S0 y=2+ 2( R ) solution and solving to find k.
y=3+ B Substitute k& = 2 and write the answer in the form
i X

v = f(x) as requested.

({{(NK3 CRITICAL THINKING

1 Find general solutions to the following differential equations.
Give your answers in the form y = f(x)

dy dy
a a:(l+y)(1—2x) b o =ytanx
¢ ccnszxﬂ = y?sin’x d E: Dex-»y
dx dx

2 Find particular solutions to the following differential equations using the given
boundary conditions.

dy m dy i
Bl e T LS. S — P,
a dx—smxcos)L,y_O_,x_3 bdx_secxsec ;y=0,x 4
dy dy cos
c ﬁz 2 cosZy cosZx; y = %, x=0 d sinycosxd—i = Tsi’ Pl =
3 a Find the general solution to the differential equation
dy @ Begin by factorising
xza =y + xy, giving your answer in the form y = g(x) the right-hand side of the
equation.

b Find the particular solution to the differential equation that
satisfies the boundary condition y = e*at x = -1

® 4 Given that x = 0 when y = 0, find the particular solution to the differential equation

dv
2y + 2yx) d_.jc =1 — 2, giving your answer in the form y = g(x) (6 marks)
dv
(E/P) 5 Find the general solution to the differential equation e-‘*—"é = 2x + xe’, giving your answer
in the form In|g(y)| = f(x) (6 marks)

d
® 6 Find the particular solution to the differential equation (1 — xz)—i = xy + y, with boundary

condition y = 6 at x = 0.5 Give your answer in the form y = f(x) (8 marks)
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dv
Find the particular solution to the differential equation (1 + x2) é = x — xy2, with boundary
condition y = 2 at x = 0 Give your answer in the form y = f(x) (8 marks)
: : : : : . dy , :
Find the particular solution to the differential equation P xe™, with boundary condition
y=1In2 at x = 4. Give your answer in the form y = f(x) (8 marks)
: : : : . . dy :
Find the particular solution to the differential equation e cos?y + cos 2x cos?y, with
boundary condition y = % alx= % Give your answer in the form tan y = f(x) (8 marks)
3 T : : . dy :
Giventhat y=1latx = > solve the differential equation dx = Xysinx (6 marks)
a Find f 3x:— : dx, x>0 _ _ (2 marks)
: ) : ; . dy 3xjy+4yy
b Given that y = 16 at x = 1, solve the differential equation T T—
giving your answer in the form y = f(x) (6 marks)
a Ex ress& in partial fractions (3 marks)
PSS By —8)x-2) P '

b Given that x = 3, find the general solution to the differential equation
dv
(x =2)(3x-18) é =(8x - 18)y (5 marks)

¢ Hence find the particular solution to this differential equation that satisfies
y =8 at x = 3 giving your answer in the form y = f(x). (4 marks)

d
a Find the general solution of d_J\/ =2x-4

b On the same axes, sketch three different particular solutions to this differential equation.

: : : ; . dy 1
a Find the general solution to the differential equation T 12) (3 marks)
b On the same axes, sketch three different particular solutions to this differential
equation. (3 marks)
¢ Write down the particular solution that passes through the point (8, 3.1) (1 mark)
dv "
a Show that the general solution to the differential equation = can be written in
2 2 dx y
the form x2 + y2=¢ (3 marks)

b On the same axes, sketch three different particular solutions to this differential
equation. (3 marks)

¢ Write down the particular solution that passes through the point (0, 7) (1 mark)

87
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m Modelling with differential equations

Differential equations can be used to model real-life situations.

Example @ m INNOVATION

The rate of increase of a population P of microorganisms at time ¢, in hours, is given by
dp

47 =3Pk>0

Initially the population was of size 8.

a Find a model for P in the form P = Ae* stating the value of A.

b Find, to the nearest hundred, the size of the population at time ¢ = 2

¢ Find the time at which the population will be 1000 times its starting value.
d State one limitation of this model for large values of 1.

aP

g i =2 Integrate this function by separating the
fi AP f3 i [ variables.
P
LSRG Apply the laws of indices.
P:E."P”*'f':&g'xe‘: r
P = Ae® ecis a constant so write it as A.
E=A4e’=>> A=86 o ) )
P = 8ed L You are told that the initial population was 8. This

gives you the boundary condition P =8 when 1 =0
b P =53

Pi= Hes*ei= Beb
=3227 4y = 3200

L Substitute r =2

(s P =1000 x & = 8000
BO00I= Bt Solve by taking the natural log of both sides of
1000 = e* r the equation.
In 1000 = 3t
= +1n1000 Online ] | - O |
3 Explore the solution to this
= 2.3 hours = 2 h 18 mins example graphically using technology.

d The population could not increase in size in
m When commenting on a model you

this way forever due to limitations such as
available food or space should always refer to the context of the question.
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Water in a manufacturing plant is held in a large cylindrical tank of diameter 20 m.

Water flows out of the bottom of the tank through a tap at a rate proportional

to the cube root of the volume.

a Show that ¢/ minutes after the tap is opened

dh__ kI for some constant k.

-

b Show that the general solution to this differential equation may be written

ash=(P- Qt)i, where P and Q are constants.

«—20m—>

Initially the height of the water is 27 m. 10 minutes later, the height is 8 m.

¢ Find the values of the constants P and Q.

d Find the time in minutes when the water is at a depth of 1 m.

a V=mxr2h=100rh

d¥ _ 100x
dh
dv

at =—-ciV

= —cY1007h

dh_dh v

dr_de dt

L (—¢¥1007h)

dt ~ 100x >

(-—c 'i-"Too?r) oy
1007

So dh =-k »E where k = <Y 22

dt 100w

h% =-0t+ P
h=(P- Q)

& L=0h=27
e N
t=10,h=8

&=(2 -10Q)

2
H

4=9-100Q

=l
=3

Use the formula for the volume of a cylinder. The
diameter is 20, so the radius is 10.

Problem-solving

You need to use the information given in the
question to construct a mathematical model.
Water flows out at a rate proportional to the cube
root of the volume.

(:TI;/ is negative as the water is flowing out of the

tank, so the volume is decreasing.

Use the chain rule to find %

- dh dv
Substitute for Tz and T

dh_ 1 _ 1

dv ™ dv~ 100w
dh

¢ was the constant of proportionality and = is
¢ x V1007

constant so —————— = k is a constant.
1007 :

Integrate this function by separating the
variables.

2 2
Lt =—k dP:—
et Q s kan 3¢

Use the boundary conditions to find the values
of P and Q. If there are two boundary conditions
then you should consider the initial condition
(when t = 0) first.
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1l
o
w0

|
| =
St
]

Set i =1 and solve the resulting equation to find
J the corresponding value of t.

1=9 -5t

t = 16 minutes

Exercise @ m ANALYSIS

1 The rate of increase of a population P of rabbits at time ¢, in years, is given by % =kP, k>0

Initially the population was of size 200.

a Solve the differential equations giving P in terms of k and . (3 marks)
b Given that k = 3, find the time taken for the population to reach 4000. (4 marks)
¢ State a limitation of this model for large values of ¢. (1 mark)

2 The mass M at time ¢ of the leaves of a certain plant varies according to the differential equation

Ty e
a Given that at time 7 = 0, M = (.5, find an expression for M in terms of 7. (5 marks)
b Find a value of M when ¢ =1n2 (2 marks)
¢ Explain what happens to the value of M as ¢ increases. (1 mark)

3 The thickness of ice x, in cm, on a pond is increasing at a rate that is inversely proportional
to the square of the existing thickness of ice. Initially, the thickness is 1 cm. After 20 days, the
thickness is 2 cm.

a Show that the thickness of ice can be modelled by the equation x = i."l %t +1 (7 marks)
b Find the time taken for the ice to increase in thickness from 2 cm to 3 cm. (2 marks)

4 A mug of tea, with a temperature 7 °C is made and left to cool in a room with a temperature of
25°C. The rate at which the tea cools is proportional to the difference in temperature between
the tea and the room.

a Show that this process can be described by the differential equation % = —k(T - 25)
explaining why £ is a positive constant. (3 marks)

Initially the tea is at a temperature of 85 °C. 10 minutes later the tea is at 55 °C.

b Find the temperature, to 1 decimal place, of the tea after 15 minutes. (7 marks)

5 The rate of change of the surface area of a drop of oil, 4 mm?, at time 7 minutes can be

L d4_ A
modelled by the equation PR

Given that the surface area of the dropis Imm?at ¢ =1

a find an expression for A4 in terms of ¢ (7 marks)

b show that the surface area of the drop cannot exceed %mmz. (2 marks)
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A bath tub is modelled as a cuboid with a base area of 6000 cm”. Water flows into the bath tub from
a tap at a rate of 12000 cm?/min. At time ¢ minutes, the depth of water in the bath tub is /2 cm.
Water leaves the bottom of the bath through an open plughole at a rate of 500/ cm3/min.

a Show that f minutes after the tap has been opened, 60% =120 - 5h (3 marks)
When t=0,h=6cm
b Find the value of f when 4 = 10 cm (5 marks)

a Express using partial fractions. (3 marks)

1
P(10000 - P)
The deer population, P, in a reservation can be modelled by the differential equation

P _ 1
dr ~ 200

where 7 is the time in years since the study began.

P(10000 — P)

b Given that the initial deer population is 2500, solve the differential equation giving your

a (6 marks)

answer in the form P=——
b + ce™™

¢ Find the maximum deer population according to the model. (2 marks)

Liquid is pouring into a container at a constant rate of 40 cm?s™! and is leaking from the

: 1 . o e ;
container at a rate of ZVcrn3 s~!, where V'cm? is the volume of liquid in the container.

a Show that —4%—2/ =V -160 (2 marks)

Given that V' = 5000 when ¢t =0

1
b find the solution to the differential equation in the form V = a + be™, where ¢ and b are
constants to be found (7 marks)

¢ write down the limiting value of V' as ¢ — « (1 mark)

Fossils are aged using a process called carbon dating. The amount of carbon remaining in a fossil,
R, decreases over time, ¢, measured in years. The rate of decrease of carbon is proportional to the
remaining carbon.

a Given that initially the amount of carbon is R, show that R = Re* (4 marks)
It is known that the half-life of carbon is 5730 years. This means that after 5730 years the
amount of carbon remaining has reduced by half.

b Find the exact value of k. (3 marks)

¢ A fossil is found with 10% of its expected carbon remaining. Determine the age of the
fossil to the nearest year. (3 marks)

91




92 CHAPTER 6 INTEGRATION
Chapter review o DECISION MAKING

® 1 A curve Cis represented by the parametric equations
x=1-2,y=£+1,-2<1<0

Determine the area under the curve for the given interval. (6 marks)

® 2 A parametric curve is represented by x = In(z + 2), y = 4¢. Find the area under the curve
from ¢ = 3 to ¢ = 13, giving your answer in the form a + b Inc, where a, b, ¢ are integers.

(7 marks)
VA
® 3 The curve shown in the diagram has equation y = x2V9 — x?2
The finite region R is bounded by the curve and the x-axis. B —
The region is rotated through 27 radians about the x-axis y=xy9-x
to generate a solid of revolution. Find the exact value of the R
volume of the solid that is generated. (5 marks)
0 ; X
® 4 The diagram shows the curve with equation 2y2 — 6Vx + 3 =0 YA
The shaded region is bounded by the curve and the line x = 4 2)*-6yx+3=0

a Find the value of x at the point where the curve cuts
the x-axis.

The region is rotated about the x-axis to generate a solid of revolution. O \

b Find the volume of the solid generated.

@ 5 f(x)=x2+4x+4,x=-2

The diagram shows the finite region R bounded by the curve
y = f(x), the y-axis and the lines y =4 and y =9 y = f(x)
a Show that the equation y = f(x) can be written as

x2=4-4)y+y (2 marks)

b The region R is rotated through 27 radians about the y-axis.
Find the exact volume of the solid generated. (5 marks)

® 6 The diagram shows the shaded region bounded by the curve with YA

. . . . r=x7+3
equation y = x> + 3, the line x = 1, the x-axis and the y-axis. \/} '

Find the volume generated when the region is rotated through
27 radians about the x-axis

(5 marks)
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The diagram shows the curve with equation y = %x(x +1)?and the y, .

line with equation 3x + 4y = 24, The line and the curve intersect
at the point A. 4

a Show that the coordinates of the point 4 are (2, 4.5) (2 marks)

The shaded region R is bounded by the curve, the line and the 3x+4y=24
x-axis. The region is rotated through 27 radians about the x-axis.

x(x+ 1)

|

b Find the exact volume of solid generated. (6 marks) O X

1 1, :
The curve represented by the parametric equations x = ¢°, y = 2¢7 is rotated about the x-axis
between the valuesr=1and t =4

Determine the volume generated, giving your answer in an exact form.

A curve C is represented by the parametric equations x = ¢, y = 3¢. The curve is then rotated
about the x-axis to form a solid. Given that the curve is rotated between the values # = 0.4 and
t = 0.5 find the volume generated, to 3 significant figures.

: : : |
Given that the curve C, represented by the parametric equations x = 3%, y = 3 72, 1s rotated

about the x-axis between the values of 7 = 8 to 7 = 128, find the exact volume generated, giving
your answer in the form = In b, where b is an integer.

By choosing a suitable method of integration, find
— 4 sin x cos x
a f,\Mx—ld,\‘ b fxln,\dx fm
By choosing a suitable method, evaluate the following definite integrals.
Write your answers as exact values.
A . 4 4 ) m2 1 )
a L,\sec xdx b f1—16x2+8x—3dA ¢ fo l+e-"d'\

Show that [“Sinxdy=1-2 5 mark
a Show that 2 nxdx=1-g (5 marks)
b Given that p > 1, show that f})éd X = l111M (5 marks)

P= L+ D2 -D T3 51
a Using the substitution 2 = x + 1, where x > -1 find f ,x_ldx (5 marks)
VX +
b Use your answer to part a to evaluate f ’ dx (2 marks)
Ovx+ 1
a Use integration by parts to find [xsin 8xdx (4 marks)

b Use your answer to part a to find |x>cos 8xdx (4 marks)
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o Sx2-8x+1
16 f(”\) - 2x(x - ])2

a Given that f(x) = % + \‘E_i’ [+ o _Cl)z find the values of the constants 4, Band C. (4 marks)
b Hence find f f(x)dx (4 marks)
9 32 5
¢ Hence show that L f(x)dx = ln(T) 2 (4 marks)
(E/P) 17 a Find [x*In2xdx (6 marks)
b Hence show that the exact value of foz In2xdx is 91n6 - % (4 marks)
® 18 a Find f xeFdx (4 marks)
b Given that y = % at x = 0, solve the differential equation
dy X
e s % (4 marks)
® 19 a Find fx sin 2xdx (5 marks)
d
b Giventhaty=0atx = %, solve the differential equation % = xsin 2x cos?y (5 marks)
(E/P) 20 a Obtain the general solution to the differential equation
dy
1= X2, 9> 0 (3 marks)
b Given also that y = 1 at x = 1, show that
yegomg3<x<V3
is a particular solution to the differential equation. (3 marks)
The curve C has equation y = ﬁ xz+/3
¢ Write down the gradient of C at the point (1, 1) (1 mark)
d Hence write down an equation of the tangent to C at the points (1, 1), and find the
coordinates of the point where it again meets the curve. (4 marks)
® 21 a Using the substitution # = 1 + 2x, or otherwise, find
4x 1
1+ 2x) dx, x # > (5 marks)
b Given that y = % when x = 0, solve the differential equation
(1 42X~ = —> (5 marks)

dx ~ sin?y
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22 The diagram shows the curve with equation y = xe?, —% =x= % YA Jim 5
The finite region R, bounded by the curve, the x-axis and the .
line x = —% has area A4,.
The finite region R, bounded by the curve, the x-axis and the
line x = = has area A4 E
N = 2 2 _l R2 i

a Find the exact values of A4, and A, by integration. (6 marks) - % ° =

b Show that 4,: 4,=(e - 2):e (4 marks) ] :

(®) 23 a Find Jx2edx (5 marks)

dy
b Use your answer to part a to find the solution to the differential equation gy xXel-z

given that y = 0 when x = 0. Express your answer in the form y = f(x) (7 marks)

® 24 a Given that
B e B 9
21 At at e
find the values of the constants 4, Band C. (4 marks)
b Given that x = 2 at ¢ = 1, solve the differential equation

d—x=2—%,x>1
X

You do not need to simplify your final answer. (7 marks)

25 The rate, in cm3s-!, at which oil is leaking from an engine sump at any time ¢ seconds is
proportional to the volume of oil, ¥'cm?, in the sump at that instant. At time =0, V' = 4

a By forming and integrating a differential equation, show that V' = Ae™*

where k is a positive constant. (5 marks)

b Sketch a graph to show the relation between } and 1. (2 marks)

¢ Given further that V' = %A at =T, show that kT'=1n2 (3 marks)

: : . . dy
26 a Show that the general solution to the differential equation T be

written in the form x2 + (y — k)2 =¢ Y (4 marks)

b Describe the family of curves that satisfy this differential equation when k = 2 (2 marks)

@ 27 a Find f x(1 +2x2)5dx (3 marks)

dv

b Given that y = % at x = 0, solve the differential equation d_.jc =x(1 + 2x?)°cos’2y (5 marks)

28 By using an appropriate trigonometric substitution, find f 1 +1 dx (5 marks)

2
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dv
29 Obtain the solution to x(x + 2)d_Jr =y,y>0,x>0

for which y = 2 at x = 2, giving your answer in the form y? = f(x) (7 marks)

30 An oil spill is modelled as a circular disc with radius » km and area 4 km?. The rate of increase
of the area of the oil spill, in km?/day at time ¢ days after it occurs is modelled as:

dA L[t
e ksm(g), 0=s¢tr=<12
dr k . t
a Show that 9 sin (3ﬂ) (2 marks)

Given that the radius of the spill at time ¢ = 0 is 1 km, and the radius of the spill
at time ¢t = w2 is 2km

b find an expression for 72 in terms of ¢ (7 marks)

¢ find the time, in days and hours to the nearest hour, after which the radius of
the spill is 1.5 km. (3 marks)

Challenge m Draw a sketch of each function.

Given f(x) = x2 - x -2, find

a [ Ifeldx b [ f(x) dx

Summary of key points

1 The area under a curve represented by the parametric equations x = f(f), y = g(¢) is

given by: area = f g(nf'(ndt
2 The volume of revolution formed when y = f(x) is rotated about the x-axis between
x=aand x = bis given by: volume = :rrf:yz dx

3 Sometimes you can simplify an integral by changing the variable. This process is similar to
using the chain rule in differentiation and is called integration by substitution.

- # o fdv o du
4 The integration by parts formula is given by: [u = dx = uv fv = dx
5 Partial fractions can be used to integrate algebraic fractions.

dy

6 Wh
en——

= f(x)g(y) you can write: fg_(;) dy = ff(x) dx
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Learning objectives

After completing this chapter you should be able to:

Use vectors in two dimensions - pages 98-102
Use column vectors and carry out arithmetic operations on vectors - pages 102-105
Calculate the magnitude and direction of a vector - pages 106-108
Use vectors in three dimensions - pages 109-113 |
Use vectors to solve geometric problems - pages 114-121
Understand and use position vectors - pages 121-123

Understand 3D Cartesian coordinates - pages 123-125

Understand and use the vector form of the equation of a straight
line in three dimensions - pages 125-131

Determine whether two lines meet and determine the point of
intersection - pages 131-134

Calculate the scalar product for two 3D vectors - pages 134-140

Prior knowledge check

1 Write the column vector for

the translation of shape: B

a AtoB B
b AtoC B
c AtoD « International GCSE Mathematics [§

P divides the line ABin the ratio AP: PB=7:2
A

B You can use
vectors to
describe relative

.
Find
AR AP

= C « International GCSE Mathematics ositions in three
AB AB PB pOSIen ‘
dimensions. This

3 Find x to one decimal place: allows you to
solve geometrical
problems in
three dimensions
and determine
properties of 3D
solids.
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@ Vectors

A vector has both magnitude and direction.
You can represent a vector using a directed line segment.

o —_— —
This is vector PQ. It starts This is vector QP. It starts
at P and finishes at Q. at Q and finishes at P.

The direction of the arrow shows the direction of the vector. Small (lower case) .
letters are also used to represent vectors. In print, the small letter will be in bold /
type. In writing, you should underline the small letter to show it is a vector: a or g

] IfPQ RS then the line segments PQ and RS are equal in length
and are parallel. \\
— —
s AB =-BA as the line segment 4B is equal ///
in length, parallel and in the opposite -a
direction to BA.

A A

You can add two vectors together using the triangle law for vector addition.

i B
. I;ftr;grl:(::‘;:i?nr_ a b m The resultant is the vector sum of
i A e two or more vectors. .
AB + BC = AC y C —_— — — — B
c AB+BC+CD = AD pp
— —_— —
If AB =a, BC=band AC =¢,thena+b=c 4

Example o m INTERPRETATION
The diagram shows vectors a, b and c. /
i : s b
Draw a diagram to illustrate the vector addition \ =

a+b+c

First use the triangle law for a + b, then use it
againfor(@+b) +c

The resultant goes from the start of a to the end
of c.

@ Explore vector addition using O

GeoGebra.
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. Subjcractlng e vect.or 3 a @ To subtract b, you reverse
equivalent to ‘adding a a
. ; b the direction of b then add.
negative vector:
a

a-b=a+(-b) b

If you travel from P to Q, then back from Q to P, you are back where you started, so your
displacement is zero.

Adding th PQ and QP F
o ing the vectors an gives — =
RQund €D 57 -7
the zero vector 0: PQ + QP =0 50P_Q)+§;—@ P_Q)-o
p
You can multiply a vector by a scalar (or number).
) i If the number is
If the number is b negative (= ~1)

positive (=1) the the new vector
new vector has a 3a -2b has a different

different length > - length and
but the same \ 1a _1lp / the opposite
direction. : —4—2 irecti

—— direction.

= Any vector parallel to the vector a may be
: : Real numbers are examples of
written as Aa, where X is a non-zero scalar. : L
scalars. They have magnitude but no direction.

Example m INTERPRETATION

In the diagram, QP =a, QR b, QS =cand RT d a
Find in terms of a, b, cand d P 2
_— —_—
a PS b RP R
— —_—
¢ PT d 7S d
dr
a PS= P_Q> + Q_.S) =-a+c Add vectors using APQS
=c—a
b RP = R_Q + Q_ﬁ =-b+a Add vectors using ARQOP
—a-b

Add vectors using APRT
— —_—

e — —
¢ PT=PR+RT=(b-a +d
Use PR=-RP =—-(a-b)=b-a

=b+d-a

— —_— —

SIS S TR R =-d+ (RO + OS) ——————— Add vectors using ATRS and ARQS
=-d+(-b+¢)
=ece-b-d
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m CRITICAL THINKING

ABCD is a parallelogram. AB =a, AD b Find AC
D (2

b m This is called the parallelogram law

for vector addition.

—_— —  —

AC = AB + BC Using the triangle law for addition of vectors.
—_— —_
BC=4D =b

L AD and BC are opposite sides of a parallelogram

it so they are parallel and equal in magnitude.

Example o m REASONING

Show that the vectors 6a + 8b and 9a + 12b are parallel.

3 Here A =2
9a + 12b = E(Ga + &b) Z

*. the vectors are parallel.

Example o m CREATIVITY

. —_— —_—
In triangle ABC, AB =aand AC =b
P is the midpoint of 4B. P 0
O divides AC in the ratio 3:2 c

Write in terms of aand b

— B —— —
a BC b AP ¢ A0 d PO

—_— —  —

—_ —
a BC=BA + AC BA =-AB
—_ —_— r
= -A4B + AC e
—
BC =b-a —ABSOAP 23

Gbhod e ’7
b AP = EAB =8 m AP is the line segment between 4

— 33— 3 and P, whereas AP is the vector from A to P.
C AQ = g/l(, = gb

d 1’_Q>=1a)+A_Q> L Qdivides ACin theratio 3:250 AQ ==
— —_—
= —AP + AQ
_ éb B ia | Going from P to Q is the same as going from P to
5 2 A, then from 4 to Q.
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Exercise @ m INTERPRETATION

1

The diagram shows the vectors a, b, ¢ and d.

Draw a diagram to illustrate these vectors:

aa+c b -b
cc—-d db+c+d
e 2¢+3d f a-2b

g a+b+c+d

ACG]I is a square, B is the midpoint of AC, Fis the midpoint
of CG, H is the midpoint of GI, D is the midpoint of AL

o —_
AB =band AD =d. Find, in terms of band d

— —_— —

a AC b BE ¢ HG d
—_ s —_—

e AE f DH g HB h
—_ — —

i AH i BI k EI 1

OACB is a parallelogram. M, O, N and P are
the midpoints of 04, AC, BC and OB
respectively.

— —
Vectors p and m are equal to OP and OM
respectively. Express in terms of p and m.

—_— B —— —_ _
a OA b OB ¢ BN d DO
g — —_ —_
e OD f MO g 00 h AD
— — —_— —_—
i CD j AP  k BM 1 NO

_— —_— — —
In the diagram, PO =a, 0S =b, SR =cand PT =d

Find in terms of a, b, cand d
— P

a OT b PR
— P

c TS d TR

In the triangle POR, PQ = 2a and QR =2b

—_
DF
—_—
FE
—_—
FB

& I G

B N H

bd

A ] D 1
A Q c

The midpoint of PR is M. Find, in terms of a and b

— R — _
a PR b PM c OM

ABCD is a trapezium with 4B parallel to DC and DC = 34B
M divides DC such that DM: MC=2:1. AB =aand BC =b

Find, in terms of aand b

—_— — _
a AM b BD ¢ MB

—
d DA

Problem-solving

Draw a sketch to show the
information given in the
question.

101
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. — o
7 OABC s a parallelogram. O4 =aand OC =b N B
The point P divides OB in the ratio 5:3

Find, in terms of aand b
—

—_— —_—
a OB b OP ¢ AP & —

8 State with a reason whether each of these vectors is parallel to the vector a — 3b.
1 2

a2a-6b bd4a-12b ¢ a+3b d 3b-a e 9b-3a fia—gb
. — —
@ 9 In triangle ABC, AB =aand AC =b .
P is the midpoint of 4B and Q is the midpoint of AC. 0
P

a Writein termsofaandb
P — —_— —
i BC ii AP iii 40 iv PO B C
b Show that PQ is parallel to BC.

X —— — R ——
@ 10 OABC is a quadrilateral. O4 = a, OC =3band OB =a + 2b A B

a Find, intermsof aand b
— —
i AB ii CB
b Show that 4B is parallel to OC. C

® 11 The vectors 2a + kb and 5a + 3b are parallel. Find the value of k.

@ Representing vectors

A vector can be described by its change in position or displacement relative to the x-and y-axes.

3) . . i
a= (4 where 3 is the change in the x-direction m e

and 4 is the change in the y-direction. is the x-component and

the bottom number is the
h 4 This is called column vector form. b '
y-component.

3

= To multiply a column vector by a scalar, multiply each component by the scalar: )\(‘;) = ()\2)

o (PHT
= To add two column vectors, add the x-components and the y-components: (P) + (') = (z N S)

ql " \s
Example o m PROBLEM-SOLVING

= Qanan= ()

Find a 1a ba+b ¢ 2a-3b
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a %a — (i) Both of the components are divided by 3.

2

Sl 3)_ (S Add the x-components and the y-components.
barb=(2)+(3)=(2) i s
TE" 2(2) B 3(_31) Multiply each of the vectors by the scalars then

subtract the x- and y-components.

. (‘é) N (:—93) = (‘é;%) B (;55)

You can use unit vectors to represent vectors in two dimensions.

= A unit vector is a vector of length 1. The unit vectors VA
along the x- and y-axes are usually denoted by ©,1) :
iand j respectively. i
. (1} . (0
T T L I
0 1 o} i (1,0 X

= You can write any two-dimensional vector in the form pi + gj

By the triangle law of addition: C

—_— —  — A .

AC = 4B + BC i ’
= 5i + 2j

You can also write this as a column vector: 5i + 2j = (2) A ; B

= For any two-dimensional vector: (‘Z) = pi + qj

T 7) XY erosiew-sowms

a=3i-4j,b=2i+7

Find a%a ba+b c3a-2b
a %a = —;—(Bi - 4j) = 1.5i - 2j Divide the i component and the j component by 2.

ba+b=3i-4j+2i+7j
=(3 + 2)i+ (-4 + 7)j = 5i + 3j ————— Add the i components and the j components.

c 3a-2b = 3(3i - 4j) - 2(2i + 7))
= 9i — 12j — (4i + 14j) Multiply each of the vectors by the scalar then
=(9 - 4)i + (=12 - 14)] subtract the i and j components.

= 5i - 26j
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Example o m INTERPRETATION

a Draw a diagram to represent the vector —3i + j

b Write this as a column vector.

-3i+j
i .
3 units in the direction of the unit vector —i and
< 1 unit in the direction of the unit vector j.
=3i
g Ancail =51
b -3i+j= ( 1 )

Example o m PROBLEM-SOLVING

Given that a = 2i + 5j, b = 12i — 10j and ¢ = -3i + 9j, find a + b + ¢, using column vector notation in
your working.

. : — Add the numbers in the top line to get 11
PR T (é) g (_1120) + (‘93) = (L:) "L (the x-component), and the bottom line to get 4
: : : (the y-component). This is 11i + 4j

Example ()N sxis JCTEETNE
Given a = 5i + 2j and b = 3i — 4j, @ Explore this solution as a vector
find 2a — b in terms of i and j. diagram on a coordinate grid using GeoGebra.
e 2(5) - ('TO) To find the column vector for vector 2a multiply
T SRElT A

theiand j components of vector a by 2.

To find the column vector for 2a — b subtract the
components of vector b from those of vector 2a.
2a-b=7i+8j

Exercise @ m INTERPRETATION

L Remember to give your answer in terms of i and j.

1 These vectors are drawn on a grid of unit squares. vy
I
t 1 ik

Express the vectors vy, v,, V3, V4, V5 and vg in

i, j notation and column vector form.

¥4
Y3 \
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Given that a = 2i + 3jand b = 4i — j, find these vectors in terms of i and j.

a 4a b a ¢ -b d2b+a
e 3a—-2b f b-3a g 4b-a h 2a-3b
. B 9) _(11) _ '—8) i
Given thata = (?. b= 3 andc = (._1. find
a S5a b—%c ca+b+c d 2a-b+c
1 1
e 2b+2¢c-3a f 2=a|+2I:)

Given that a = 2i + 5jand b = 3i —j, find
a Aif a + \b is parallel to the vector i b pif pa + b is parallel to the vector j

Given that ¢ = 3i + 4j and d = i — 2j find

a Aif ¢+ Adis parallel toi+ j b pif pe + dis parallel to i + 3j
¢ sif ¢ — sdis parallel to 2i + j d 7if d - zcis parallel to —2i + 3j
—_— — B

In triaig)le ABC, AB =4i+ 3jand AC = 5i + 2j
Find BC. C

(2 marks)

A
OABC'is a parallelogram. - & A B
P divides AC in the ratio 3:2. 04 =2i+4j, OC =T7i
Find in i, j format and column vector format: P
— —_— —
a AC b AP c OpP _
0 4 G

a=(]) =)= (3

You can consider b - 2a = ¢ as two linear
equations. One for the x-components
(2 marks) and one for the y-components.

Given that b — 2a = ¢, find the values of j and k.

a=(Z)0=(7)e=(})

Given that a + 2b = ¢, find the values of p and q. (2 marks)

The resultant of the vectors a = 3i — 2j and b = pi — 2pj is parallel to the vector ¢ = 2i — 3j
Find
a the value of p (4 marks)

b the resultant of vectors a and b. (1 mark)
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@ Magnitude and direction

You can use Pythagoras’ theorem to calculate the magnitude of a vector.

e Jo
& Forthevectora=its)J= (_}’) m You use straight lines on either side of
the magnitude of the vector is given by: the vector:
———— . - X
[a] = yx2 + y? [a] = |xi + yj| = |(})|
Youhnesjcl to lbe aI?le to find a unit vector m e o,
in the direction of a given vector. magnitude 1.

a A unit vector in the direction of a is = A unit vectgr in the direction of a is sometimes
| written as a.

|a
If |a| = 5 then a unit vector in the direction
fai = /
ofais—=
5
V.
5
Example @ I crimca rimking

Given that a = 3i + 4j and b = -2i — 4j
a find |a
b find a unit vector in the direction of a @ Explore the magnitude of a vector O

¢ find the exact value of |[2a + b| using GeoGebra,

5 e (3) It is often quicker and easier to convert from i, j
4 form to column vector form for calculations.
|a| = V37 + 42 |
la|]=v25 =5 J o Using Pythagoras.

3i + 4j
b 2 unit vector is ——= g
£l 5
= il : o.e!
= 5(3| + 4j) or (_O.E“)) —_
3, S 2(.3.) K (_2) : (’6 B 2.) N (4) Unle.ss specified in the-q-ui:estlon it |slacceptable
7 e PSP Rl ey 4 — to give your answer in i, j form or column vector

form.
|2a + b| =42 + 42 = /32 = 4/2

You need to give an exact answer, so leave your
L answer in surd form:

V32 =16 x 2 = 4/2 « Pure 1 Section 1.5
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You can define a vector by giving its magnitude, and the angle between the vector and one of the
coordinate axes. This is called magnitude-direction form.

e @ m INTERPRETATION

Find the angle between the vector 4i + 5j

oL : This might be referred to as the angle between
and the positive x-axis.

the vector and i.

Y

Identify the angle that you need to find.
A diagram always helps.

=Y

) You have a right-angled triangle with base 4
4 5\ units and height 5 units, so use trigonometry.
= tan (—) = 51.3° (3 s.)
4

Example @ | skiLLs JPUTRER

Vector a has magnitude 10 and makes an angle of 30° with j.

]

Ly
Find a in i, j and column vector format. P

Vi

=Y

(o]

\\ Use trigonometry to find the lengths of the x-
and y-components for vector a.

=Y

0
cos 60° = = x=10c0o560° =5
10
sin60° = —1% y =10sin60° = 5/3 m The direction of a vector can be
given relative to either the positive x-axis (the i

f ) direction) or the positive y-axis (or the j direction).
5vV3

Exercise @ m PROBLEM-SOLVING

1 Find the magnitude of each of these vectors.
a 3i+4j b 6i - 8j ¢ Si+ 12§ d 2i+4j
e 3i-5j f 4i+7j g -3i+5j h —4i-j

a=>5i+5/3jora= ( 7
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2 a=2i+ 3j,b=23i-4jand c = 5i - j. Find the exact value of the magnitude of
aa+b b 2a-c¢ ¢ 3b-2¢

3 For each of the following vectors, find the unit vector in the same direction.
a a=4i+3j b b=>5i-12j ¢ c=-T7i+24j d d=i-3j

4 Find the angle that each of these vectors makes with the positive x-axis.
a 3i+4j b 6i - §j c Si+ 12§ d 2i+4j

5 Find the angle that each of these vectors makes with j.
a 3i-5j b 4i+7j ¢ -3i+5j d —4i-j

6 Write these vectors in i, j and column vector form.

a ra by C Vi d yy

160D
45515 ~ :

o

=Y

=Y
]
=y

o

“y

(0]

7 Draw a sketch for each vector and work out the exact value of its magnitude and the angle it
makes with the positive x-axis to one decimal place.

a Ji+4j b 2i—j ¢ —5i+2j
8 Given that |2i — kj| = 2/10, find the exact value of k. (3 marks)
9 Vector a = pi + ¢gj has magnitude 10 and makes Problem-solving

an angle @ with the positive x-axis where

S % Finid the possible vl ussiof pant. g, Make sure you consider all the possible cases.

(4 marks)
: — —_—
10 In triangle ABC, AB =4i+ 3j, AC = 6i — 4] B
a Find the angle between E and i.
S A
b Find the angle between AC and i.
¢ Hence find the size of ZBAC, in degrees, to one decimal place. &
g — - - pompg - -
11 In triangle POR, PO =4i+j, PR = 6i - 8j ) 0 [ Hint 33 O
a Find the size of ZQPR, in degrees, triangle is 2ab sin 6
to one decimal place. (5 marks) "
b Find the area of triangle POR. (2 marks) A‘

b
R « Pure 1 Section 6.2
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m Vectors in 3D

You can use 3D vectors to describe position and displacement relative to the x-, y- and z-axes.
You can represent 3D vectors as column vectors or using the unit vectors i, j and k.

= The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively.

(1) (0) (0)
i=|0 J=|1 k=|0
0 0 1 m 3D vectors obey all the same addition and

14 scalar multiplication rules as 2D vectors.
= For any 3D vector pi+ gj+rk=| ¢ < Pure 4 Section 7.1
r

Example @ m PROBLEM-SOLVING

Consider the points A(1, 5, —=2) and B(0, -3, 7)
a Find the position vectors of 4 and B in ijk notation.

—_—
b Find the vector AB as a column vector.

The position vector of a point is the vector from

S gy
8 S Ehd=ae the origin to that point.
—_—

—_— — —
b 4B = OB - 04 OB has no component in the i direction. You

0 1 —1 could write it as 0i - 3j + 7k
7] \2 \s L

When adding and subtracting vectors it is often
easier to write them as column vectors.

Example @ m REASONING
2 -~ _
The vectors a and b are given as a = (—3) and b= (—2) @ el el e e %

5 0 3D vectors using your calculator.

a Find
i 4a+b ii 2a—-3b

b State with a reason whether each of these vectors is parallel to 4i — 5k

> 4 Use the rules for scalar multiplication and
a i 4a+b= 4(—3) (—2) l_ addition of vectors:
5 O

P Ap P u p+u

(5) (4) Ng|=|ag]and|q|+|v]=[g+v
==-12]+|-2 ; : : ’
50 o i Al i W r+mu

12
=|-14
20
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—14
bi 4a+bs= Slrar
20

4 Two vectors are parallel if one is a multiple of
which is not a multiple of ( 0 ) the other. Make the x-components the same and

=D compare the y- and z-components with 4i - 5k
4a + b is not parallel to 4i — 5k

()

o ‘ 4 LGN 4i - 5k = 4i + 0j - 5k
which is a multiple of [ O Make sure you include a 0 in the j-component of

-5
2a — 3b is parallel to 4i — 5k the column vector.

Example @ XY ProsLew-soLving

Find the magnitude of a = 2i — j + 4k and hence find @, the unit vector in the direction of a.

The magnitude of a is given by
la] =22 + (=1)% + 4° Use Pythagoras’ theorem.

=421

” 5 20 : 1. 4
P You could also write this as —i - —j+ —k
ei=lae /T 2T A

IA
@ Check your answer using the
vector functions on your calculator. y
a
You can find the angle between a given vector and any of the coordinate
axes by considering the appropriate right-angled triangle. 0
X
= If the vector a = xi + yj + zk makes an angle 6, with the positive @ This rule also
r works with vectors
x-axis then cos 6, = —and similarly for the angles 6, and 6, in two dimensions.

|al
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ET G @ m INTERPRETATION

Find the angles that the vector a = 2i — 3j — k makes with each of the positive coordinate axes
to 1d.p.

la|=y22 + (=3)> + (-1)2=V/4 + 9 + 1 = /14 First find |a| since you will be using it three times.

X 2

cosb, = ﬁ = —a = 0.5345...
= ___ Write down at least 4 d.p., or use the answer

0, =577° (1 dp) button on your calculator to enter the exact value.
cosh, = ot = —.._i = -0.8017...

: la] V14 ; :
6. = 143.3° (1 4 The formula also works with negative

re ' P) components. The y-component is negative, so the

I RN RNy vector makes an obtuse angle with the positive

© el 14 y-axis.

6. = 105.5° (1 d.p)

The points A4 and B have position vectors 4i + 2j + 7k and 3i + 4j — k relative to a fixed origin, O.
—_—
Find AB and show that AOAB is isosceles.

e 4 3
OA =a= (2) OB =b = (4) Write down the position vectors of 4 and B.
7 -1
g 3 4 -1
AB:b—a=(4)—(2)=(2) Use;@:b—a
-1 7/ -8
|E| =(-1)2 + 22 + (-8)2 = /&9 This is the length of the line segment AB.

04 = yaZ+ 22+ 72 = /&3
SO Find the lengths of the other sides O4 and OB
0B = /32 + 42 + (-1)2 = /26 of AOAB

So AOAB is isosceles, with AB = 04
@ Explore the solution to this O

example visually in 3D using GeoGebra.

Exercise @ mcnmmunmme
1 4

1 The vectors a and b are defined by a = ( 2 ) and b= (—3)
a Find - >
i a-b ii —a+3b
b State with a reason whether each of these vectors is parallel to 6i — 10j + 18k

3 -3
2 The vectors a and b are defined by a = ( 2 ) and b= (—2)
-1 4

Show that the vector 3a + 2b is parallel to 6i + 4j + 10k
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® 3

10

11

1 p
The vectors a and b are defined by a = ( 2 ) and b= (q)
-4 r

Given that a + 2b = 5i + 4j find the values of p, g and r.

Find the magnitude of
a Ji+5j+k b 4i-2k ci+j-k
d 5i-9j-8k e i+5—7k

3 2 7

Given thatpz((}),qz( 1 )andrz(—4),ﬁnd in column vector form:
2 -3 2

ap+gq bq-r c p+q+r

d 3p-r e p—2q+r

—
The position vector of the point A is 2i — 7j + 3k and 4B = 5i + 4j — k.
Find the position vector of the point B.

Given that a = ri + 2j + 3k and that |a| = 7 find the possible values of z.
Given that a = 5¢i + 2¢j + rk and that |a| = 3/10 find the possible values of .

The points 4, B and C have coordinates (2, 1, 4), (3, -2, 4) and (-1, 2, 2).

a Find, in terms of i, j and k
i the position vectors of 4, Band C
—_—
ii AC
b Find the exact value of
—
i |AC |
—
ii |OC |

P is the point (3, 0, 7) and Q is the point (-1, 3, -5). Find

e
a the vector PQ

b the distance between P and Q

e
¢ the unit vector in the direction of PQ.

T - =t -
OA 1s the vector 4i — j — 2k and OB is the vector —2i + 3j + k. Find

—_—
a the vector AB
b the distance between 4 and B

—_—
¢ the unit vector in the direction of 4AB.
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Find the unit vector in the direction of each of the following vectors.
3 V2 V5
ap= (—4) bq=| -4 c r=|(-2/2
-2 7 -3

8 8 12
The points 4, B and C have position vectors (—?), (—3) and (—6) respectively.

. N . 4 3 3
a Find the vectors AB, AC and BC (3 marks)
3 —_— — —_— i =
b Find |AB|, |A Cl and BC‘ giving your answers in exact form. (6 marks)
¢ Describe triangle ABC. (1 mark)

A is the point (3, 4, 8), B is the point (1, -2, 5) and C is the point (7, -5, 7).

; —_ — —_—
a Find the vectors AB, AC and BC (3 marks)
b Hence find the lengths of the sides of triangle 4 BC. (6 marks)
¢ Given that angle 4 BC = 90° find the size of angle BAC. (2 marks)

For each of the given vectors,

3 2
a -i+7j+k b |4 c |0
7 -3
find the angle made by the vector with:
i the positive x-axis ii the positive y-axis iii the positive z-axis

A scalene triangle has the coordinates (2, 0, 0), (5, 0, 0) and (4, 2, 3).
Work out the area of the triangle.

The diagram shows the triangle POR. R
Given that PQ = 3i - j + 2k and

——
OR = -2i + 4j + 3k, show that
2POR=78.5°to 1d.p.

(5 marks)

Challenge

Find the acute angle that the vector a = —2i + 6j — 3k makes with the xy-plane.
Give your answer to 1 d.p.
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@ Solving geometric problems in two dimensions

You need to be able to use vectors to solve geometric problems and to find the position vector of a
point that divides a line segment in a given ratio. A

= |f the point P divides the line segment AB in the ratio A: , then

—_— — AN —
OP =04 + AB P
A+
04 +~—>—(0B - 04
B +)\+;f,( - ) B
o AP:PB=A:p

Example @ Y wrererenarion

In the diagram the points 4 and B have
position vectors a and b respectively
(referred to the origin O). The point P divides a

ABin the ratio 1:2. P

Find the position vector of P. ™
0

JE——

— — 1
OP = 04 + g/fB

L There are 3 parts in the ratio in total, so P islof

JE— 1 — —>\
SLCtare 10T <L) the way along the line segment 4B.
2 — 1 —_—
=—=04 + 0B —
g 1 3 Rewrite AB in terms of the position vectors for A
menle et and B.
Give your final answer in terms of a and b.

You can solve geometric problems by comparing coefficients on both sides of an equation:

= |f aand b are two non-parallel vectorsand pa+ gb=ra+sbthenp=randg=s

m REASONING

OABC is a parallelogram. P is the point where % B
the diagonals OB and AC intersect.

—_— —_—
The vectors a and ¢ are equal to O4 and OC P
respectively.

Prove that the diagonals bisect each other.
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If the diagonals bisect each other, then P
must be the midpoint of OB and the midpoint
of AC.

From the diagram,

—_— —  —
OB=0C+(CB=c+a

—_— — —
and AC = A0 + OC J

_— —_
=-04A+0C=-a+c¢c

—
OP = AMc + a)

—_— — —

OP =04 + AP

=a+ pu-a+e¢

Plies on OB =

Plies on AC =

= Mc+a)=a+ ul-a+c)
= A=1-pu and A=pu ]
= A=pu= -:12- so P is the midpoint of both

diagonals, so the diagonals bisect each other.

Example @ X)) rrosev-sowvin

X —_ —_—
In triangle ABC, AB =3i-2jand AC =i - 5j

Find the exact size of Z/BAC in degrees.
A

—_

BC: =

b

4c - 48 =(5)-(3)=(3)
|4B| = /32 (2P = /1

o .
|lAC| =12 + (-5)2 = /2

=413

|
| —

|BC| = \(=2F + (-3

_>- _>- —¥H
|AB|2 + |AC|? - | BC|?

cos £LBAC = = =
2 x |AB| x |AC|

8+26=13 .. 26 . 1.
2 xV13 xV26 26/2 V2

/BAC = cos™! ('—T:) = 45°
e

@ Use technology to show that O

@ Check your answer by entering the |

115

diagonals of a parallelogram bisect each
other.

— _
Express OB and AC interms of aand c.

Use the fact that P lies on both diagonals to find
two different routes from O to P, giving two

_—
different forms of OP
—
The two expressions for OP must be equal.

Form and solve a pair of simultaneous equations
by equating the coefficients of a and ¢.

If P is halfway along the line segment then it
must be the midpoint.

Problem-solving

Work out what information you would need to
find the angle. You could:

o find the lengths of all three sides then use the
cosine rule

— — . . .
e convert AB and AC to magnitude-direction
form

The working here shows the first method.

Use the triangle law to find BC

Leave your answers in surd form.

2 2 _ 42
cos A =m
2bc

vectors directly into your calculator.
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Exercise @ m REASONING/ARGUMENTATION
R—— —

®1

In the diagram, WX =a, WY =band

— r _— —
WZ =c. Itis given that XY = YZ
Prove thata + ¢ =2b

OAB is a triangle. P, Q and R are the midpoints A
of OA, AB and OB respectively.

OP and OR are equal to p and r respectively.

—_ —
a Find iOB ii PO P
b Hence prove that triangle PAQ is similar to triangle OA4B.

- o — y
OAB is a triangle. 04 =aand OB =b
The point M divides OA in the ratio 2: 1
MN is parallel to OB.

—
a Express the vector ON in terms of a and b.

b Show that AN:NB=1:2
] B

OABC is a square. M is the midpoint of OA, and Q divides BC A B
in the ratio 1 : 3 0
AC and MQ meet at P. L

— — —_— M
a If 04 =aand OC = ¢, express OP in terms of a and c.

b Show that P divides AC in the ratio 2:3

0 C

In triangle A BC the position vectors of the vertices 4, B and C are (5), (4) and (?) Find
N . . 8/7\3 6

a |4B| b |AC]| ¢ |BC]|

d the size of /BAC, ZABC and ZACB to the nearest degree.
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® 6 OPQ is a triangle. S
= 4= & =l o Problem-solving

EERARG and 30K =05 To show that 7, P and S lie

— T P
OP =aand OQ =b. R on the same straight line
—_
a Show that OS =2a+b a ousecio shon Enl Ay
. . . two of the vectors TP, TS
b Point 7T is added to the diagram such —
— 0 b 0 or PS are parallel.
that OT = -b
Prove that points 7, P and S lie on a straight line.
Challenge
OPQR is a parallelogram. 2 N (0]
a
1 M
0 - .

N is the midpoint of PQ and M is the midpoint of OR. OP =aand OR =b
The lines ON and OM intersect the diagonal PR at points X and Y respectively.

a Explain why PX= —ja + jb, where j is a constant.
b Show that }3() =(k-1a+ %ch, where k is a constant.

¢ Explain why the values of j and k must satisfy these simultaneous equations:
k-1=—j
1
Ek =/

d Hence find the values of jand k.

e Deduce that the lines ON and OM divide the diagonal PR into 3 equal parts.

@ Solving geometric problems in three dimensions

You need to be able to solve geometric problems involving vectors in three dimensions.

Example @ B caimicaL THiNkiNG

A, B, Cand D arc the points (2, -5, -8), (1, =7, =3), (0, 15, =10) and (2, 19, —20) respectively.
a Find AB and DC giving your answers in the form ;Jl +qj+ rk
b Show that the lines AB and DC are parallel and that DC 2AB

¢ Hence describe the quadrilateral ABCD.
m AB refers to the line segment

_—
between 4 and B (or its length), whereas 4B
refers to the vector from A4 to B. Note that

— E— R —
a AB = OB — 04
=({-7j—-3k) - (2i - 5j — &k)
- 2j + 5k D

—_— — — AB=BAbut AB = BA
DC =0C - 0D

= (15j — 10k) — (2i + 19j — 20k)

= =2i — 4j + 10k
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— Problem-solving C
b 24B = 2(-i — 2j + 5k) @

= —21 - 4j + 10k = DC If you can’t work out what

50 AB is parallel to DC and half as long. Z:ip?{:;':;?:;aggemh
Wi : B

¢ There are two unequal parallel sides, so A

@ Explore the solution to this O

example visually in 3D using GeoGebra.

ABCD is a trapezium.

Example @ I crimcas THinkinG

P, O and R are the points (4, -9, -3), (7, =7, =7) and (8, -2, —0) respectively. Find the coordinates
of the point S so that PORS forms a parallelogram.

> Draw a sketch. The vertices in a 2D shape are

given in order, either clockwise or anticlockwise.
R(&, -2, 0) ——— It doesn’t matter if the positions on the sketch
don't correspond to the real positions in 3D it is

P4, -9, —
Sl e still a helpful way to visualise the problem.

o7, -7,-7)
— —
Since PORS is a parallelogram, QP = RS

—_— —  —  — —

S0 0S =0OR + RS =0OR + QP

_u 8
OR =|-2] and

0]

SN et TG 4 7 -3
QP=0P-00=|-9)--7]=[-2
-3/ \-7 4 :
. O_{; ( 8 ) (_3) ( 54) You could also go from O to S via P:
00S=|-2|+|-2]=|- 0S=0P +PS
0 4 4 OS =0OP + PS
—_— —
which means that S is the point (5, —4, 4) =0P + OR
In two dimensions you saw that if a and b are two non-parallel m
d b =ra + sh then p =rand ¢ = s. In other words COp ARAY vectors
}fectors gn p:':! +q - ra: p= 1= e o are vectors which are in the
in two dimensions with two vectors you can compare coefficients same plane.
on both sides of an equation. In three dimensions you have to Non-coplanar vectors are
extend this rule: vectors which are not in the

= If a, b and c are vectors in three dimensions which do not all lie same plane.

on the same plane then you can compare their coefficients on
both sides of an equation.

In particular, since the vectors i, j and k are non-coplanar, if pi + gj + rk = ui + vj + wk
thenp=u,g=vandr=w
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Example @ XY ProsLew-soLvin
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Given that 3i + (p + 2)j + 120k = pi — ¢j + 4pgrk, find the values of p, ¢ and r.

Comparing coefficients of i gives p = 3.
Comparing coefficients of j gives p + 2 = —¢q
sogqg=—-(3+2)=-5.

Comparing coefficients of k gives

120
120 = 4]JQJ SO F = Z}WEJJ =-2

m ANALYSIS

The diagram shows a cuboid whose vertices are
0,A,B,C,D, E, Fand G. Vectors a, b and ¢ are
the position vectors of the vertices A, B and C
respectively. Prove that the diagonals OF and BG

bisect each other.
F

E

A

=Y

Suppose there is a point of intersection, H,
of OFE and BG.

-

o —_— — — —
But OH = OB + BH and BH = sBG '——I_

— —
OH = rOFE for some scalar r.

—_— — =T

for some scalar s, so OH = OB + sBG

_ — e
So rOE = OB + sBG (1)

—_— JR— —_— —_—
Now OF = 0A + AD + DE =a+b +c,
— — — —
OB=band BG=0G-0B=a+c-b

S50 (1) becomesra+b+e)=b+sla+ec—b)

Comparing coefficients in a and b gives r = 5
andr=1-35 =l
5olv‘|ncj simultaneously gives r = s = é

These solutions also satisfy the coefficients

of e so the lines do intersect at H.

OH = %()E so H bisects OE.
1
BH = EBG so H bisects BG, as required.

Since i, j and k do not lie in the same plane you
can compare coefficients.

When comparing coefficients like this just write
the coefficients. For example, write 3 = p, not
3i=pi

m Bisect means ‘cut into two equal

parts’. In this case you need to prove
that both diagonals are bisected.

Problem-solving

If there is a point of intersection, H, it must lie on
both diagonals. You can reach H directly from O
(travelling along OE), or by first travelling to B
then travelling along BG. Use this to write two

= —
expressions for OH

—
H lies on the line OFE, so OH must be some

—_—
scalar multiple of OF

Use the fact that H lies on both diagonals to find

_
two different expression for OH. You can equate
these expressions and compare coefficients.

a, b and c are three non-coplanar vectors so you
can compare coefficients.

In order for the lines to intersect, the values of r
and s must satisfy equation (1) completely:

1
2m+b+d

The coefficients of a, b and c all match so both
ways of writing the vector OH are identical.

=b+%(a+c—b)

Vector proofs such as this one often avoid any
coordinate geometry, which tends to be messy
and complicated, especially in three dimensions.
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m ADAPTIVE LEARNING

1 4 10
® 1 The points 4, B and C have position vectors (—4), (4) and ( 0 ) relative to a fixed origin, O.

8 7 30
a Show that:

i loal=loBl i [acl=15C]
b Hence describe the quadrilateral O4ACB.

® 2 The points 4, B and C have coordinates (2, 1, 5), (4, 4, 3) and (2, 7, 5) respectively.
a Show that triangle 4 BC is isosceles.
b Find the area of triangle ABC.
¢ Find a point D such that ABCD is a parallelogram.

® 3 The points 4, B, C and D have coordinates (7, 12, —1), (11, 2, -9), (14, -14, 3) and (8, 1, 15)
respectively.
a Show that AB and CD are parallel, and find the ratio AB: CD in its simplest form.

b Hence describe the quadrilateral A BCD.
(P) 4 Given that (3a + b)i + j + ack = 7i - bj + 4k, find the values of a, b and c.

® 5 The points 4 and B have position vectors 10i — 23j + 10k and pi + 14j — 22k respectively, relative
to a fixed origin O, where p is a constant.

Given that AOAB is isosceles, find three possible positions of point B.
6 The diagram shows a triangle A BC. B

_— —
Given that AB =7i — j+ 2k and BC = —i + 5k
a find the area of triangle ABC. (7 marks) i C

’ —_— —_—

The point D is such that AD = 348,
—_— —_—

and the point £ is such that AE =34C

b Find the area of triangle ADE. (2 marks)

® 7 A parallelepiped is a three-dimensional figure G
formed by six parallelograms. The diagram shows a /
parallelepiped with vertices O, A, B, C, D, E, F, and G. C

—_— o =
a, b and c are the vectors OA4, OB and OC respectively. B s
Prove that the diagonals OF and AG bisect each other.
0 n

® 8 The diagram shows a cuboid whose vertices are O, 4, B, C, D, E, F F P E
and G. a, b and c are the position vectors of the vertices A, Band C |
respectively. The point M lies on OFE such that OM: ME =3:1. The c M B
straight line 4 P passes through point M. Given that AM: MP =3:1 ':
prove that P lies on the line EF and find the ratio FP: PE Bt/ »

]
ey
R
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Challenge

1 2 -5
1 a, b and care the vectors (0) ( 0) and ( 3 ) respectively. Find scalars
4/ \-3 1

28

p.gand rsuch that pa+ gb + re = (—12)
o

2 The diagram shows a cuboid with vertices O, 4, F M E
B, C, D, E, Fand G. M is the midpoint of FE ;
and N is the midpoint of AG. :

a, b and c are the position vectors of the < g
vertices 4, B and C respectively. Bl 15:'~ e m Trisect means
Prove that the lines OM and BN trisect the EXT : divide into three equal
diagonal AF. . parts.

0 a A

m Position vectors

You need to be able to use vectors to describe the position of a point in two dimensions.
Position vectors are vectors giving the position of a point, relative to a fixed origin.

R ——
The position vector of a point A is the vector OA, where O is the origin. VA

g 4
If OA = ai + bj then the position vector of A4 is (b)

= |n general, a point P with coordinates (p, g) has a position vector
—_ \
OP =pi+gi=(!) 5

=Y

" ,ﬁ = (TB) - (ﬁ, where aand (ﬁ are the position vectors of p A

A and B respectively.

=Y

Example @ m PROBLEM-SOLVING

The points 4 and B in the diagram have coordinates (3, 4) Y
i 6

and (11, 2) respectively.

Find, in terms of i and j 44

a the position vector of 4 b the position vector of B

—_—
¢ the vector AB
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— e (1)

a 04 =3i+4j In column vector form this is (4)
T . o (L
b OB =1+ 2j In column vector form this is ( > )

—_— — —

¢ AB = OB - 04 2
= (i + 2j) - (3i + 4j) = 8i — 2j = In column vector form this is (_2)

Example m PROBLEM-SOLVING

OA = 5i — 2j and AB = 3i + 4j. Find

a the position vector of B

B
b the exact value of |OB| in simplified surd form.

=¥

0
A
R = i o) It is usually quicker to use column vector form for
TS (-—2) GO (4) calculations.

OB = OA + AB = (_52) + (i) = (2) —  Ini jform the answer is 8i + 2j

b |OB| =V8% + 22 = /64 + 4 =/68 = 2/1% V68 = V4 x 17 = 2V/17 in simplified surd form.

Exercise @ mcnmcmmmxme

1 The points A, B and C have coordinates (3, —1), (4, 5) and (-2, 6) respectively, and O is the origin.

a Find, in terms of i and j
— —_
i the position vectors of 4, Band C ii AB iii AC

b Find, in surd form

—_— — —
|OC | i |AB]| iii |AC |

—_— _—
2 OP =4i-3j,00 =3i+2j
) —_—
a Find PQ
. ) — — —
b Find, in surd form i |OP | ii |00| i |PO|
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CHAPTER 7
— e
0Q =4i-3j, PO =5i+ 6j
—
a Find OP
— — —
b Find, in surd form: i |OP| ii |0Q] iii |[PO|

OABCDE is a regular hexagon. The points 4 and B have position vectors a and b respectively,
where O is the origin.

Find, in terms of a and b, the position vectors of

a C b D ¢ E
The position vectors of 3 vertices of a parallelogram Problem-solving
are (;) (g) and (2) Use a sketch to check that you

have considered all the possible

Find the possible position vectors of the fourth vertex. »
positions for the fourth vertex.

Given that the point 4 has position vector 4i — 5j and the point B has position vector 6i + 3j
—
a find the vector AB (2 marks)

—
b find |4 B| giving your answer as a simplified surd. (2 marks)

The point 4 lies on the circle with equation x> + y*> =9
e
Given that OA4 = 2ki + kj find the exact value of k. (3 marks)

Challenge

The point B lies on the line with equation 2y = 12 — 3x
Given that |OB| =13 find possible expressions for OB in the form pi + gj

@ 3D coordinates

C
a

T

artesian coordinate axes in three dimensions are usually called x-, y- and z-axes, each being at right
ngles to each of the others.

he coordinates of a point in three dimensions are written as (x, y, z).
= A
m To visualise this, think of the x- and
y-axes being drawn on a flat surface and the
z-axis sticking up from the surface.

You can use Pythagoras’ theorem in 3D to find distances on a 3D coordinate grid.

The distance from the origin to the point (x, y, z) is | x? + y? + 22

123
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Example @ PROBLEM-SOLVING

Find the distance from the origin to the point P(4, -7, —1)

OP = 42 + (<7)? + (-1)2 Substitute the values of x, y and z into the
B TR - | formula. You don't need to give units with
distances on a coordinate grid.

=66

You can also use Pythagoras’ theorem to find the distance between two points.

= The distance between the points (x,, y;, z,) and (x,, ¥, 2,) is

& (X1 = X)% + (y1 = Y2)2 + (21 — 22)?

Example @ m PROBLEM-SOLVING

Find the distance between the points A(1, 3, 4) and B(8, 6, —3), giving your answer to 1 d.p.

AB = (1 = 8)? + (3 - 6)? + (4 - (-5))° ——————— Be careful with the signs - use brackets when you
ST E LB e substitute.

=V/49 + 9 + 81

V132 = 1.8 (1 d.p)

ET G @ m CRITICAL THINKING

The coordinates of A and B are (5, 0, 3) and (4, 2, k) respectively.
Given that the distance from A to B is 3 units, find the possible values of k.

: Problem-solving
AB=\{(5-4)2+(0-2)2+3-k?=3

T Use Pythagoras’ theorem to form a quadratic
Vi+4+(O-6k+k%)=3 equation in k.

1+4+9—6k+!c2=9—L
k2-6k+5=0 Square both sides of the equation.

(k—5)(k—1)=O—L
k=%10rk=5 Solve to find the two possible values of k.

@ Explore the solution to this O

example visually in 3D using GeoGebra.
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Exercise m PROBLEM-SOLVING

Find the distance from the origin to the point P(2, 8, —4)
2 Find the distance from the origin to the point P(7, 7, 7)

3 Find the distance between 4 and B when they have the following coordinates:
a A(3,0,5)and B(1, -1, 8)
b A4(8, 11, 8) and B(-3, 1, 6)
¢ A(3,5,-2)and B(3, 10, 3)
d A(-1,-2,5)and B4, -1, 3)

® 4 The coordinates of 4 and B are (7, —1, 2) and (k, 0, 4) respectively.
Given that the distance from A4 to B is 3 units, find the possible values of k.

® 5 The coordinates of 4 and B are (5, 3, -8) and (1, k, —3) respectively.
Given that the distance from A4 to B is 310 units, find the possible values of k.

Challenge

a The points A(1, 3, -2), B(1, 3, 4) and C(7, -3, 4) are three vertices of a solid cube.
Write down the coordinates of the remaining five vertices.

An ant walks from A4 to C along the surface of the cube.

b Determine the length of the shortest possible route the ant can take.

@ Equation of a line in three dimensions

You need to know how to write the equation of a straight line in vector form.

5

Suppose a straight line passes through a
given point 4, with position vector a, and
is parallel to the given vector b. Only one
such line is possible. Let R be an arbitrary
point on the line, with position vectorr.

— _—
Since AR is parallel to b, AR = ib, where

You can find the position
vector of any point R on
re the line by using vector
addition (AOAR):

Alis ascalar. —
The vector b is called the direction vector r=a+AR
of the line.
So the position vector r can be written as
a+ib Q2
= A vector equation of a straight line passing through the point 4 with position vector a, and
parallel to the vector b is m ) . )
r is the position vector of a general point on
r=a+ib the line. Scalar parameters in vector equations are often

where 4 is a scalar parameter. given Greek letters such as 4 (lambda) and p (mu).
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By taking different values of the parameter 4, you can find the position vectors of different points

that lie on the straight line.
@ Explore the vector equation O

of a line using GeoGebra.

3 E ] E @ m PROBLEM-SOLVING

Find a vector equation of the straight line which passes through the point A4, with position vector
3i — 5j + 4k and is parallel to the vector 7i — 3k

3 7
Here a = (—5) and b = ( O) b is the direction vector.
< =3
An equation of the line is
c: 7% ,
o o T ~ You sometimes need to show the separate x, y, z
4 =3 components in terms of 4.

or r=(3i-5j+4k)+ A(7i - 3k)

il e You can represent a 3D vector using column

3+ 72 . x . . L.
ap =i Lk ’7 notation, ¥ |, or using ijk notation, xi + yj + zk

4 — 3} = ¢ Pure 4 Section 7.4

Now suppose a straight line passes through two given points C and D, with position vectors cand d
respectively. Again, only one such line is possible.

R

—_—
You can use CD as a direction vector for the line: You can now use one of the two given points
—
CD =d—c and the direction vector to form an equation for

the straight line.

= A vector equation of a straight line passing through the points C and D, with position vectors ¢
and d respectively, is

r=c+id-c m You can use any point on the straight line

. as the initial point in the vector equation. An alternative
where 4 is a scalar parameter. vector equation for this line would be r =d + A(d — ¢)
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Example @ m PROBLEM-SOLVING

Find a vector equation of the straight line which passes through the points 4 and B, with
coordinates (4, 5, —1) and (6, 3, 2) respectively.

4 )
as= (5) b= (3) Write down the position vectors of 4 and B.
-1 2
6 4 2
b-a=|3|-|5]|=|-2 Find a direction vector for the line.
2 -1 3
[ Use one of the given points to form the equation.
4\ /2
r=|5]+1 -2
= 3 You don't have to use A for the parameter. In this
— example, the parameter is represented by the
orr=(4i+5j—k +1(2i - Zj + 3k) letter ¢.
orr=4+20i+(5-20j+ (-1 + 31k
4 4 0f “— You can give your answer in any of these forms.
orre= (5 - 21)
-1 + 3¢

Example @ XY crimicaL ThnkiNg

The straight line / has vector equation r = (3i + 2j — 5k) + #(i — 6j — 2k)
Given that the point (a, b, 0) lies on /, find the value of a and the value of 5.

3+t

= ( 2 -6t ) You can write the equation in this form.

-5 -2t
o ? = L Use the z-coordinate (which is equal to zero) to
t= ) find the value of 1.
a=3+t= % —‘
b=2-6t=17 Find @ and b using the value of .
a= % and b = 17J

The straight line / has vector equation r = (2i + 5§ — 3k) + A(6i — 2j + 4k)
Show that another vector equation of /isr = (8i + 3j + k) + p(3i — j + 2k)
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2 )
Use the equationr=| 5 | + 4| -2
=3 4

& To show that (8i + 3j + k) lies on /, find a value of
WhenA=1r= (3) so the point (8, 3, 1) lies

A that gives this point. It is often easier to work in

onl 1 column vectors.
G 3
(_2) & 2(_1) S0 these two vectors are If one vector is a scalar multiple of another then
8 2 the vectors are parallel.
parallel.
So an alternative form of the equation is
8 3 m Using the same value of the
r= (3) " “_(_1) parameter in each equation will give different
1 2 points on the line. You should use a different

letter for the parameter of the second equation.

Example @ Y crimca mhinking

CR

-2 1 2
The line / has equationr=| 1 | + A| =2 |, and the point P has position vector | 1

4 1 3

a Show that P does not lie on /.

0
Given that a circle, centre P, intersects / at points 4 and B, and that A has position vector (—3)
6

b find the position vector of B.

(_2 & A) Problem-solving
ar=

1—24 It is often useful to write the general point on
4+ 4 a line as a single vector. You can write each

If P(2,1, 3) lies on the line then component in the form a + b
2==2+ 1A =i1=4
1= 1=21=41=0 If P lies on [, there is one value of 4 that satisfies

all 3 equations. You only need to show that two of
’7 these equations are not consistent to show that
P does not lieon /.

3= 4+ A =i=-1

so P does not lie on L

T o) 2
b AP = (é) - (_63) = ( 43) The distance between the points with position

—_— ay bl
|AP| =22 + 42 + (-3)2 = /29 vectors [ @z | and | b, | is
as by

V(by —ay)? + (b, — az)® + (b; — as)?. As Pis the
centre of the circle and A lies on the circle, the
radius of the circle is V29

< Pure Year 2, Chapter 12
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-2+ 4
The position vector of B is 11— 24
4+ 4

s L 2 -2+ A 4 -4
BP=(1)— 1-24)= 24
3 4+ A -1 -4

4 =22 + 442 + (-1 = )2 =29

Use the general point on the line to represent the
position vector of B.

16 =-81+A2+412 + 1+ 21 +212 =29 ——

B lies on the circle so the length |BP| =v29

A ‘ Solve the resulting quadratic equation to find two

L possible values of 4. One will correspond to point
A, and the other will correspond to point B.

G2 — GA+ 17 =29
G2 -6A-12=0

A2-1-2=0
A=-2)A+1=0
Seol=2ori= -]

@]
A =2 gives | -3
(=

=%
This is the position vector of point A. Substitute values of 2 into ( 1- 2'1)

4+ A
‘ -3 Check that one of the values gives the position
4= -1 gives 2 vector of 4. The other value must give the

position vector for B.

This is the position vector of point B.

Exercise 0 m CRITICAL THINKING

1 For the following pairs of vectors, find a vector equation of the straight line which passes
through the point, with position vector a, and is parallel to the vector b.

aa=6i+5-kb=2i-3j-k ba=2i+5,b=i+j+k
) .8

¢ a=-Ti+6j+2k b=3i+j+2k daz(O),bI(Z)
4 1

NN
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2 For the points P and Q with position vectors p and q respectively, find
—_—
i the vector PQ

ii a vector equation of the straight line that passes through P and Q

a p=3i-4j+2k q=5i+3j-k b p=2i+j-3k q=4i-2j+k
3 i)

¢ p=i-2j+4k, q=-2i-3j+2k dp=(—1),q=(3)
4 1

o

SENE

3 Find a vector equation of the line which is parallel to the z-axis and passes through
the point (4, -3, 8)

® 4 The point (1, p, ¢) lies on the line /. Find the values of p and ¢, given that the equation of /is

() () ()

® 5 Show that the line /, with equation r = (3 + 24)i + (2 — 34)j + (-1 + 44)k is parallel to the line /,
which passes through the points 4(5, 4, —1) and B(3, 7, -5)

6 Show that the points m Points are said to be collinear if
A(=3,-4.3), BG, -1, 2) and they all lie on the same straight line.
(9, 2, —1) are collinear.

1 3 10
7 Show that the points with position vectors ( 7 ) (— 1) and ( 4) do not lie on the same

straight line. =2 % 8 0

8 The points P(2, 0, 4), O(a, 5, 1) and R(3, 10, b), where a and b are constants,
are collinear. Find the values of @ and b. (5 marks)

® 9 The line /; has equation
r = (8i— 5+ 4k) + A(3i + j — 6k)
A 1s the point on /; such that 2 = -2
The line /, passes through A and is parallel to the line with equation
r=(10i + 3j — 9k) + A(2i — 4j + k)

Find an equation for /,. (6 marks)

10 The point A with coordinates (4, a, 0) lies on the line L with vector equation
r=(10i + 8j — 12k) + A(i — j + k)
where @ and b are constants.
a Find the values of a and b. (3 marks)
The point X lies on L where 4 = —1.
b Find the coordinates of X. (1 mark)
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3 1
@ 11 The line / has equationr = (—5) + /1( 2 )

9 -2
A and B are the points on / with A = 5 and A = 2 respectively.
Find the distance AB. (4 marks)
1 2
® 12 The line / has equationr ={ -2 | + A 1
3 -1

C and A are the points on / with 4 = 4 and 4 = 3 respectively.
A circle has centre C and intersects / at the points 4 and B.
Find the position vector of B. (3 marks)

—4 1
13 The line /, has equationr = ( 6 ) + A(—])

5 1
A and B are the points on /; with 2 = 2 and 4 = 5 respectively.

a Find the position vectors of 4 and B. (2 marks)

0
The point P has position vector (2)
3

The line /; passes through the point P and is parallel to the line /,.

b Find a vector equation of the line /,. (2 marks)
The points C and D both lie on line /, such that AB= AC = AD.
¢ Show that P is the midpoint of CD. (7 marks)

14 A tightrope is modelled as a line segment between points with coordinates (2, 3, 8) and
(22, 18, 8), relative to a fixed origin O, where the units of distance are metres. Two support
cables are anchored to a fixed point 4 on the wire. The other ends of the cables are anchored
to points with coordinates (14, 1, 0) and (6, 17, 0) respectively.
a Given that the support cables are both 12m long, find the coordinates of A. (8 marks)
b Give one criticism of this model. (1 mark)

@ Points of intersection

You need to be able to determine whether two lines meet and, if so, to determine their point of
intersection.

A and y are the parameters in

Lines do not intersect. )
the vector equations of the lines. No solutions

Write the equations
in column notation
and set them equal
to each other.

Do these
solutions satisfy the
third equation?

Try to solve
the first two equations
simultaneously.

Write three
—3| linear equations =3
involving 4 and p.

Solutions
exist

Lines do intersect. Substitute your values for 4 and p into the equation of one of
the lines to find the point of intersection. You can use the other equation to check.
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Example @ m REASONING

The lines /, and /, have vector equations
r=3i+j+k+ Ai-2j-k)and r=-2j+ 3k + p(-3i + j + 4k) respectively.

Show that the two lines intersect, and find the position vector of the point of intersection.

-5u
(? 23 2;) il m +! P Use column vector notation for clarity, and to
1- 2 3+ 4y help to avoid errors.

Solve the simultaneous equations

ST ’ Choose two of the three equations obtained by

S M equating x-, y- and z-components and solve the

and1-24=23 +4u @) resulting simultaneous equations.
Adding gives 4 = 3 —
and so p =-1

Substituting back into equation (1) gives 1 = 2
Check p = =1, 4 = 2 also satisfy the third

: If the lines intersect there is a pair of values of 4
equation.

and p that satisfy the 3 equations simultaneously.

1-24=-2 + pgives -3 = -3
So the lines do intersect.

ol 3,
Substituting A = 2 into | 1 — 24 | gives | -3 |.

1— A -1
The point where the lines meet is (5, =3, -1)

Exercise 0

1 In each case establish whether lines /; and /; meet and, if they meet, find the coordinates of
their point of intersection:

Check that the point which you obtain after
substitution lies on both straight lines.

a [, has equationr =i+ 3j + A(i — j + 5k) and /, has equation r = —i — 3j + 2k + pu(i + j + 2k)
b /, has equation r = 3i + 2j + k + A(i + j + 2k) and /, has equation r = 4i + 3j + p(—i + j — k)
¢ /, hasequationr =i+ 3j + 5k + A(2i + 3j + k) and /, has equationr =i + %j + %k + p(i + j—2k)

(In each of the above cases 4 and y are scalars.)

@ 2 With respect to a fixed origin O, the lines /, and /, are given by the equations
Lir=(-6i+11k) + A(i - j+ k)
Lrr=(2i = 2j+9Kk) + p(2i + j — 3k)

Show that /, and /, meet and find the coordinates of their point of intersection. (6 marks)
3 2 5 2
® 3 Theline /; hasequationr=( 1 |+ A{ 2 | and the line /; hasequationr=( 4 |+ | 1 |.
-2 3 0 -1

Show that /, and /, do not meet. (4 marks)
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5 3
4 The line with vector equation r =( 4) + A(— 1) is perpendicular to the line with vector

0 -1 - ?
equationr=| 11 |+ p| P
3 P

a Find the value of p. (2 marks)

b Show that the two lines meet, and find the coordinates of the point of intersection. (4 marks)

5 -1
® 5 The line /, has vector equation r = (2) + 2 ( 1 ) and the line /; has vector equation
1 2

4 1
r= (1) +u ( 0 ) where 4 and ;1 are parameters.
1 -1

Given that the lines /, and /, intersect at the point A4, find the coordinates of A. (4 marks)

6 With respect to a fixed origin O the lines /, and /, are given by the equations

8 -1 -4 q
lor=( 2 |+4 3 Lir=[10]+p| 2
-12 2 P -1

where 4 and j are parameters and p and ¢ are constants. Given that /, and /, are perpendicular,

a show thatg=4 (2 marks)
Given further that /, and /; intersect, find
b the value of p (6 marks)
¢ the coordinates of the point of intersection. (2 marks)
)
The point A lies on /; and has position vector | —1 | The point C lies on /,.
-14

Given that a circle, with centre C, cuts the Problem-solving

hnedgatthe po.lrfts Aand. Draw a diagram showing the lines [, and [; and
d find the position vector of B. (3 marks) the circle, and use circle properties.

Scalar product

You need to know the definition of the scalar product of two vectors in either two or three
dimensions, and how it can be used to find the angle between two vectors. To define the scalar
product you need to know how to find the angle between two vectors.

On the diagram, the angle between the vectors aand b is 6.

Notice that a and b are both directed away from the point X.
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Example @ m INTERPRETATION
a

Find the angle between the vectors a and b on the diagram.
20°
2 <t
b

For the correct angle, a and b must both be
pointing away from X, so re-draw to show this.

The angle between a and b is 160° — 20° = 160°

® The scalar product of two vectors a and b is written as a.b, and defined as

a.b = |a||b| cos 6 m The scalar product

where 0 is the angle between a and b. is often called the dot product.
You say ‘a dot b’.

A
You can see from this diagram
a that if a and b are the position @ Use GeoGebra O
vectors of 4 and B, then the to consider the scalar product
angle betweenaand b is ZAOB. as the component of one vector
f in the direction of another.
0 > B
b
= |f a and b are the position vectors of the points 4 and B, then cos(ZAOB) = |:|-|:|

If two vectors a and b are perpendicular, the angle between them is 90°
Since c0s90° =0, a.b = |a||b| c0s90° =0

® The non-zero vectors a and b are perpendicular if and only ifa.b=0
If aand b are parallel, the angle between them is 0°.

= |f aand b are parallel, a.b = |a||b|. In particular, a.a = |a|?

Example @ m PROBLEM-SOLVING

Find the values of
a ij b kk ¢ (4j).k + (3i).(3i)

i and j are unit vectors (magnitude 1), and are
perpendicular.

a iLj=1x1x%xc0590°=0

Bk e EEoRaRs kis a unit vector (magnitude 1) and the angle

between k and itself is 0°.
c (4j).k + (3i).(3i)

=(4 x1xcos90° + (3 x 3 x cosQ°
=04+9=9
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SETE @ m REASONING
b,

a
Given that a = (az) and b = | b, |, prove that a.b = a,b, + a,b, + a;b,

ab=(ai+a,j+azk).lbji+b,j+ bsk)
= a1i.(b1i + sz + b’sk)
+ ae‘j.(lei + bgj + b")'k:]
= (a4i).(bi) + (a4i).(bzj) + (a4i).(bzk)
+ (axj).(bii) + (az)).(b2j) + (22)).(bsk)

+ (asKk).(b4i) + (ask).(boj) + (ask).(bsk)
Use the results for parallel and perpendicular unit
= (a,b)i.i + (abo)i.j + (a,ba)i.k R

+ (asbk.i + (asbs)k.j + (asbs)k.k
2sbkd + (asbo)k ] + (a5ba) ijoik=jizjk=kiz=kj=0

= afb] + agbg + a")'b'g

The above example leads to a simple formula for finding the scalar product of two vectors given in
Cartesian component form:

® Ifa=a,i+a,j+akandb=bi+b,j+ bk,

a, 'bl
a3
3

You can use this result without proof in your exam.

EE @ m PROBLEM-SOLVING

Given that a = 8i — 5j —4k and b= 5i + 4j — k
a find a.b

b find the angle between a and b, giving your answer in degrees to 1 decimal place.

(&) 5
a ab= (—5).( 4) Write in column vector form.
-4/ \—1
= (6 X 5) + (_5 x 4) + (_4 X _U°7 USE a.b = a1b1 + azbz + a3b3
=40 - 20+ 4

= 24
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b a.b = |a]||b| cost Use the scalar product definition.
la] =82 + (-5 + (-4)2 = V105
|b| =52 + 42 + (-1)2 = V42
V105142 cosf = 24 Use a.b = a||b| cos ¢

24
cosll =—
V105 v42

0 =68.8° (1 dp)

Example @ m PROBLEM-SOLVING

Given that a = —i + j + 3k and b = 7i — 2j + 2k, find the angle between a and b, giving your answer
in degrees to 1 decimal place.

Find the modulus of a and of b.

| 7
a.b=(1). 2|=-7-2+6=-3
3 = For the scalar product formula, you need to find
la| = (17 + 2+ 32 = /T a.b, [a] and [bj
Ib| =72 + (-2 + 22 = /57
VI1Y57 cosfl = -3
=3

cosf = /o The cosine is negative, so the angle is obtuse.
Vvily

0 =969°(dp)

Example @ m CRITICAL THINKING

Given that the vectors a = 2i — 6j + k and b = 5i + 2j + Ak are perpendicular, find the value of A.

2 5,
ab=(-c)[2
1 Y J Find the scalar product.

Use a.b = |a||b| cos ¢
= [al[b|

=10-12 +4

=-2+1
-2+4=0

=2

For perpendicular vectors, the scalar product is
zero.
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m INNOVATION

Given that a = -2i + 5j — 4k and b = 4i — 8j + 5Kk, find a vector which is perpendicular to both

a and b.
X X
a.(}‘) =0 and b.(}-‘) =0 Both scalar products are zero.
=2\ [x' 4 5
5 ]|y|=0and (—8). y) =0
-4/ \z SR
-2x+5y—-4z= 0]
4x — By + 5z = (2)
Letizi=+ Choose a (non-zero) value for z (or for x, or for y).
-2x+ 5y =4 (from U—‘ . i
A e Solv_:'ng mmutgneously gives
. i X=Zandy=5
Sox=gy=5andz=1

A possible vector is Z—i + %J +k
L You can multiply by a scalar constant to find

An;,ther;(D%i.ble festare ’7 another vector which is also perpendicular to
4(Zi+—2—j+k)=7i+6j+4k both a and b.

Example @ XY crimcas thinkivg

The points A, B and C have coordinates (2, —1, 1), (5, 1, 7) and (6, -3, 1) respectively.
—_—

a Find AB.AC

b Hence, or otherwise, find the area of triangle ABC.

r 3 i 4
a AB=|2|and AC =| -2
G O

—_— —
ABAC =3 x4 +2x(-2)+6Ex0=86

b |28l =vFZrZrEz=7

‘A(.“ =42 + (-2)2 + 0% = 2V5
Use the scalar product to find the angle between

—_—
g AB.AC —— e 1 ;
cos(£BAC) = | _»\ | —— AB and AC.Then use area = Eabsmﬁto find the
AB114C area of the triangle.
i
7 x 2v5

= 0.2555...
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£BAC =751937..°

Area = %\E\ |E \sm (ZBAC) Problem-solving

You could find £ZBAC by finding the lengths 4B,
BC and AC and using the cosine rule, but it is
=15.13 (2 d.p) quicker to use a vector method.

Exercise m ANALYSIS

The vectors a and b each have magnitude 3, and the angle between a and b is 60°. Find a.b.

s _;_ x 7 x 2V5 sin(75.1937...9)

2 For each pair of vectors, find a.b.
aa=S5i+2j+3k,b=2i-j-2k b a=10i-7j+4k,b=3i-5j- 12k
ca=i+j-kb=-i-j+4k d a=2i-k,b=06i-5-8k
e a=3j+9%k b=i-12j+4k

3 In each part, find the angle between a and b, giving your answer in degrees to 1 decimal place.

a a=3i+7,b=5i+j b a=2i-5j,b=6i+3j
c a=i-7j+8k b=12i+2j +k d a=—-i—j+5k b=11i-3j+4k
e a=6i-7j+ 12k, b=-2i+j+k f a=4i+5k b= 6i-2j

g a=-5+2j-3k b=2i-2j-11k ha=i+j+kb=i-j+k

4 Find the value, or values, of 4 for which these vectors are perpendicular.
a 3i+ Sjand i + 6j b 2i+ 6j—kand i — 4j — 14k
¢ 3i+4j—-8kand7i- Sj+k d 9i - 3j+ Sk and Zi + 2j + 3k
e Aj+3j—2kand i+ 4j + 5k

5 Find, to the nearest tenth of a degree, the angle that the vector 9i — 5j + 3k makes with

a the positive x-axis b the positive y-axis

6 Find, to the nearest tenth of a degree, the angle that the vector i + 11j — 4k makes with

a the positive y-axis b the positive z-axis

7 The angle between the vectors i+ j + k and 2i + j + k is .. Calculate the exact value of cos6.

8 The angle between the vectors i + 3j and j + Ak is 60°. Show that 4 = +VI%

9 Find a vector which is perpendicular to both a and b, where
aa=i+j-3k,b=5i-2j-k ba=2i+3j-4k,b=i-6j+ 3k
c a=4i-4j-k,b=-2i-9j+6k
10 The points 4 and B have position vectors 2i + 5j + k and 6i + j — 2k respectively, and O

is the origin. Calculate each of the angles in /AOA B, giving your answers in degrees to
1 decimal place.
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The points 4, B and C have coordinates (1, 3, 1), (2, 7, =3) and (4, -5, 2) respectively.
a Find the exact lengths of 4B and BC.
b Calculate, to one decimal place, the size of ZABC.

Given that the points 4 and B have coordinates (7, 4, 4) and (2, 2, 1) respectively,
a find the value of cos Z40B, where O is the origin (4 marks)

—_—

V53
2

AB 1s a diameter of a circle centred at the Problem-solving

origin O, and P is a point on the o )
circumference of the circle. By considering This |s. a .\rectt.)r proof of the fact that the angle in
a semi-circle is 90°.

the position vectors of A, B and P, prove
that AP is perpendicular to BP.

b show that the area of AAOB is (3 marks)

Points 4, B and C have coordinates (5, -1, 0), (2, 4, 10) and (6, —1, 4) respectively.

—_ —_
a Find the vectors CA4 and CB (2 marks)
b Find the area of the triangle ABC. (4 marks)
¢ Point D is such that A, B, C and D are the vertices of a parallelogram.

Find the coordinates of three possible positions of D. (3 marks)
d Write down the area of the parallelogram. (1 mark)

The points P, Q and R have coordinates (1, -1, 6), (-2, 5, 4) and (0, 3, —5) respectively.

a Show that PQ is perpendicular to QR. (3 marks)
b Hence find the centre and radius of the circle that passes through points P, Q and R.
(3 marks)

Challenge

1 Using the definition a.b = |a||b| cos @, prove that a.b = b.a

2

The diagram shows arbitrary vectors a, b and ¢, and the vectorb + ¢

a Show that
i a.b+c)=|alxPQ
ii a.b=|a|xPR
iii a.c=|a] x RO
b Hence prove that a.(b + ¢) =a.b + a.c

139
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Chapter review o m PROBLEM-SOLVING

® 1 Two forces F, and F, act on a particle.
F, = -3i + 7j newtons
F, =1 - jnewtons
The resultant force R acting on the particle is given by R = F, + F,
a Calculate the magnitude of R in newtons. (3 marks)

b Calculate, to the nearest degree, the angle between the line of action of R and the
vector j. (2 marks)

® 2 A small boat S, drifting in the sea, is modelled as a particle moving in a straight line at constant
speed. When first sighted at 09:00, S is at a point with position vector (-2i — 4j) km relative to a
fixed origin O, where i and j are unit vectors due east and due north respectively. At 09:40, S is
at the point with position vector (4i — 6j) km.

a Calculate the bearing on which S is drifting.
b Find the speed of S.

(P) 3 ABCDis a trapezium with AB parallel to DC and DC =448
—_ —_—
M divides DC such that DM : MC=3:2, AB=aand BC =b

Find, in termsof aand b

- N N
a AM b BD ¢ MB d DA

4 The vectors 5a + kb and 8a + 2b are parallel. Find the value of 4. (3 marks)

5 Given that a = (z) b= (1[2}) and ¢ =( :g) find

aa+b+c ba-2b+c ¢ 2a+2b-3¢

6 The resultant of the vectors a = 4i — 3j and b = 2pi — pj is parallel to the vector
¢ =2i - 3j. Find
a the value of p (3 marks)

b the resultant of vectors a and b. (1 mark)

® 7 The vector a = pi + gj, where p and ¢ are positive constants, is such that |a| = 15
Given that a makes an angle of 55° with i, find the values of p and ¢.

8 Given that [3i - kj| = 3/5, find the value of £. (3 marks)
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- . - — - - -
9 OABisatriangle. OA =aand OB =b. The point M divides OA in the ratio 3:2

@ @ 6 6

10

11

12

13

14

15

16

MN is parallel to OB.

—
a Express the vector ON in terms of aand b. (4 marks) 4
b Find vector MN (2 marks) v N
¢ Show that AN: NB=2:3 (2 marks)
0 B

The points 4(2, 7, 3) and B(4, 3, 5) are joined to form the line segment AB. The point M is the
midpoint of 4B. Find the distance from M to the point C(5, 8, 7)

The coordinates of P and Q are (2, 3, @) and (a — 2, 6, 7)
Given that the distance from P to Q is V14, find the possible values of a.

_) 3
AB is the vector -3i + j + 5k, where ¢ > 0

: T =~ e 5
Given that |AB| = 5v2, show that AB is parallel to 6i — §j — Etk

P is the point (35, 6, —=2), Q is the point (2, -2, 1) and R is the point (2, -3, 6)
. —_— o
a Find the vectors PQ, PR and OR.

b Hence, or otherwise, find the area of triangle POR.

1§ 5 2
The points D, E and F have position vectors (0), (3) and (—1) respectively.

0/ \4 8

X —_— — —
a Find the vectors DE, EF and FD (3 marks)

- — —_ =2 . . .
b Find |DE|, |EF| and FDl giving your answers in exact form. (6 marks)
¢ Describe triangle DEF. (1 mark)
P is the point (-6, 2, 1), Q is the point (3, =2, 1) and R is the point (1, 3, -2)

< _— —
a Find the vectors PQ, PR and OR (3 marks)
b Hence find the lengths of the sides of triangle POR. (6 marks)
¢ Given that angle QRP = 90° find the size of angle POR. (2 marks)
The diagram shows the triangle A BC. C

. —_— —_—
Given that AB =—i+jand BC =i-3j+k
find ZABCto 1 d.p. %

B (5 marks)
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17 The diagram shows the quadrilateral A BCD. C

. . 6 . 15

Given that AB = -2 ] and AC =| 8 |, find the area of the
11 5

quadrilateral. (7 marks)

A

® 18 A is the point (2, 3, —2), Bis the point (0, -2, 1) and C'is the point (4, -2, —=5). When 4 is
reflected in the line BC it is mapped to the point D.

a Work out the coordinates of the point D.
b Give the mathematical name for the shape A BCD.
¢ Work out the area of ABCD.

® 19 The diagram shows a tetrahedron O4BC. a, b and ¢ are the
position vectors of A, B and C respectively.

P, O, R, S, Tand U are the midpoints of OC, AB, OA, BC,
OB and AC respectively.

Prove that the line segments PQ, RS and TU meet at a point
and bisect each other.

® 20 A particle of mass 2 kg is acted upon by three forces:
Fy=(i+2j+k)N
F,=(3i- bj+2k)N
F;=(-2i+2j+ (4 -hk)N

Given that the particle accelerates at 3.5 ms=2, work out the possible values of 5.

® 21 In this question i and j are the unit vectors due east and due ]
north respectively, and k is the unit vector acting vertically =
upwards. =

JE i

Ji il

[ I

A BASE jumper descending with a parachute is modelled as a
particle of mass 50 kg subject to forces describing the wind, W,
and air resistance, F, where:

W = (20i + 16§) N

F = (-4i - 3j + 450k) N

a With reference to the model, suggest a reason why the k component of F is greater than the
other components.

b Taking g = 9.8 ms~, find the resultant force acting on the BASE jumper.

¢ Given that the BASE jumper starts from rest and travels a distance of 180 m before landing,
find the total time of the descent.
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The line / passes through the points 4 and B with position vectors i — j + 3k and i + 2j + 2k
respectively, relative to a fixed origin O.

a Find a vector equation of the line /. (4 marks)

b Find the position vector of the point C which lies on the line segment A B such that
AC=2CB (3 marks)

Find a vector equation of the straight line which passes through the point 4 with
position vector 2i + 3j — 4k, and is parallel to the vector 2j + 3k (3 marks)

A straight line / has vector equation r = (i + 2j — k) + A(3i + j — 2k)
Show that another vector equation of /is r = (7i + 4j — 5k) + A(9i + 3j — 6k)

4\ /1 2
With respect to an origin O, the position vectors of the points L, M and N are (?), (3) and (4)

respectively. o A2 6

: —_— —_—
a Find the vectors ML and MN (3 marks)
b Prove that cos ZLMN = 19—0 (3 marks)

Referred to a fixed origin O, the points 4, B and C have position vectors 9i — 2j + k
6i + 2j + 6k and 3i + pj + gk respectively, where p and ¢ are constants.

a Find, in vector form, an equation of the line / which passes through 4 and B. (2 marks)
Given that C lies on /,

b find the value of p and the value of ¢ (2 marks)
¢ calculate, in degrees, the acute angle between OC and AB. (3 marks)
The point D lies on 4B and is such that OD is perpendicular to AB.

d Find the position vector of D. (5 marks)

| 5
Referred to a fixed origin O, the points 4 and B have position vectors ( 2 ) and ( 0) respectively.
-3 -3

a Find, in vector form, an equation of the line /; which passes through 4 and B. (3 marks)

4 |
The line /, has equation r = (—4) + ;;..(—2), where ¢ is a scalar parameter.
3 2

b Show that A lies on /. (2 marks)

¢ Find, in degrees, the acute angle between the lines /, and /. (4 marks)

0
The point C with position vector ( 4 ) lies on /,.
-5
d Find the shortest distance from C to the line /;. (4 marks)
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® 28 Two submarines are travelling in straight lines through the ocean. Relative to a fixed origin, the
vector equations of the two lines, /, and /,, along which they travel are

li:r=3i+4j- 5k + A(i - 2j + 2k)

Lir=9i+j-2k+ p(di+j-k)
where 4 and p are scalars.
a Show that the submarines are moving in perpendicular directions. (2 marks)
b Given that /, and /, intersect at the point A, find the position vector of A4. (4 marks)
The point B has position vector 10j— 11k
¢ Show that only one of the submarines passes through the point B. (3 marks)

d Given that 1 unit on each coordinate axis represents 100 m, find, in km, the
distance AB. (2 marks)

29 With respect to a fixed origin O, the straight lines /; and /, are given by

G
il

where 4 and p are scalar parameters.

a Show that the lines intersect. (3 marks)
b Find the position vector of their point of intersection. (1 mark)
¢ Find the cosine of the acute angle between the lines. (4 marks)

30 The line /, has vector equation r = 6i + 8j + 5k + A(i — j + k) where / is a scalar parameter.
The point 4 has coordinates (3, @, 2), where « is a constant. The point B has coordinates
(8, 6, b), where b is a constant. Points 4 and B lie on the line /,.

a Find the values of a and b. (3 marks)

Given that the point O is the origin, and that the point P lies on /, such that OP is
perpendicular to /,

b find the coordinates of P. (5 marks)

¢ Hence find the distance OP, giving your answer in surd form. (2 marks)

31 Relative to a fixed origin O, the point A has position vector 6i + 3j + 4k and the point B has
position vector 5i + 2j + 6k. The line / passes through the points 4 and B.

—_—

a Find the vector AB. (2 marks)
b Find a vector equation for the line /. (2 marks)
The point C has position vector 4i + 10j + 21(_)

The point P lies on /. Given that the vector CP is perpendicular to /,

¢ find the position vector of the point P. (6 marks)
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32 With respect to a fixed origin O, the lines /, and /, are given by the equations

3 2 1 1
lir=[=-2|+4] 1 Lor=[12 )+ p| -2
4 -1 8 -1

where 4 and p are scalar parameters.

a Show that /; and /, meet and find the position vector of their point of
intersection, A4. (6 marks)

b Find, to the nearest 0.1°, the acute angle between /; and /,. (3 marks)

5
The point B has position vector (—l)

3
¢ Show that B lies on /. (1 mark)
d Find the shortest distance from B to the line /,, giving your answer to
3 significant figures. (4 marks)

33 Two aeroplanes are modelled as travelling in straight lines. Aeroplane A travels from a point

120 200
with position vector (—80) km to a point with position vector ( 20 ) km, relative to a fixed
13 5

=20
origin O. Aeroplane B starts at a point with position vector ( 35 ) km relative to O, and flies in

10 >
the direction of | -2
0.1
a Show that the flight paths of the two aeroplanes will intersect, and determine the position
vector of the point of intersection. (7 marks)

An air traffic controller states that this means that the planes will collide.

b Explain why this conclusion is not necessarily correct. (2 marks)

Summary of key points

1 If PO = RS then the line segments PQ and RS are equal in length and are parallel.

—_ —_—
2 AB =-BA asthe line segment AB is equal in length, parallel and in the opposite direction
to BA.

—_— — —

3 Triangle law for vector addition: 4B + BC = AC
—_— —_— _—
If AB =a, BC =band AC =¢, thena+b=c
4 Subtracting a vector is equivalent to ‘adding a negative vector:a—b =a + (-b)

— —_ — =
5 Adding the vectors PQ and QP gives the zero vector 0: PQ + QP =0

6 Any vector parallel to the vector a may be written as Aa, where X is a non-zero scalar.

145
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A
7 To multiply a column vector by a scalar, multiply each component by the scalar: )\(‘Z) — (/\‘Z)

AP
8 To add two column vectors, add the x-components and the y-components (‘Z) + (f) = (‘; + ?)

9 Aunit vector is a vector of length 1. The unit vectors along the x- and y-axes are usually

denoted by i and j respectively. i= ((1)) j= ((1))

10 For any two-dimensional vector: (‘Z) = pi + gj

X

11 For the vectora = xi + yj = (y)* the magnitude of the vector is given by: |a| = /x% + »?

12 A unit vector in the direction of a is a

al
==
13 In general, a point P with coordinates (p, g) has position vector: OP = pi + gj = (q)

_— — — _ —

14 AB = OB - 0OA, where OA and OB are the position vectors of A and B respectively.

15 If the point P divides the line segment A B in the ratio \: y, then A
_ — —
OP =04 + AB
+ 1 &
—— )\ —_— =
=04 + (OB — OA) B
A+ 1
0 AP:PR=X:pu

16 If aand b are two non-parallel vectors and pa+ gb=ra+sbthenp=randg=s

17 The distance from the origin to the point (x, y, z) is /X2 + y2 + z2

18 The distance between the points (x;, 1, z;) and (x,, ¥, 25) is /(X1 — X)2 + (¥, = ¥2)% + (21 — 2,)?

19 The unit vectors along the x-, y- and z-axes are denoted by i, j and k respectively.

§

/4
Any 3D vector can be written in column form as pi + gj + rk = (q)
1
X

lal

20 If the vector a = xi + yj + zk makes an angle 6, with the positive x-axis then cos #, = — and

similarly for the angles 6, and 6..

21 If a, b and care vectors in three dimensions which do not all lie in the same plane then you
can compare their coefficients on both sides of an equation.
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A vector equation of a straight line passing through the point 4 with position vector a, and
parallel to the vector b, is

r = a + Ab where 1 is a scalar parameter.

A vector equation of a straight line passing through the points C and D, with position vectors
c and d respectively, is

r =c + A(d — ¢) where 1 is a scalar parameter.

The scalar product of two vectors a and b is written .
as a.b (say ‘a dot b’), and defined as
a.b = |a|b|cosf A
where @ is the angle between a and b.
0
(0] ‘E B
If aand b are the position vectors of the points 4 and B, then cos (/AOB) = |:|'|t|;|

The non-zero vectors a and b are perpendicular if and only if a.b = 0.
If aand b are parallel, a.b = |a||b| In particular, a.a = |a|?

Ifa=ai+ aj+ a;kand b=bii+ b,j+ bk

[45] bl
a-b - (GZ)- bz = albl ar azbz “F ﬂ3b3
45} b3

The acute angle @ between two intersecting straight lines is given by:

where a and b are direction vectors of the lines.

|al[b|

Two lines are skew if they are not parallel and they do not intersect.

cosf =




Review exercise

® 1

A curve has parametric equations

X=2eotE, =280 0 s%
d H
a Find d_fc in terms of . 3)
b Find an equation of the tangent to the
curve at the point where 7 = % 3)

¢ Find a Cartesian equation of the curve
in the form y = f(x). State the domain
on which the curve is defined. 3)

« Pure & Section 5.1

The curve C has parametric equations

xzﬁ, yzi, -l<t<l1
The line /is a tangent to C at the point
where 1 = %
a Find an equation for the line /. 5
b Show that a Cartesian equation for the
curve Cis y = 2xx— 1 3)

« Pure & Section 5.1

A curve C is described by the equation
3x2-2y2+2x-3y+5=0
Find an equation of the normal to C at
the point (0, 1), giving your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are
integers. @)
« Pure 4 Section 5.2

A set of curves is given by the equation
sinx + cosy=0.5

a Use implicit differentiation to find an

: dy
expression for . 4)
For-r<x<mand -r<y<m
b find the coordinates of the points
dy
where e 0 3)

« Pure 4 Section 5.2

s

® 7

REVIEW EXERCISE

The volume of a spherical balloon of

. . 4
radius rcm is Vem3, where V' = Emﬁ

dv

a Find ol (0))]

The volume of the balloon increases with
time ¢ seconds according to the formula

dV _ 1000
dt  2t+1)¥

b Find an expression in terms of r and ¢
for & 3)
« Pure 4 Section 5.3

t=0

dt

A curve is given as x3 + 3x2y = 4.
The point P(1,1) lies on the curve.

dv

a Find d—'} in terms of x and y.

b Find the tangent to the curve at the
point P.

« Pure 4 Section 6.1

The curve C is represented by the
parametric equations
x=InQRt-1),y=at-3Ffort>k
a State the minimum value of k, where k
is a rational number.

b Given thatt= % when the gradient is 0,

determine the value of «.

¢ Find the equation of the normal to the
curve when 7 =1

« Pure 4 Section 6.1

A curve is represented by the parametric

equations x = sec?t, y = cott for the
interval 0 < ¢ S%

dx
a Show that T ksec? t tant, where

k is to be determined.



REVIEW EXERCISE 2

® 12

b Determine the area under the curve
over the given interval. Give your
answer in an exact form.

® 13

« Pure 4 Section 6.1

The curve C is represented by the

EP) 14

: . 2
parametric equations x = gﬁ* y=2 I

Given that the area under the curve from
{=atot=31s 40, determine the exact
value of a, where a > 0

EP) 15

« Pure 4 Section 6.1

The curve shown in the diagram is
2
y=xvl—-x

VA
y=xyT-%
16
@) 17
0 e =

a Write down the value of a. (n
The finite shaded region bounded by
the curve and the x-axis is rotated
through 27 radians about the x-axis.

b Find the exact volume of the solid
generated.

3)

« Pure & Section 6.1

A curve is represented by the parametric
equations x = tant, y = cos? ¢

@ 1

This curve is then rotated about the
x-axis to generate a volume between

the values 1 = 0 and tz%

Determine the exact volume generated.

« Pure 4 Section 6.1

Using the substitution ¥ =2x -1 or
otherwise, find the exact value of

J‘ﬁ 3x
1

v2x =1

dx

(6)

« Pure 4 Section 6.2

149

Use the substitution # = 1 — x? to find the
exact value of
1 ..7(3

f, cdx
0 (1 =x%):

(6)
« Pure 4 Section 6.2
G =+ 1)lnx _
Find the exact value off f(x) dx 7
1

« Pure 4 Section 6.3

a Express m in partial
fractions. 3)
b Hence find the exact value of
P dx, giving your
1 (2x=3)(x+2)
answer as a single logarithm. 4)

« Pure 4 Section 6.4

Integrate Ie'—" cos2xdx.
« Pure 4 Section 6.4

2x -1 : :
a Express m in partial
fractions. 4)
b Given that x = 2, find the general
solution of the differential equation
d
Qx-3x-D=@x-ly @

¢ Hence find the particular solution of
this differential equation that satisfies
y =10 at x = 2 giving your answer in
the form y = f(x) 2)

« Pure & Sections 6.4, 6.5

A spherical balloon is being inflated in
such a way that the rate of increase of its
volume, ¥'cm?, with respect to time

t seconds is given by % = %. where k is a
positive constant.

Given that the radius of the balloon is
rcm, and that V' = %mﬁ

a prove that r satisfies the differential

equation
dr_B
de

where B is a constant.

C)
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@

b Find a general solution of the
differential equation obtained in part a.
(3

« Pure 4 Sections 5.3, 6.5, 6.6

Liquid is pouring into a container at a
constant rate of 20 cm?s~! and is leaking
out at a rate proportional to the volume
of the liquid already in the container.

a Explain why, at time ¢ seconds, the
volume, V'cm?, of liquid in the container
satisfies the differential equation

L .
de

where k is a positive constant.
The container is initially empty.
b By solving the differential equation,
show that
V=A+ Be™

giving the values of 4 and B in terms
of k. 5
. dVv
Given also that Tl 10 when t=35
¢ find the volume of liquid in the
container at 10s after the start.

3

« Pure 4 Sections 6.5, 6.6

The rate of decrease of the concentration
of some medicine in the blood stream is
proportional to the concentration C of
the medicine which is present at that time.
The time ¢ is measured in hours from

the administration of the medicine (i.e.
when it was given) and C is measured in
micrograms per litre.

a Show that this process is described by

the differential equation ue -kC

dr
explaining why k is a positive constant.
(2)
b Find the general solution of the
differential equation, in the form
C=1(1) “4)

® 21

EP 22

2
D & 2

@® 2

® 25

REVIEW EXERCISE

After 4 hours, the concentration of the
medicine in the bloodstream is reduced to
10% of its starting value C,

¢ Find the exact value of k. 3)

« Pure 4 Sections 6.5, 6.6

The vector 9i + gj is parallel to the vector
2i — j. Find the value of the constant ¢.

2

« Pure & Sections 7.2

Given that |5i — kj| = |2ki + 2j|, find the
exact value of the positive constant k. (4)
¢ Pure 4 Sections 7.3

The vectors a, b and ¢ are given as

a= 8 ,b= ~15) and e = o , where x
(23) (x) 2]

is an integer. Given that a + b is parallel
to b — ¢, find the value of x. 4)

« Pure & Sections 7.2

The diagram shows the triangle A BC.
B

(5]

—
Given that AB = —i + 6j + 4k and
e

AC = 5i - 2j - 3k find the size of /BAC
to one decimal place. 5

« Pure & Sections 7.4

P is the point (-6, 3, 2) and Q is the point
(4, -2, 0). Find

—_—

a the vector PQ
b the unit vector in the direction
—_—
of PQ

—
¢ the angle PQ makes with the

positive z-axis.

(¢))

2

2



@ »

—
The vector AB = 30i — 15 + 6k

d Explain, with a reason, whether the

— —
vectors AB and PQ are parallel. 2)

« Pure 4 Sections 7.4

The vertices of triangle MNP have
coordinates M(-2, 0, 5), N(8, =5, 1) and
P(k, -2, —6). Given that triangle MNP is
isosceles and k is a positive integer, find
the value of k. 4)

« Pure 4 Sections 7.6

Given that
—6i + 40j + 16k = 3pi + (8 + gr)j + 2prk
find the values of p, ¢ and r. 3)

« Pure 4 Sections 7.6

The line / has equation

4

A and B are the points on / with A =4
and 4 = —1 respectively.

Find the distance AB. 4

« Pure & Sections 7.9

The points P(1, -1, 3), O(a, 3, 8) and

R(5, 7, b), where ¢ and b are constants,
are collinear. Find the values of « and

b and the vector equation of the line
through the three points. 5)

« Pure & Sections 7.9

The line /, has vector equation
r=11i+ 5j + 6k + A(4i + 2j + 4k)
and the line /, has vector equation
r=24i+4j+ 13k + p(7i + j + 5k)
where 4 and i are parameters.

a Show that the lines /, and /, intersect.
Q)
b Find the coordinates of their point of
intersection. 2)

Given that 6 is the acute angle between /,
and /,,
¢ find the value of cos#. Give your
answer in the form kv3, where k is a
simplified fraction. 3)
« Pure 4 Sections 7.10, 7.11

The line /, has vector equation
r=8i+12j+ 14k + A(i+j — k)

The points A, with coordinates (4, 8, a)

and B, with coordinates (b, 13, 13), lie on

this line.

a Find the values of a and b. 2)

Given that the point O is the origin, and
that the point P lies on /, such that OP is
perpendicular to /,,

b find the coordinates of P. 3)
¢ Hence find the distance OP, giving
your answer as a simplified surd.  (3)

« Pure 4 Sections 7.10, 7.11

Two fish are modelled as travelling in
straight lines. A shark, swims from

2
a point with position vector ( 3 ) toa
-1

-2
point with position vector (11) both

151
relative to a fixed origin O and with units
given in metres.

A flounder, starts at a point with

2
position vector (0) relative to O, and
1

travels in the direction of (— 1).
3

a Show that, no matter how fast either
fish swims, the shark will never catch
the flounder. 7

b Give one criticism of this model. (1)

« Pure & Sections 7.10



Challenge m For question 3, consider angle ABC.

1 Acurve Cis described as x> — xp2 =y + 5.

d
a Find an expression ford—y in terms of x and y.
X

dzy
b Find an expression for ——
q P dx?
and =
dx
dy d2y
¢ Hence find the values of — and — at the
dx dx?

point, giving your answers as fractions.

in terms of x, y

2 By considering a suitable substitution,
1

x(ln x)

Give your answer in an exact form.

es
determine the value of L
e

3 The points 4, B and C have coordinates
(-2,-3,0), (-1, -1, 3) and (1, 1, 1) respectively.
Find the centre and radius of the circle that
passes through all three points.
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Exam practice

Further Mathematics International
Advanced Level
Pure Mathematics 4

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator

1 Prove by contradiction that if n° + 1 is even then n must be odd. 4)

2 Acurveisgivenas x> +4xy+ 12+ 1=0

. 340
a Find o terms of x and y. (5)
b Determine the coordinates where the curve is parallel to the x-axis. (5)

3 Acurve Cis given as y = xe>*
a Find the exact coordinates of the turning point. 4)

b Find the volume generated when the curve is rotated about the x-axis
through 27 radians, between the values x =1 and x =2 (7)

4 A curve has parametric equations

X =cost y=cos2t 0<t<L 2
a Show that y = ax? + b, where a, b are constants to be determined. 3)
b State the domain and range of the function. (2)
dy
¢ Find d_ in terms of ¢, giving your answer in a simplified form. 3)
%
d Determine the equation of the tangent at the point on the curve where 7 = 0 3)

5 a Use the binomial series to find the expansion of

1 X1 < l
(1-3x) 3
in ascending powers of x, up to and including the term in x? (6)

giving your answer to 6 decimal places. 3)

b Hence, find an approximation for 0 é?l’
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6 The height of water, H, in a storage tank is modelled by the differential equation

dH

s =20(H - 35)
where ¢ represents the time in hours.
a Given that H =40 when t =0, find H = f(¢) 8
b By finding % in terms of 7, determine the value of % when 7 = 0.5 3)
¢ State the eventual height of the water in the tank. (0))]

7 You are given two points A(2, 1, 3) and B(5, -2, 1)

a Find the vector equation of the line / that passes through 4 and B. 3)
b Show that the point (-4, 7, 7) is on the line /. (2)
¢ Find the angle between [ and the x-axis. 3)
d The point C lies on the line / such that AC = 34B

Determine the possible coordinates of the point C. 4)

8 The curve C has the set of parametric equations
X =17 y=1-t
The curve is rotated about the x-axis by 27 radians from s =0to t =1
Find the exact volume generated. (6)

TOTAL FOR PAPER: 75 MARKS
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GLOSSARY

accurate a value that is precise or correct to a large
number of decimal places

acute angle an angle that is less than 90°

algebraic A mathematical expression consisting of
numbers, operations (add, subtract, etc.) and letters
representing unknown values

anchored fixed in position

anticlockwise the opposite direction in which the
hands of a clock move around

approximation a number that is not exact
ascending increasing

axis (plural axes) either of the two lines by which
the positions of points are measured in a graph

base area the cross-sectional area of a three-
dimensional shape. For example, a pyramid has a
square base area

bearing the angle measured in a clockwise direction
from the north direction

binomial an algebraic expression of the sum or
difference of two terms

for example; (@ + b)" is the general form of a binomial
expression

bisect to cut in two exact halves
boundary condition a condition that is required
to be satisfied at all, or part of, the boundary of a

region in which a set of differential equations is to
be solved

bounded enclosed
Cartesian a unique point in two or three-dimensional
space specified by numerical coordinates

circle the set of all points in a plane that are the
same distance from a given point; the centre

clockwise the same direction in which the hands of
a clock move around

coefficient a numerical or constant quantity placed
before and multiplying the variable in an algebraic
expression

collinear points lying on the same line

1
3
column vector a vector of the form (4) or (—2)
3
common factor a quantity that will divide without
remainder into two or more other quantities

concave an outline or surface that curves inwards like
the interior of a circle or sphere

condition a rule that must be met
conical a cone shaped object

constant a term that does not include a variable. In
the expression 3x* — 5x + 4, the constant term is 4

contradiction a statement that disagrees with
another statement

converge to approach a limiting value as, either the
value of the variable increases, or in the case of a
series, the number of terms increases

for example, l\ converges to 0 as x approaches eo
convert change into something else

convex an outline or surface like the exterior of a
circle or sphere

coordinates a set of values that show an exact
position. In a two-dimensional grid, the first number
represents a point on the x-axis and the second
number represents a point on the y-axis

coplanar points lying in the same plane

corresponding an equivalent; connected with what
you have just mentioned

cube a three-dimensional object that has all edges of
the same length

cubic an algebraic expression in which the highest
power is 3

cuboid a six-sided solid whose sides are all
rectangles, placed at right angles. Can be, but not
necessarily, a cube

curve a function that is not linear in shape. For
example, f(x) = ~1£

cylindrical a cyl-inder—shaped object

decrease to go down in value

deduce to reach a logical conclusion. If x =5 =2, we
can deduce that x =7
definite integral an integral that has a numerical

2
solution. For example, f x dx is a definite integral,
] 4

whereas_[x dx is an indefinite integral

degree (of a polynomial) the highest power

in an expression determines the degree of the
expression. For example, 7x* + 5x2 is a polynomial of
degree 3 since this is the highest power

degrees an angular measurement where 360°
describes a full circle



denominator the lower part of a fraction. b in ?

2
derivative a way to represent the rate of change of
a mathematical function

determine to find out. By analysing the equation of
a curve, we can determine whether or not it is a circle

diagonal a line that joins two non-adjacent vertices
in a polygon.

differential equation an equation that contains

’

a derivative. For example, T)x =x+ pisa first order
.

differential equation since it contains a 1st derivative

term

differentiate to determine the derivative of a
function. To find its rate of change with respect to
another variable

differentiation the instantaneous rate of change of
a function with respect to one of its variables

dimensions the size of something, usually given as
its length, width and height

direction a course along which something moves.
For example, north, east, etc. are directions. Vectors
have direction

displacement change of position
distinct different or unique

domain the set of values that a function exists for.
For example, f(x) = /X only exists for x 2 0

eliminate to remove a variable from a set of
equations

endpoints a point at the start or end of an interval,
a line segment, or part of a curve

equate put equal to each other, usually to determine
a relationship or solution. For example, equating x?
and x yields solutions of 0 and 1

equation a statement that values of two
mathematical expressions are equal

error A measure of the difference between an exact
value and an estimated value

estimate roughly calculate a value

evaluate calculate the value of. If x = 2, we can
evaluate 4xto 8

even number an integer that is divisible by 2
without leaving a remainder

exact not approximated in any way, precise
expand to multiply out terms in brackets

expansion a mathematical expression written in an
extended form
for example, the expansion of (a + b)? is a® + 2ab + b*
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exponential something is said to increase or
decrease exponentially if its rate of change is
expressed using exponents. Functions that are
exponential are of the form y = a x b*, where g, b are
constants, and b is the base

expression any group of terms that represents
something mathematical

x +2,3x*and xy + »* are expressions

factor a number that divides into another number
exactly

factorise to rewrite an expression using brackets
ee factorise x* + 3x to get x(x + 3)
finite a value that is limited; not infinite

formula (plural formulae) a mathematical
expression or equation with a particular meaning

fraction a mathematical expression representing
the division of one whole number by another

general solution a solution that contains unknown

constants. For example, from integration JZ,\* dx
produces the general solution x* + ¢, where the
constant of integration is unknown

generate produce, Create

geometry a part of mathematics relating to points,
lines, areas and solids

gradient slope

hemisphere half a sphere

hexagon a six-sided two-dimensional shape
identical exactly the same as something else

identity an equality between expressions that
is true for all values of the variables in those
expressions

implicit a function that is not expressed directly in
terms of independent variables

improper fraction a fraction that is represented in
the form gwhere the numerator is greater than the
denominator. Also known as top-heavy fractions
increase to go up in value

index (plural indices) the power to which a quantity
is raised, shown as a small number (superscript)

infinite a value that is unlimited, not finite

inflection point a point on a curve at which a
change in the direction of curvature occurs

insignificant too small or unimportant to be worth
consideration

integer a whole number (1,2, etc)

integral a function of which a given function is the
derivative
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integrand a function that is to be integrated

integration one of the two operations of calculus,
the other being differentiation, its inverse

intersection the point at which two or more curves
cross (intersect)

inverse operations that reverse each other. For
example, the inverse of f(x) = X3 is f-1(x) = x=
inversely proportional when the product of two
variables equals a constant, these variables are said
to be inversely proportional to each other. For

example, y = —';5, shows that y is inversely proportional
to x

irrational number a real number that cannot be
expressed as a fraction or an integer

isosceles a triangle with two equal sides, hence two
equal angles

limit a point or value that a sequence, or function,
or sum of a series will approach, until it is as close to
the point or value as desired

linear functions that have variables with power 1.
For example, y = 4x -3

logarithm the power to which the base number
must be raised in order to get a particular number.
For example, log; 32 =5 = 2°=32

magnitude a numerical quantity or value, taken as
positive. For example, the magnitude of -3 is 3

midpoint a point which lies directly between two
other points

model an attempt to describe, explore and solve
real-life systems and problems using mathematical
concepts and language

modulus the magnitude or absolute value of an
expression or constant.

multiple a number that can be divided into another
number without a remainder. For example, 8 is a
multiple of 32

natural logarithm a logarithm that has base e. For
example, log, 5, which is usually written as In 5

negation a contradiction of something
negative a value that is less than zero

non-parallel two lines or edges that are not the
same distance from each other at all points

non-zero a value that is not equal to zero

normal a line that is perpendicular (at right angles)
to another line. For example, the normal to a curve is
perpendicular to the tangent to the curve

numerator the upper part of a fraction. ¢ in =

b

obtain get, or acquire. For example, putting x =2
into y = 4x allows you to obtain the value for y

odd an integer that is not a multiple of 2

origin the point where the x-axis and y-axis
intersect on a flat coordinate plane

parallel two lines side-by-side, the same distance
apart at every point

parallelepiped a solid body that has a
parallelogram for each face

parallelogram a four-sided shape that has two pairs
of parallel opposite sides

parametric equations a set of equations that
express a set of quantities as functions of a number
of independent variables, known as “parameters”.

Forexample, x =%, y=21,t € R are a set of
paramelric equations

particular solution a solution to a differential
equation that contains no unknown constants of
integration

percentage a part of a whole expressed in
hundredths

perpendicular means at right angles. A line meeting
another line at 90°

plane a flat surface on which a straight line joining
any two points on it would lie

plot to make a diagram, chart or curve, for example,
using certain values

polynomial an expression of two or more algebraic
terms with positive whole number indices.
For example, 6x* — 7x2 is a polynomial

position vector a vector that starts from the origin.
positive a value that is greater than zero

power if a number is increased to the power of three,
then it is multiplied by itself three times

For example, x to the power of 2 is x x x, written as x?

prime number a number that can only be divided by
itself and 1

product the product of two numbers is the result of
multiplying them together. For example, 3 x 4 =12 so
12 is the product of 3 and 4

proportional a pair of variables that have a
constant ratio to each other. For example, y = kx

v
shows that % is always the same amount

quadratic an expression of the form ax? + bx + ¢
where a # 0

quadrilateral a four-sided shape



quotient a result obtained by dividing one quantity
by another

radian an angle subtended by a circular arc as the
length of the arc divided by the radius of the arc. One
radian is approximately 57.30°

radius the line segment joining the centre to the
circumference of a circle

rate of change the change in one variable with
respect to the change in another variable

rational any real number, including integers, that
can be written as a fraction, even if it produces a
repeating decimal

rearrange to put terms in a different order
region an area of a graph enclosed by curves or lines
repeated factor an expression, or value, that
contains the same factor more than once. For
example, in the expression (x + 2)(x—1)%, x—1isa
repeated factor

resultant a vector quantity which is equivalent to
the combined effect of two or more other vectors
acting at the same point

revolution one revolution is a complete turn
through 360°

right-angle an angle between two lines where the
angle is 90°. This is also known as perpendicular

root a solution of a quadratic equation
rotate turn about a specified point
scalar a real number that is not a vector

scalene a triangle that has no equal sides or
equal angles

segment a smaller part of a larger object. For
example, a line segment is a line of finite length
between two points

series the sum of terms in a sequence

significant figures digits counted from the first
(non-zero) digit on the left

simplify to replace an expression with a simpler,
usually shorter, one

sketch a drawing that explains something without
necessarily being accurate

skew lines two lines that are not parallel and do
not intersect

sphere a solid three-dimensional shape which has
every point on its outer surface the same distance
from the centre
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square (power) to raise a number or variable to the
power of 2. For example, x squared is written as x?

square root (of ) a number which, when mu!tiplied
by itself, equals x. Can be written as v x or x2

stationary point A point on a curve where the
gradient is zero

strip a thin rectangular area, used to approximate
the area of a region, such as in integration

substitution the replacing of a variable in an
expression with a value or another representation

sufficiently small a value so small that it can
be ignored.. For example, 0.001* could usually be
considered small enough to ignore

surds numbers that are written in the form va but
cannot be resolved into a rational number. For
example, V2

surface area the total area of the surface of a three-
dimensional object

tangent a line that touches a curve at a point. The
gradient of the tangent and the curve are equal at
that point

term a separate part of a mathematical expression.
For example, the expression 2x* — 5 has two terms

top heavy A fraction that has a greater numerator

, 100 x?
than denominator. For example, = and >3

are

both top heavy fractions

trapezium a four-sided shape that has one set of
opposite sides parallel to each other.

triangle a three-sided shape

trigonometric function a function that relates
triangles and their sides and angles.

For example, sin x, cos x are both

trigonometric functions

trisect to cut into three equal parts
unit vector a vector that has magnitude 1
variable a quantity that is not constant

vector a value that has both magnitude
and direction

velocity measured as the displacement covered
divided by the time taken
vertex (plural vertices) a point where two lines, or

edges, meet. Is also used to define the turning point
of a quadratic function
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CHAPTER 1

Prior knowledge check
1 a (x-Dx-5 b (v+4)x-4)

This contradicts assumption that ab is irrational.
Therefore if ab is an irrational number that at least
one of @ and b is an irrational number.

¢ (3x-5)(3x+5) b Assumption: if @ + b is an irrational number then

2 a even b either ¢ either d odd neither @ nor b is irrational.
a is rational, a = £ where ¢ and d are integers.
Exercise 1A d
1 BAtleast one multiple of three is odd. b is rational, b = © where e and f are integers.
2 a Atleast one rich person is not happy. of + de S
b There is at least one prime number between a+b=
10 million and 11 million. df

¢f, de and df are integers.

So a + b is rational. This contradicts the assumption
that a + b is irrational.

Therefore if a + b is irrational then at least one of a

¢ Ifpand g are prime numbers there exists a number
of the form (pg + 1) that is not prime.
d There is a number of the form 27— 1 that is neither
a prime nor a multiple of 3. e T
e None of the above statements are true. and b is ir N ational. r
3 a There exists a number n such that n? is odd but n is ¢ Many possible answers e.g. a = 2 -2, b = V2.
ever. 6  Assumption: there exists integers a and b such that

b nis even so write n = 2k 2la +14b = 1.
n? = (2k)2 = 4k2 = 2(2k?) = n? is even. Since 21 and 14 are multiples of 7, divide both sides
This contradicts the assumption that r? is odd. by 7. 1
Therefore if n? is odd then n must be odd. So now 3a +2b = =

4 a Assumption: there is a greatest even integer 2n.

2(n + 1) is also an integer and 2(n + 1) > 2n
2n + 2 = even + even = even
So there exists an even integer greater that 2n.
This contradicts the assumption.
Therefore there is no greatest even integer.

b Assumption: there exists a number n such that n? is

3a is also an integer. 2b is also an integer.
The sum of two integers will always be an integer, so
3a + 2b = ‘an integer’.

This contradicts the statement that 3a + 2b =

Therefore there exists no integers a and b for which
2la +14b=1
7 a Assumption: There exists a number n such that n®

even but n is odd.

nis odd so write n = 2k + 1

nd=(2k+ 1) =8k + 12k + 6k + 1

= 2(4k* + 6k% + 3k) +1 = n® is odd.

This contradicts the assumption that r* is even.
Therefore, if n® is even then n must be even.

is a multiple of 3, but n is not a multiple of 3.

We know that all multiples of 3 can be written in
the form n = 3k, therefore 3k + 1 and 3k + 2 are not
multiples of 3.

Letn=3k+1
n?=3Bk+1)2=9k*+06k+1=3(03k*+2k) + 1

¢ Assumption: if pg is even then neither p nor ¢ is In this case n? is not a multiple of 3.
oven; Let m =3k + 2
pf?”gg"":%” m2=(3k +2)2= Ok? + 12k + 4 = 3(3k2 + 4k + 1) + 1
9isodd,g=2m+1 In this case n? is also not a multiple of 3.
pq = 2k +1)2m + 1) = 2km + 2k +2m +1 This contradicts the assumption that 2 is a multiple
=2(km + k + m) +1 = pq is odd. of 3.
This contradicts the assumption that pg is even. Therefore if n? is a multiple of 3, n is a multiple of 3.
Therefore, if pg is even then at least one of p and ¢ Assumption: {3 is a rational number
is even. N i -

; a :

d Assumption: if p + ¢ is odd than neither p nor ¢ is odd Then v3 = — for some integers a and b.
pis even, p = 2k Further assume that this fraction is in its simplest
qlis 3\’en}cq =2m . terms: there are no common factors between a and b.
p+qg=2k+2m=2(k+m)=sop+qiseven a? 5 5
This contradicts the assumption that p + ¢ is odd. S0 3= 3z = 3b
Therefore, if p + ¢ is odd that at least one of p and ¢ Therefore a? must be a multiple of 3.
is odd. o . ) ) We know from part a that this means ¢ must also

5 a Assumption: if ab is an irrational number then

neither a nor b is irrational.
; : c -
a is rational, a = 3 where ¢ and d are integers.
: : e ;
b is rational, b = J_f where e and fare integers.
ce : : - :
ab = " ce is an integer, df is an integer.

Therefore ab is a rational number.

be a multiple of 3.

Write a = 3¢, which means a? = (3¢)? = 9¢2

Now 9¢? = 3b2, or 3¢ = b?

Therefore b must be a multiple of 3, which implies
b is also a multiple of 3.

If @ and b are both multiples of 3, this contradicts
the statement that there are no common factors
between a and b.

Therefore, V3 is an irrational number.



8 Assumption: there is an integer solution to the equation
-yt =2
Remember that x> -y = (x - ylx + y) = 2
To make a product of 2 using integers, the possible
pairs are: (2, 1), (1, 2), (-2, -1) and (-1, -2).
Consider each possibility in turn.

3 1
—y=2and =1 =2 y=—x
x-y and x + y =X Y =5
x—y:]andx+y=2=>x=g,y=%
3 1
x—y=-2andx+y=-l=x=-,y==
y T+y R prli=s
x—y=—1andx+y=—2=,~x=—§,y=—1
2 2

This contradicts the statement that there is an integer
solution to the equation 22 — y* = 2

Therefore the original statement must be true: There
are no integer solutions to the equation x* - y? = 2.

B 4 ; ;
9 Assumption: v2 is rational and can be written in the
3=
form ¥Z = % and there are no common factors between
a and b.
a? . :
2=""ora’=2h
b.!

This means that a” is even, so @ must also be even.

If a is even, a = 2n.

So a* = 2b* becomes (2n)® = 2b* which means 8n? = 2b?

or 4n® = b* or 2(2n?) = b,

This means that b* must be even, so b is also even.

If a and b are both even, they will have a common

factor of 2.

This contradicts the statement that @ and b have no

common factors. )

We can conclude the original statement is true: VZ is

an irrational number.

10 a m could be non-positive, e.g. if n = %
b Assumption: There is a least positive rational

number, n.

a ;
n= Y where ¢ and b are integers.

Letm = % Since a and b are integer, m is rational

and m < n.

This contradicts the statement that n is the least
positive rational number.

Therefore, there is no least positive rational number.

Chapter review 1

1 a No more than one of the above statements is true
b People in hot countries are happy
¢ Three quarters of the people that entered the
competition did not win a prize
2 Assumption: If ab is rational then either a or b is

irrational.
14
d

Let b = /k, where k is not a square number.

Let a = = where ¢ and d are integers.

Then ab = £k which is clearly irrational.
This contradicts the original assumption.

Therefore the original statement must be true: If ab is
rational then no single number a or b can be irrational.
3 B
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4 Assumption: if a - 2b is irrational then neither a nor b
is irrational.

Leta = ?:7 where ¢ and d are integers.

e

Let b = = where e and [ are integers.
7 g
> - zd.
Thena-2b=S_-2¢_ cfd—fp which is clearly
rational.

This contradicts the original assumption that a — 2b is
irrational.

Therefore the original statement must be true: If a — 2b
is irrational then at least one of a and b is irrational.
Assumption: There exists integers x and y such that
3x+18y=1

Since 3 is a common factor, x + 6y =%

=1

Then x and 6y are both integers.
The sum x + 6y must also be an integer.

This contradicts the statement that x + 6y = %

Therefore there exists no integer for which
3x+ 18y =1
6 Assumption: If n* is odd then n can be even.

Let n = 2k, where k is an integer.
Then n* = (2k)* = 16k* which must be even.
This contradicts the assumption.

Therefore this contradicts the original statement:
If n* is odd then n must be odd.

CHAPTER 2
Prior knowledge check

1 a (x+3)x+2)

b (x-7)x+2)
xr—3
¢ 8 x+6
b _X+5

x+3
3 a (x-Dkx*-2x+3)

b (x+ 1)x-2)

Exercise 2A

4 2 3 1
1 az+3+x—2 hx+1_x+4
3 5 4 1
¢ 2% x-4 & oestl -3
o1 B g ol o2 @
xr+3 x-3 x+1 x-4
2 3 3 1
L h -
8 ¥ x+4 T+5 T3
1 3
5 He=l Pt
2 2
% dedi B
4 g=1B=-2(-3
B Dol fed i i
: il 2 3
6 e
= r+1 x—2+x+5
1. 2 5
B et 320
o 2 6

xr+1 x+2 x-5

@ Worked solutions are available in SolutionBank.



-1 i 2
Sx+4 2x-1

Challenge
6 41 _ 2
x-2 x+1 x2-3

Exercise 2B
A=0,B=1,C=3
P=-2,0Q0=4,R=2
A=2B=-4
A=4,B=1and C=12.
4 19
x+5 (x+5)2

R R

Exercise 2C

1
1 1-
a x+ 2

c x+1+

2
x—1
4 9
5(x-2) bHlx+3)

3 A=2,B=3,(=1

2 1+

=l S
n Oy
Il
[SCIRE I
tw O by
Il

4 a x-3+-3 p 2-2__16
r+3 3x 3(x+3)
3,5 L, 1
276@x-1 3@+ 1D
b -1+ 8 + 1
3x+2)  3x-1
1 7 3 3
6 Bl
& Xt 2z + 2 Tr3m+2 T 2x-2
1
7 1- -
x+1 @+ 12
5 24 17
8 a 1+ 2 b 2x-8 -
-2 @+ 2P x+2 (x-2)
Challenge
9 9 3
3
i I R
Chapter review 2
i deif gt
g e
8 , 5 13
x+3 x+1 3x-1) 2x+3)
1 2 . 5
3 A=1.B=L2.c=-2
g wE T g d 3 7 8
T z+1 x-1 2¢ 10z +2) 5@2x-1)
14 . 9
2+1) x+2 2@+3)
4 5 11
3x+2)  21x-4) 7x+3)
1 1 P
6 —
& i3+ T 3m-2
& 3 3 8

6x 2m+2 3x+3)

N TS T
16(x + 1) 16(x-3) 4(x-3)2
3 3,3
b P B
x+1 x+x2
8 Jilge 8
2 2
4 4 . 4
9x+2) 9x-1) 3x-1p
13 5
10 3- b x-2
2 xr+4 % +,?:+2
11 A=1,B=4,C=6
T (S JSSR SN
Ax+1) 3x-2)
b 4x+16 + 64
x—4
13 A=1,B=-6,C=27,D=-27
CHAPTER 3
Prior knowledge check
x [y
1 L= b t=+/Z
& —k *3
L __1 (x - 1)
c t=e d = 31[1(—2
2 a 7-3cosix b 2cosa/1 - cos?x
c & d 2cosx+2cos?x -1
V1 - cosZx
3 a y>0 b O<y=2
c -b=y<3 d O<y<1
4 (4,7) and (-4.8,2.6)
Exercise 3A
1 a y=@x+2P+1,-6=x=2, 1l=y=17
b y=6-22-1x€eR y=-
C y:S—%,xtO, y=*3
d J—L],x>1, y>0
2
o y:(l-ter),x>0, y>4
i yz]_xBx,O‘cx‘(? y=>0
2 aiy=20-10e*+e% x>0 ii y>-5
. 1 1
b i y:—e*+2’x>0 ii 0<y¢§
c i y=x%2>0 ii y>0
3 a y=9x2-x4, 0=x=5, 0’~—yé%
b Y 3 81
@ {‘;_Z'TJ
% (V5. 20)
=92t
0 T
vz




=1

ii vr>-3,y<9 Therefore C;and €, represent a segment of the
same straight line.
b Length of C; = 3/13, length of C, = * ;%
6 a xz2,y=-2
3 3
h I—T+2,E—m
Subintoy=2t-3 -2
b i y=lx-2+7 yzg( 3 ']_3_( 3 ‘)zz B N
. 9 9 X -2 x-2/ x-2 (x - 2)?
ii -13<x<1l,-=<y<18
i 3 4 _6x-2-3kx-22-9
18 (x-2)2
6xr-12-322+12¢-12-9 - 3x2+ 18x - 33
5 q g L £ =
-3.-3 y=glx-2)x+7) (x - 2)2 (x - 2)2
— 2 _h
\, g e A oy 5 ¥ 0=
- 11 x (x - 2)2
1 ! 7 a x=In(t+3 t=e-3 Subinlny:fl_
: _ t+ 5
A 1 1
ii xeR, 2z2,yeR, y=0 =i _3+5 ots 2 x>0
iii
! g4 1 b 0<yql
e 3
r-2 6 o2
8 a y:x—’—zi,OExESv"Z
ol \ 729 9
—— > d
-z \2 b y:t.-"—Zz,_yzmz—Z
dt
0=312-2 52=% z:i;'%
d i y=3xr+3 i :
i x>-1,9>0 c 2<fir)<4
i ¥ 9 a y=4-t2=t=/4-y
Subintox =¢3 -t =t -1)
y=3z+3 2={T-yla-y-1)=T-yB3-y
> w2 =4 - y)3 - y)?
, ) ‘::: a=4,b=3
=1 b Maxyis4
e i y=2-¢*
Challenge

ii x=0,y<1 .
o (1=t 442

iii a x-= Y= s
yj’\ 1+ 122 v 1+ ¢2)2
1
, , 11 -1¢22 442 1 - 282 + ¢ 42
2+ y?= + - — = o =
oS e T W e e
\ =1+2£2+£.4:(1+£2}2=1
1+ 22 1+ ¢2)2

y=2-¢"

=Y

Sox*+y*=1

a Chx=1+21t= gl b Circle, centre (0,0), radius 1.
Sub tinto y = 2 + 3t: Exercise 3B
r — [ 2 _ 2 2 2, _ g2
y:2+3[x 1)=2+§x_§=§x+_ 1 a 25(x+1)72+4(y-42=100 b y? = dx%(1 - 2?)
2 2 2 ) 231 - 22
c y=4x2-2 d y=—"——
ey £:1+3;r 1 - 222
BT 2x 4 ; .
A= el
Sub intoy=—*—. g
2~3 2 a (x+5)2+(@y-20=
1+ 3x 1+ 3x b Centre (-5, 2), radius 1
_ 2x 2x 1+3x_§x+l ¢ O0=t<27
L 2(1 + 31) e 1 2 22 3 Centre (3.-1), radius 4
2x | *

@ Worked solutions are available in SolutionBank.



4 (x+2P+(y-3r=1 I Y

104
8
6
4
2_
o T oF L
R 246 8107%
0 X
2 4201 -2
5 oy
" 2" 2
3 V9 - 2
b y="2x
3t 3
¢ y=-3x 2 |t -4 43 =2 | & 0
6 y:g x=2 | 16 9 4 1 0
2] y :
=X |-128| 54| -16|-02| 0O
b y y== 5
t 1 4
x=1 1 4 9 16
y=L 02| 16| 54 |128
0! x 2
! . Ya
i = Domain: x > 0
y & main: x > 14
8 a y=9%(1-1223)=a=9,b=12 124
b Dn‘;main:O‘cx‘ci, Range: -1<y =1 104
i E e 8
i o G S s o
9 y_smf,(,os(ﬁ) l,usf,hm[b) 6
4
; /3 x—Z) 2
V3 . . | ! 1.
=—s8sin{—-—cosf= -—X =
2 2 4 T T T T T %
) : 6 8 10121416
- 2.2 _ =212 = Z_
4(2\2 x x) 4[\12 3x2 - 1) :{4
t=0=x=2t=m=>x=-2,50-2<x<2. —E;:
10 a y2=25(1-_1 ) b £>50<y<5 -10+
x—4 124
12
11 xr=—— 2,;r>0
o 3 [ T | = | =] o
Challenge 4 6 12
(4y? -2 +2xP2+1222-3=0 x=tant + 1 0 0.423 | 0.732
. =sint -0.707 | -0.5 |-0.259| 0
Exercise 3C .
{ i b3 T T
1 |t -5 -4 | -3 | -2 | -1 |-05 12 2 3 3
x=2t | -10 | -8 | -6 | -4 | -2 | -1 x=tant+1 | 1.268 | 1.577 2 2.732
=% -1 |-1.25|-1.67| -25| -5 | -10 y =sint 0.259 | 0.5 | 0.707 | 0.866
t 0.5 1 3 4 5
x=21 1 2 6 10
=% 10| 5 | 25 |167|125] 1
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by,

]
-
=Y

i

-]
=

As t approaches -1 from the
positive direction, the curve
heads off to infinity in the
2nd quadrant.

As t approaches -1 from the
negative direction, the curve

a Yy
17
& O 5 %
C Ya
0
_24_
d
f ]
h
. |
s 0
3 _H
5 a y=03-2x2P°-2
by,
7
Lo
6 a (x+2)P2+(y-12=81
h Wa
———
(-2, 10)
(-2, 1]_ (7. 1)
0 T
¢ bOm
Challenge
yl
-5
-10 -5 5 %
-5

heads off to infinity in the 4th
quadrant.

Chapter review 3 I
1 a 44.0.50.3) bc[23.3) o (E) «(3) -1

V4 3
2 a
-
':_2
t=m £:3_ﬂ_ t=0 x
2

3 a y:]n[Z\-"Jf—1]—%,x>e:‘+1
b y>1+In2
4 y:—]n{4}—21n[x1,0<x<%,y>0

5 a (x+3P2+(y-572=16 b YA

. . 0 *
& DS BE =D

6 a x(1+t)=2-3t=2t+3t=2-x=1tx+3)=2-x

2-x
== 2"
x+3
Sub into y = 3+ 21
1+t
2-x
Bi.gle =%
e (x+3)_3Lr+3]+2{2—x}_3x+9+4—2x
L +(ﬂ)_ x+3+2-1 5
X+ 3
x+13 1,13
e (g ool s B

This is in the form y = mx + ¢, therefore the curve €
is a straight line.
4y26

5

7 a y=2/x+2

b Domain: -2 =x =2, Range: 0=y =4
C WA

N

i 0 2 X
+5
8§ a cosz:% sini.:yz

Y

5\2 , ,
; ) 1l x2+(y+5P=4

&)+

Since 0 = t = 7, the curve € forms half of a circle.

@ Worked solutions are available in SolutionBank.



2 [ |
b | if;\ . ¢ 2 e i 1—§+33i2—%... i |2 <2
)] 2 X : :
£ i 144x,202% 32027 i o<l
379 81 2
4 a Expansionof(l-2x)'=1+2x +4x® + Bx* + ...
=g Multiply by (1 + x) =1 + 3x + 622 + 122° + ...
1
b ot
/—_\ |x|‘<2
=51 5 a 1+3¢-242,204
27 8 16
/703 _ /103 _ V103
, b f) =103 _ -
9 a y=23+4a2+4x b " ®={100 = o0 = 10
c ¢ 3.1x105%
6 a a=zx8 b +160x*
7 For small values of x ignore powers of x* and higher.
2 2
Aemi=1+43-% ...,{1—x]‘-'-'=1+§+3%+.,.
0 X 1 +x xr x* x  x% 3a? x?
-2 | . e (R T 2.
el N .
8 a 2-42x+ 11422
b 0.052% .
CHAPTER 4 ¢ The expansion is only valid for [x| < . [0.5] is not
” 1 il
Prior knowledge check less than —.
1 a 1+35x+5252%+43752° 9 27 . 27 .
b 9765625 - 39062500x + 70312 50012 9 a 1-Jw+u?+ o
- 750000002 N—
¢ 64+ 128z + 4822 - 803 b o,qnz("g") w37
2 5 P12 i5 10 1000
2 a : - )
T+2x 1-5x T+2x (1+20° & &tane
c 8 , 56 Challenge
3x-4 (3x-4F 1 3
B Lo e
. 2x  8x2
Exercise 4A il ! .
1 a i 1-4x+1042-202%... i |2 <1 b h(x}:(%) ‘=(%)*= L =3‘1100
b i 1-6x+ 2122 56x°... i |1 <1 . V10
- ¢ 3.16
c i 1+§—%+E... i |1 <1 -
d i 1458, 527 bHx3 i r<1 Exercise 4B
3 9 81 g T e xS s
- ) 1 O g e 2
e i 1-%,52° 1543 i x)<1 A T bk
4732 128" p il oz, 2 o . )
£ 4 135, 1522 3323 i 1< 1 '274"8 16 ala
278 16 A
1 x  3xr At "
2 a i 1-9x+54a%-2702%.. it ol < 1 ¢ | aiiag e i <4
< 5 15x2 35x° 3 2 3
b 1t 128 - 2 i il g 45 ii
P2t 8 il < d 1 3+5-216"* 3388 & e
3x  3x%  5x° " 1 . ; :
c 1+=-= — ... i | <= 7. 7 .
“E¥g g T g <3 e i %—%mi_‘frz—%x‘f i |z <2
d i 1.35%, 35022 1750x° i <1 ! R
3 9 81 5 g 210,20, 40, ii |.‘~:|<E
" goous : 39 7270 " B1 2
e i 1-4dx+20x% """ i |rl<= 1 1 1 1
3 6 g 0 =+-x— =2+ —2° i |a] <2
. 5x _ 5x2 5513 . 4 2 o2" B 16
f il1+=+=—4 i |xl<< ) ) )
SN 2 hoi 232, 1502, SIV2.0 i e
3 a i 1-2x+322-4x3.. i [x<1 4 32 128
b i 1-12x+9022 - 54023... i |2 < 1 g il 8 o M8 5 D56
x x g3 3 25 125" 625 3125
il | }_E_f_ﬁ"' i |x) <1 5 2_£_x_2
523 1 4 64
diil-z-2° : i <o 35 V35 35
: E b mix)=—*=—-=
9 9 3
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¢ 5.91609 (correct to 5 decimal places),
% error = 1.38 x 10*%
1 2 5
bh=-— b —
9’ 81 486
For small values of x ignore powers of x* and higher.

4 a a=

=1

1. x - x2
4 — -l=— i
G S T
’ . ik 3x  x2 3x2
Multiply by (3 + 2x — 22 = 3 + £ _ %% 3% 2% 3x°
uliply by @ + 22 -2 =+ 5 - T+ 6" 5 " 64
3,11, 5.,
=216 64"
2 2
6 a L__% 3% b - L, 11z 23
Vh 5/5 50v5 V5 5/5 50v5
3 27
7 D Lo b 1.991
3 2-32% " 2006 o
. 3 3, '%_x 32 2 =g_10x+50x2
4-2r 4 16°3+5% 3 9 ' 27
3 2 _1 107, 719,
4-2x 3+5xz 12 720 432
b 0.0980311
¢ 0.0032%

Exercise 4C

4 4
1-x 2+2x
¢ valid x| <1

1 a

b 2+5;r+%;r2

2 4 1 3
R P N b g=lc=_3
R 2 8
c Jx]<2
3 a2 , 3 __4 b 3+2x+2x2+§x3
1+x 1-x 2+x 2 )
c Jx|<1
4 a A_—%andB_% b -1+ 11z + 522
§ g P Ly B2 b oD BT, 407
%+5 z-4 10 2000 4000
c Jx]<4
6 a A=3,B=-2andC=3 b 2-19;_ 97,
6 36 216
7 a A:—%,B:%and(?:% b 11+ 38% + 11622
¢ 0.33%

Chapter review 4

1 a i 1-12x+48x%- 64a3 ii all x
2 a
Bk . i x| <16
8 512 16384
¢ i 1+2x+ 4%+ 82 ii |x|<%
2 3
d i 2-3¢+ 3% _27x ii |;r|<g
2 4 3
2 3
e i 2+£+3_x ?i i |x|<4
4764 512
£ i 1-2r+6x2— 1823 ii |x|<%
g i 1+4ox+8x%+122° i |x<1
h i -3-8x-1822- 3823 ii |x|<%
o q_x_2x*_ 23
4 32 128
3 a 1+£_x_2+x_3 p 1145
28 16 512

4 a ¢c=-9,d=36 b 1.282
¢ calculator = 1.28108713, approximation is correct
to 2 decimal places.
5 a a=4ora=-4
b coefficient of x* = 4, coefficient of x* = -4
6 a 1-3x+9x2-2723
b (1 +2x)(1-3x+9x2-27x%)
=1-3x+922-272% + x — 322 + 923
=1-2x+6x2- 1823
¢ x=0.01,098058
7 a n=-2,a=3 b -108
c |x {1
8 TFor small values of x ignore powers of x* and higher.
1...1./% .82 .8..3.38 .
Arz 2 16 256 Jazz 2 16 256"
9 Loy yo b 1,17,, 35,2
2 16 256 2 16 256
1 3 9 ., 27 1. % .3 9
10 1 _ Oy Zr_gl,a b L%, 2,2_ 7 43
T 3 A& ‘16
1. . x 3% bx?
11 S - b 0.6914
% 2716 256 2048 :
1 _4,..32.,
12 7 -o7% + 37
3 5t 477
13 a A=1,B=-4,C=3 3.5 2
a 8 64 512
14 a A=3andB=2 b 5 -28x + 14422
p PV PR | WA SN |
15 a 10 2x+2x 4x so B 5 and C = 2
b Percent error = 0.0027%
Challenge
1 200 OTR% ABGES
2 8 16

Review exercise 1

1

Assumption: there are finitely many prime numbers,
PP pauptop,. Let X =(py xpaxpyx ... xp)+1
None of the prime numbers py, ps, ... p, can be a
factor of X as they all leave a remainder of 1 when X
is divided by them. But X must have at least one prime
factor. This is a contradiction.

So there are infinitely many prime numbers.

Assumption: x = % ig a solution to the equation,

thI‘P aandb anﬁ integers with no common factors.
- .

(5) -2= 0_,b—,_2=>a2—2b

So a® is even, which implies that a is even.

Write a = 2n for some integer n.

(2n)? = 2b% = 4n® = 20 = 2n? = b?

So b? is even, which implies that b is even.

This contradicts the assumption that a and b have no
common factor.

Hence there are no rational solutions to the equation.
Assumption: if n is odd then 3n* + 2 is even.

Let n = 2k + 1 where k is an integer.

Then 32k + 1)+ 2=3(4k* + 4k + 1) +2=12(k*+ k) + 5
This is an even number plus an odd number which
must be odd. The contradicts the assumption made.
Therefore if n is odd then 3n* + 2 is odd.

@ Worked solutions are available in SolutionBank.
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4 Assumption: /5 is rational.
Let 5 = % for integers a and b. Also assume that this
h

fraction is in its simplified form and there are no
common factors.

2
Then 5 = a_z or a* = 5b%. Hence ¢? must be a multiple of 5.
Since a is an integer it follows that a is also a multiple of 5.

So let @ = 5¢ where ¢ is an integer.
Then a? = 25¢2, and so 5b* = 25¢* which leads to b* = 5¢°
Now b? is a multiple of 5, and so b is a multiple of 5.

If @ and b are both multiples of 5 then this contradicts
the initial statement of there being no common factors.

Hence 5 is irrational.

21 4
& L Targ
6 Peliecl gend
7 A=2p=2(c-2
9" 973
8 A=3,B=1,C=-2
9 d=3,e=6f=-14
2 5
10 et
plx) 12 1+2x

13 5
2+ 3) 2x+1)

12 A=4,B=27,C=-7,D=-2

5x +3 -3 1
(2x-3)x-2) 2x-3 x+2
14 a x=+1,y=-1.25

11

13 b In54

=

~
|
|

=1 1=

X X
y:(lfx)z_:g(lfx))rl

yo 16 _120-2 (-2

-2 @Q-x2 ([1-22

9‘:16—12+12;r+1—2;r+;1:2
1-x2

2
:M:a:],b:lﬂ,c:ﬁ
1-x2
15 a t=e*-2
3t _3e*-6

= =
4 t+3 e*+1

l>4=e*-2>4=e*>6=2>Inb6

b £=4=}~y=£,x—’m,y—~3,¥<y‘<3

Lol |

16 x =

—x x-(1-x 2x-1

x

17 a y=cos3t=cos(2t + 1) =cos2tcost —sin 2l sint
=(2cos2t - 1) cost - 2sin®t cost
=2cos?l - cost - 2(1 - cos?tl cost
=4cos?l -3 cost

t
1 x x
1

x=2t:os£=>msa=g

- (5] -3 -3

b O=sx=2-1=sy=1

18 a y=sin (E- + 1) =sint cos T + cost sin T
B} 6 6

=%sinz +%ms£

=¥3 ging+ LT -sinZs
2 2
= gx + %\-"1 —x?

-l<sint<l=,-1<x<1
b A=(-0.5,0),8=(0,0.5)
19 a —2£)2—1—3<x<3
y=2(3) -1.3=z=:

b A

AE Al
1
20 tan{x + T\ =2 =
(+35) =%
6tanx + 2V3 =1 - Vo tanx

(—18 ; ‘3) tanx =1 - 2/3

—— 3-6v3 (A18-v3 _72-111v3

18+43  18-y3 321

21 a sin(x + 30°) = 2sin(x - 60°)
sinx cos 30° + cosx sin 30°
= 2(sin x cos 60° — cos x sin 60°)

g sinx + % CoSX = 2(% sinx — % cosx)

V3 sinx + cosx = 2 sinx — 203 cosx

(-2 + v3) sinx = (-1 - 2¢3) cosx

sing _-1- 2V3 e 2V3 e V3
C0ST 243  -2+V3 -2-/3
_2+4/3+V3+6
A998
8 - 5/3
22 a sin165° =sin(120° + 45°)
=sin 120° cos 45° + cos 120°sin 45°

=8+5/3

V3 1 -1 1 V3-1 V6 -2
=X =t X ===
2 V2 2 V2 2V2 4
b cosec165°= #
sin 165°

4 % [\6 + \2} o 4{¥6 + \2]

(V6 -v2) (V6 +v2) 6-2
e ){_ E)
. 1) (-2'72_ 2
23a{1—x]._1+[ 2)( 2+ o

=VB + 2
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24

26

27

28

29
30
31
32

b |x|]<1Accept-1<x<1

a a=9 nz_&:_g
54 3

b -360

C —%{Iﬂ%

a 1+6x+6x2-4x°

3

b (1 ol - (122)F - (IIZ)' . (/12

_112/112
~ 1000
¢ 10.58296 d 0.00039%
1 _x 20 8
27 27 81 729
: 9 \? 9. _81,
a [4—9;1:}:_2(1 —Zx) _Z—Z;r ot
f 1. /391 /391
b [4-9 —) =22 =
| (.100 1100 ~ 10
¢ Approximate: 1.97737 correct to 5 decimal places.
3 1
=2,b=-1,c== b =
a a= c=1¢ 2
a=—2,b=l,r:=i.
16
a A=1,B=2 b 3-x+112%-
a A:—%,B:% T el Bt
—2.B=10.C= 2525, .25
a A=2,B=10,C=1 b 9 Z?x 9 24
a A=2,B=5,C=-2

b 2+ 54+ 2! -2(3 + 22!

=2+ ( (l+—x)

S

"

ZJ

x  x2 2( 2 4 .
_E(] g By

4+16_] 3( 3x+9x)

3119 377,

12 144" " 1728"

Challenge

1

Assumption: There exists a, b = Z such that a® —
First let a® = 2 + 8b = 2(4b + 1) which means that a*
is even.

Since a? is even, it follows that must also be even.
Then let a = 2¢ where ¢ is an integer.
So(2¢)2 =2(4b + 1), 0r 2¢2-4b=1

Since we now have 2(c? - 2b) =1, and that also b,c € Z
it follows that from our statement that 1 must be even.
Since we know 1 isn't even, this contradicts our
assumption, and so a® — 8b # 2

5 i 5
2e+1) 2(x-1)
a y=3x-4x°
b 0sx=l-1=sy=1
/98 = 9.899495 and ms% = 0.707107

22+ 2 -

8h=2

CHAPTER 5
Prior knowledge check
— |3
1 a Z2cos2x b M 2@ +3
(1 - 9x)
3 179
2 3 3 0.2),(0.52) (11.1,0
4 0.588,3.73
Exercise 5A
r 2 3
f q 24 b & ¢ 1o d 13¢
2 6t 1+6t 2
: 2t 2
e -3 £ tl-t
[ & -1 (12 + 20)e!
i —%tan 3t j 4tant k cosect 1 cott
m L n 2¢ § L
te! el
2 1 3
8 Y=—k+y - b 2y + 5x =57
3 az=1 b y+/3x=y3
4 (0,0 and (-2, —4)
=
bl a ‘l:; 4
b Y -let-0set=0
dx 2
No solution, therefore no stationary points.
6 y=x+7
7 a —% sect cosecd b 8x+3y-10=0
8 s
W3
d
b d—‘f = -4 cot 2t cosec 2t, % =4cost
% _ —4cot2t cosec2t _ —cot2{ cosec 2t
dx 4cost cost
dy 4
Atp=2, L =2
T3 A 3
Gradient of normal: —%
Equation of normal:
4‘33 [x 2/3) = 9% + 12y - 34/3 = 0
9 a (30,101) b y=2xr+41
¢ ?-10t+5=2(12+1) + 41
?-10t+5=202+ 2t + 41
0=12+12t+ 36
Discriminant = 122 -4 x 1 x 36 = 144 - 144 =0
Therefore the curve and the line only intersects once.
Therefore it does not intersect the curve again.
10 a - 2/2sint b x- \-"rﬁy -2/3=0
¢ 2sint-yV12cos2t-2/3=0
sint - V3cos2t -3 =0
2/3sin2t + sint - 2/3 =0
(2sint - V3)(V3sint +2) =0
sint = ; (smlz £ —%) =t=Z 3 or 23T
Biswhen t = 23T (2 sin 2% V2 cos 4{) (\3 = %)

Same point as A, so [ only intersects € once.

@ Worked solutions are available in SolutionBank.
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cos 2t 3/3
11 - b y=-
& “sint y=-x+-y
c y=—xandy:_x_3:;3
Exercise 5B
1 Lelling = y“, _u= nyu—'l
dy
Ay du_du, Sy
y At
dx dJ dx dx
d dy
z %[@‘F (y}+i(x}y xd‘g+1xy xd_J+J
2x x .
3 - h -% .
3y* 5y ¢ 5y — 4
4-6xy 3x? -2y 3x2 -y
L mm e — e TRE
3x2 + 3y* by -2+ 2x 24 x
Hx-yP-1 ey — e . —2/IF -y
D5 .
1+ 4x -y xel — gt 4Ty + x
4 yz_%x*'% 5 y=2x-2
6 (3,1)and (3,3) 7 3x+2y+1=0
8 2-3In3 9 14+3m3)
oS X fm 2m T 27
108 0 b (2. %) and (7. -27)
% siny (2 3 2 (2 3
3 + 3ye-3r
7 i e
e—,ir sy 29‘
dy_ 3-0 _
b AtO,—= =
dr e'-0

So the tangent is y — 0 = 3(x - 0), or y = 3x.

Challenge
dy dy dy x-y-3
a 6+2y——+2y+2x"=2x=_——="_"_~
i T T v~ g+x
dy
So—==0 -y=3
dx S
Substitute: 6x + (x — 3)2 + 2x(x - 3) =
So2x2-6x+9=0
Discriminant = —36, so no real solutions to quadratic.
d
Therefore no points on C s.t. d—‘z =0
b (0,0) and (3, -3)
Exercise 5C
2 _2 i 5 d;D -
1 o6 2 15e 3 5 49 ')d.',_kp
dy dy 1 1 1
6 ——=kxy;at(4,2)-Z==,508k==,k=—
P L e 2" " 16
X
Therefore d—y . _y
de 16
7 9V ratein - rate out =30 - 2v = 159V - 450 —2v
de 15 de
So 15% =2V - 450
dQ dr _ k
8 —=-kG 9 ===
dt 2 dt x2
10 a Circumference, C, = 27r, s0 ((11—2 =27 x 0.4

=0.87cms!

Rate of increase of circumference with respect to time.

25

b 8rcmis! ¢ —cm

169

11 a 0.070cm per second b 20.5 cm?®
dV dv =
12 V=>E=—k1d Voch= h=kyV
dh _ dh dv [h
== =ky x (=kVV) = =kyky,|
at -~ av ™ g =X ) Ak,
—kqk:
220k = kiR
\kz 4 .
,Az ,1 ,A.2
13 V=|= b ==
4 [6) 4[6)
; ;
dv _ dV dA ]'A)2 122 _ 1,1
=) x2=2v3)* =2V
ardA T ae 4(6 x2=5Vi*=3¥s
14 V= Irzh = E(h tan 30°)2h = 1}13
dh _ dh dV 1 dV 1 i) e 18
At av e @ At Tpe Th?
il av 3
SO—! L
de k2
Chapter review 5
dy 4
1 a=—ﬁ b y=22x—81
2 3y+x=33 3 y:§.1~:+§
d
4 a g=—25;im+2(:0521;—9‘=—sin£.—4{:0:;2&
dt de
b % c y+2x=552
dy da dy 32— 4
5 a —=312-4,——=2,
dt dt dxr 2
dy 1
Att=-1,—==--z=1,y=3.
dx 2 . y
Equation of [ is 2y + x = 7.
b 2
dv dm drP
6 —=-kV 7 = —kM 8 —=kP-
de dt de Q
dr k& da
9 T-T 10 d———k{&—r‘){,}
11 a & b —imseca
6 16
c dy— I gradient of normal =
dx~ 8
3 8 -
y_Ezim_ 2)= 6y -16x+23=0
123
d -21¢2
64
12 a —%seca b 4y + 4x = 5a
¢ Tangent crosses the x-axis at x = %a, and crosses
the y-axis at y = ga.
; ol 2} @ k=25
So area AOB ( a) Joi= 32
13 y+x=16 14 %
- 22z 3 — 3 —
g =c 16 (1, 1) and (-/=3, Y=3).
2e% —x
2x-2-y 4 1
17 a == =7 | T
& Trz-2y 373
5+ 2/13 4 +V13 5-2/13 4—\"'13)
( g © = )and( g ¢ z
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18

19

20

21

22

23

24

dy dy dy -T7x-24y
14x+48y+48xa—14ya:0:a=m
-Tx-24y »
T4y " 11
=48x - 14y =x+2y=0
1 dy o d

Iny=znxr=>x-—2=
ny=xlnx 7% a3z xdx

So = —T7x - 264y
d :

(nx)+ —mnx=1+Inx
dx

dy
So o y(1 +1nx) =291 + Inx)

a Ing*=Ine* = xlna=kxlne=kxr = k=Ina

b y= elln2kx —, g_‘zz In2 ek = 2x|n 2

c %=221n2=41n2=ln24=1n16
dx

InP - InP
. Inf-Inky b 8.04 years c 0.172P,
In1.09
S
2 (39)
d2y : .
b — = —cosec®x. cosecZx = 0 for all x,
da?

, d?y
hence —cosec?x < 0, so —= < 0 for all x.
da?
Thus C is concave for all values of x.
a 40e 0183 =3331... b -9.76e-0244
¢ The mass is decreasing
a f(x)=- 2 sin 2xej cos 2x
f'lx) =0 < 2sin2x + cos2x =0 < tan 2x = -0.5
A(1.34, -0.234), B(2.91, 0.0487)
b Maximum (6.91, 2.19); minimum (5.34, 1.06) to 3 s.f.
c 0<x=0322,189<x<7w

Challenge

a

4 cos 2L
5sin (E- + %J

5 _5/3 _ ) - i ) (5\.-"'3 F )
b (2’2)’( 2 2’( 2’2’_2’ 2
¢ Cuts the x—axis at:
(4.83, 0) gradient -3.09; (-1.29, 0) gradient 0.828
(-4.83, 0) gradient 3.09; (1.29, 0) gradient —-0.828
Cuts the y—axis twice at (0, 1) gradients 0.693 and -0.693
d (-5,-1)and (5, -1)
° y
>
32, -2) (22, -2)
CHAPTER 6
Prior knowledge check
1 a 12(2x-7)5 b 5cosbx c % i
16 : : 268
2 = 2 - 1217 b
a y=—u x 3
7 1 e
o 4 6 units

Exercise 6A

1 9

2 16 3
m Vo

¥ grq

4 h=5

5 In256

6 65050

Exercise 6B

1 a 640x b S ¢ 48 d 325,
2 250x 3n e
5 l4in
10
4 8
5 a (3,0 b %ﬁ
6 5.97
- 2797
20
1
B o=
452
9 y=r, affridy = xlrixly = wrth
3

10 27 (9/3-1or2rs
N
11 18z In (E]

Challenge
35

Trrd

Exercise 6C

1 a %[1 +x}i—%{1+x]ﬂ+c b -In|l -sinx| + ¢
il <
3 =
¢ I _Gsena d mPE=2 .
vE + 2
2 5 2 a
e ?}[1 +tanx): - §{1 +tanx): + ¢
f tanx+ itandz+c
2 a 206 ‘h 38 peld g 1658 elind
15 5 9 3 2 5
7 ¢)o 5 o
3 o BESN Gl 520 w0l TR ve
28 8 3

¢ V22+4 +In

886
15

2
b2+2lnc
+ Il3

4 a c2-2In2

3
4 n4r V2 2(u? + 2)3
[ jl 5 dx:L - du

n3 et —

&

= jl.lz(Zuﬁ + 120 + 24u + 1_5456) du

V2

lu!f’ +3u*+ 1202 + 16Inu

1

(116 . < v 5\ (46 . -
=(5 +161n\-2) (3 +1(}ln])

=70 16Invz2="24 82

a=70,b=3,¢c=8,d=2

@ Worked solutions are available in SolutionBank.
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7 f' sin?x cosZx dx = f (u?- zdm—f (1t — u?)du

= lus 2 iuzslz _ 47
5 3 ], 480
27 + 3V3
§ =0 T )
96
Challenge
x = 3sinu, g_x_ 3cosu = dx = 3cosudu
i
(3 sinu)?+ (3 cosu)?2=9
Jo g2

= x?+(3cosu)?=9 = cosu= :

J‘;dx - J‘; (3 cos u) du
2%/9 - a2 9sin?ucos u

- %fﬁﬂseﬂudu = —% cotit + ¢ = _9(‘:%
V9 - 22
3 V9 — a2
- 3x te= Ox +C

Exercise 6D

1 a -xcosx+sinx+c¢ b
¢ xtanx - Infsecx|+c¢ d
e -xcotx + In|sinx| + ¢

re'—e'+¢
xsecx — In|secx + tanx| + ¢

x2 x2
2 a 3xlnx-3x+c b flnx_TJrC
c —ln—;F—L‘+C d x(lnx)?2-2xInx+2x+¢
2x2  4a®
. 3
[ xlnx—%+xlnx xX+c
3 a -e*x?-2zxe*-2e*+c¢
b x?sinx + 2xcosx - 2sinx + ¢
. x(3 +2x)7 (3 + 2x)¢
2(3 4 2x)6 —
¢ x%(3 + 2x) - + 112

d -x?cos2x + xsin2x +%(:0st +C

x?sec’y — 2xtanx + 2njsecx| + ¢
3

4 2ln2 -2 b 1 g
a n 4 ¢ 5
d %(1—1;12} e 9.8 f 2/2r+8/2 -16
1
=(1-In2
g 2( nz)j
5 a %{4xmn4x+ms4x}+c
b 312{[1 - 8x%)cos4x + dxsindx)) + ¢
6 a -28-xi+c
3 du do _ 2
=x-2=-""=1."Y=8-x=p=-5(8-x
u o e v 3[ x)

= - 2)- 2[8—1‘}) f—lS—x}ﬂ'dx

-2 _ — 208 - x)

B 3[x 2)(8 — x)= + 3}{8 al:dx
T ERERNE. N7 R

= 3[3 2)(8 - x) ]5[8 Xi+e

= —%{x - 2)(8 - a3 - %{8 -DB -2 +c

-8 —x}i(—g{x—ZJ—;’—a[S—x})+c

=8 —x}i(— 2;'f+‘5’] c:—%lS—x]ilx+2}+c

¢ 15.6

1

—tan3x + ¢ 1
3

17

b ?*: tan 3x — l In|sec3x| + ¢

[e]

c f xsec?3x = [%x tan 3x - 5 1y, |sec 3x|]

18

15

3z 1, . 3z 1, 2

- 1, 2)- T 11,2
(27 9" (162 9 ”v-"s)
'}\-':31T l 1

= iep 6112+§ln2—§ln\3
53T 1 5/3

=T6z “18 ™37 P =162

Exercise 6E
1 a Injx+1Px+2)|+¢

b Inlx-22x+1]+e¢

l‘x+% ‘+c d ln2+x‘+c
1-x
2 a rx+Infx+1)%2x-1]+c b F el |
+ + 1)% + 5+ +[{x+lj3‘
-2
c x+ln‘x_2+c d —x+ln[3+'ﬂ +c
r+ 2 -x
3 a A=2,B=2 bnfE""+¢ r]né,sokzé
1- 9 9
1 1 1 10
4 = b =-+h—
B (RIS 3+2x+2—x - 22 g Serig
B a dei Badfus b a_%,b=—%,c=3
1 3 2
6 By el s
8, fni= xz x+2 we =g
3 3
7 =2-—— A=2B=-3andC=3
R TTE I a
b k=3, m=33
4 27
Exercise 6F
1 a y=Ae*-1 b y=ksecx
- -1 -
Y=fanx-x+c i 2esE ]
rOcd
5 gy K05 b sin2y+ 2y =4tanx - 4

24 3

[ Lany:%sin2x+x+] d

I = arccos (p-tanx)

3 a y=Axe b y=-edre:=—xels
4 y= |2 5 Inj2+eY=-xe*-e*+c
Y=\z+1 |BEEY *
3 301 +x9) + 1
6 =_2 7 S o
Y 13 31 +a9) -1
2 _ =
8 y:ln‘x 212 9 tang:Jtc+%sin2.‘~:+24ﬁ
10 Injy|=-xcosx +sinx -1
; 2
11 a 3x+4Injx+c b y:(gx+2]n1x]+g
5 1
12 il
* 3w-8'x-2
b ln1y{=%hl|31—81+ln|x—2]+c

¢ y=8(-2)(3x-8)}

13 a y=2>-4x+c

b Graphs of the form y = x* -

real number

4x + ¢, where ¢ is any
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1l
14 E ; b k= In2
a8 y=——+c 5730
b Graphs of the form y = ] 2 + ¢, where ¢ is any real ¢ 0.1R,= H[]P sain ()<t
number In(©0.1) = s ln( ]x;;» £~ 19035
cy= 1 +3 3 2
x+2
dy Chapter review 6
5 (il e = =
15 a e :»fydy_f xdx 1 88
=\/1yz=_112+b_gyz+xz=c 2 40-8In3
b Circles Wllg centre (0, 0) and radius /¢, where ¢ is 3 4374,
any positive real number. 351 81
¢ yl+xt=49 4 a 2 b s
. 5 2 4 4= 2 2
Exercise 6G W R el e _:y i)
1 _ ke ) s x=y-2=a2=4-4fy+y
a y=200e b 1 year 11
¢ The population could not increase in size in this b G
way forever due to limitations such as available . BEr
food or space 6
ef 2 R
2 a M= 5 b 5 ¢ M approaches 1 7 a %2 +1)2=45
3 a B2 k_ 1 e 3x2+4x45 =24
dt x2 3 ) ; b 15497 " ﬂT _ 50277
t=0,z=1=¢=20(=20,x=2=k=_" 90 - 2" o5
3 60 ¢ 28
]_ 5 _ ? 1 aff ? A Tl_
—x =—1 — = ||—t 1 ~
3 603 °F \'[20 x| 9 0.356
b x=3,t=74.3 days. So it takes 54.3 days to 10 7ln 16
increase from 2 cm to 3 cm. 11 a L(4x - 1) + L(4x -1 +¢
4 a The difference in temperature is 7 - 25. The tea is 4? 24
cooling, so there should be a negative sign. k has to b Xhnx-Lezic
be positive or the tea would be warming. 2 4
b 46.2°C c —%ln lcos 2x] + ¢
a 2 1 19 A '
5 a fAddA=Llft2dt= 2" 4C=>C=-1 1.1 1 (i 4
I ,[,J i 10t 10 12 a gl 2an b 4ln 19) c ln(.s.]
-2_-1_19_ ( -20t 1 41y o 1Y1)
= == = VA = [———— — = -=] - - ==
JE 108 107 T il 152) 13 a [Slnxde tn(- 1) - [(-3)(3)ax
2 Inx 1 Inx 1
=>A=(1201'59£] Rogih] SRS e g
+ ) o e )
2 1 Inx 1 1 1
: Lingar=[-02 o (1 1) g y-1
b Ast— e, A— (@) 400 ¢4 pelow _ 2fl x? xoxly ( e eJ
19/ ~ 361 =
: dv dv 1 A B 1 2
6 a V=6000h = =—=6000,="-=12000 - 500Ah, b = A=-=B=
dh d @+DRx-1 x+1 2x-1 L
dh _dV _dV _ » P,
000 W L (jonopesonk L ol [_ 1 d
de dhdf- dh 6'300 f reD2x-1) I 3x+ 1) 3C2x- 1)) *
60— =120 - 5h i
dt =[ lln(x+1)+—n{2x—1)| P In (2% 1]]
9 3 x+1/]
b £.=121n(—]
( 1 ) ( 1 ) h p+ 1 3 =\2
10000/ 10000
7 = 2
&~ p "10000-P L2y 1, (dp-2
10000 3 p+1 3 p+1
b =7”soa=10000,b=1andc=3. 2 ) 8
1+ 3e—=" 14 a “(x-2Wx+1+c b =
¢ 10000 deer 3 2
8 a %’_40_%1,:} 4%:1/—160 15 a —%x0058x+ési[18x+c
b V=160 + 4840e-1, a = 160 and b = 4840 b le2sin8x+-Llxcos8x——L sin8x+c
¢ V160 g 32 256
dR -1 16 a A=-,B=2,C=-1
£ kR —dR = -k [dt : 2
9 a o = [ i 2
= InR=-kt +c= R=ek+ b llr1|;t:|+21r1|;1:—1|+ L
2 x-1

= R=AeH* = Ry = Ae = A = Ry=R= H[]P_k[

@ Worked solutions are available in SolutionBank.
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18
19

20

21

22

23

24

26

27

28 arctanx + ¢

]

a

oo

b

a

ANSWERS

f"f{x]dx— Illn|x| +2Injx -1+ 1 I”
4 T2 x-1],
_(1 1y (1 i
_(2|n9+21n8+8) (2ln4+21n3+3)

=(]n3+ln64+é)—(]112+ln9+%)

3;;6;)_3 1(32‘ 5

=In

24

24 '3,

%x:‘hl 2x — %x:‘ +C

R e LR RN W
[§x In2x " .|—191n(; 3) (0 ﬁ]
- 215
=9In6 - ==
91n =
—xe*—g*+¢ b cos2y=2e%x-e*+1)

—%xms2x + ésin 2x+c¢
tang:—l;rf:os2x+1:;ir12.‘~:—l
2 4 4
—é_%x2+c
1.1, ,..,..3
x_l—T_§+c_/c_ 5
1_1., 3 . 1_1 : 2
LS W) SO W Y .| B P
i ey 2t Ry
1 d y=x1(-2-2)
In|1 + 2x| + 1,
1+2x
. 1 T
2y —sin2y =In|1 + 2 —-2
y —sin2y =In|1 + ;r|+1+2x+2
1 1 1
A== == Ay =—
A T
: O T | _ 2, _ o).
/’11./1l2=:vZ %‘3:1 E.1=:v{e 2):e

—e*x2+2x+2)+¢
- —% In|3e~(x? + 2x + 2) - 5|

1 -~ 1
A=1,B=—;C==—
2 2

x+%ln|x— 1|—%]n|x+ 1|=2£—%]n3

dVv -1 . 2
a:_kV: JI—}dV: [-kdt=InV=-kt+c
= VV=AegH

Vi

A

V=AeM

0 [

1 1

EA =Ae T = et = 2=eT=In2 =kT

[tk - dy = [xdx = ky - %_ff - %xz p
2+y-k32=C
Concentric circles with centre (0, 2).
26
(1 +2ix ) o

b tan2y= %{] + 2x2)6 4 %
8

29 y?=
= x+ 2

30a A=m2= 4oy
dr

173

dr _dr dA _ 1 e EY_ k)
E_HXE_Z:T!’ khm(%r)_&rr 5m(37r)
b rP=-6 cos(i)+7 ¢ 6.19 days
37
Challenge
a 15 b -3
CHAPTER 7
Prior knowledge check
4 5 1)
1oa (5 " (_) c (33
7 2 7
2 a ) b 9 c -
3 a 123.2° b 13.6 c 5.3 d 21.4°
Exercise 7TA
1 a b
¢
c 7 d
C b q
b+c+d
e 2¢ f
al
2¢ +3d 3d
a-2b
g
—2b
2 a 2b b d c b
d 2b e d+b f d+b
g -2d h -b i 2d+b
j -b+2d k -b+d 1 -d-b
3 a 2m b 2p ¢ m
d m e p+m f p+m
g p+2m h p-m i -m-p
j -2m+p k -2p+m I -m-2p
4 a d-a b a+b+ec
¢ a+b-d d a+b+c-d
5 a 2a+2b b a+b ¢c b-a
6 a b b b-3a ¢c a-b
d 2a-b
7 a OB=a+b b OP:%[a+b} c AP:%h—ia
8 a Yes(a=2) b Yes(\=4) ¢ No
d Yes(A=-1) e Yes(A=-3) [ No
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. o | | o | 1
9 a ib-a uEa l.llEb 1v§h—§a

b BC=b-a P()= %{h - a) so PQ is parallel to BC.

7 a |3i+4j=5,53.1° above

10 a i 2b iia-b
b AB - 2b, OC = 3b so AB is parallel to OC.
11 1.2

b |2i - j| =5, 26.6° below
Exercise 7B

2
Y ittt 10 i [0 Sl
1 vy 8i, (0) vo: 9i + 3j, (3) vy —41+2.],(. 2) RN
vy 3+ 5j. (3) vg: =3i - 2j, (_3) Vg —5.],( 0) ¢ |-5i + 2j| =29, 158.2° above
5 : -2 -5
2 a 8i+12 b i+ 1.5§ ¢ —4i+]j .
d 10i+] e -2i+11j £ -2 -10§ 2
g 14i-7j h -8i+9j i
3 a ('45'] b [ 4) ¢ ['12] 8 k=16
35 0.5 .3 i )
: _ i p=28q=6
d (—1_ 5 [—21) r (UJJ 10 a 36.9° b 337° ¢ 70.6°
16/ -29 2 11 a 67.2° b 19.0
4 a A=5 b Iu:—%
1 Exercise 7D
5 a A=g b u=-1 (-3) (11
i 1 ails i [-11
. c s=-1 d £=—ﬁ i) 19
6 i-j g b a-bis parallel as —2(a — b) = 6i — 10j + 18k
s 5) 7y 12, : —a + 3b is not parallel as it is not a multiple of
7 AC =5i-4j=( ° b AP=3i--Sj=( :
a AC=5i-4j=( 7} T (—'—f) 6i - 10j + 18k.
— g, [5 3 s .
R g) 2 3a+2b=3| 2 |+2-2|=3i+2+5k={61+4j+ 10K
i 4
8 j=4k=11
9 p=3g=2 p:%q:],r:? .
10 a p=5 b 8i-12j 4 a 35 b 25 ¢ /3 dJ/170 e 5/3
7 -5 14 8 8
Exercise 7C 5 a |1 b 5 ¢ (-3] d (4 e (-6
1 a5 b 10 c 13 -1 -5 1 4 10
d 447(3sf) e 583(3sf) f 8.06(3s.f) 6 Ti-3j+2k 7 6or-6 8 V3or—3
g 583(3sf) h 4.12(3sf) 9 a i A:2i+j+4k, B:3i-2j+4k, C:—-i+2j+2k
2 a /26 b 5/2 ¢ /101 ii -3i+j-2k
14 1({ 5 b i V14 ii 3
3 a E[g] b ﬁ(__lg) 10 a 4i+3j-12k b 13 ¢ —%h%j—%k
1 (—7] i ( 1) _ B R
c — d s . / 6 . 4 o3
25124 /10 \-3/ 11 a -6i+4j+3k b6l ¢ -——i+—j+—k
V61 Vbl V61
4 a 53.1° above b 53.1° below 2. 4. 2 V2. 4. V7
¢ 67.4° above d 63.4° above 12 a 29 7290 739 e
5 a 149° to the right b 29.7° to the right /5 2‘_;2' /3 '
¢ 31.0° to the left d 104° to the left c Ti_ i j_Tk
Ir — — —_
_ _ [15/2) 13 a AB=4j-K AC =4i+j—k BC = 4i- 3]
15/2,  15/2, | 2 . . (7.52) e A L
6 B epalisarl] ol B 7521+ 274}, (152 b 4B = 17,1401 = 32, 1BC = 5
2 ¢ scalene
. —_— —_
; 5/3 14 a AB =-2i-6j- 3k, AC = 4i-9j -k,
¢ 18.1i - 8.45], ( 18-]) d 234 a5 5 - ! !
-8.45 2 a5 BC = 6i-3j + 2k
it _ —_— _—
b lAB|=7,1ACl = 72, IBCl = 7 ¢ 45°

15 a i 98.0° ii 11.4° iii 82.0°
b i 69.6° ii 62.3° iii 35.5°
¢ i 56.3° ii 90° iii 146.3°

@ Worked solutions are available in SolutionBank.
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16 5.41
17 |PQ| = 14, |oR| = v29, IPR| = /35

Let @ = ZPQR. 14 + 29 — 2/406 cosf = 35
= cosfl=0.198... = 6= 78.5° (1 d.p.)

Challenge
25.4°

Exercise TE

1 XY=b-aandYZ=c-b,sob-a=c-bh.
Hence a + ¢ = 2b.
2 ai?r ii r
b Sides of triangle OAB are twice the length of sides of
triangle PAQ and angle A is common to both SAS.

2 1
3 a 3a+3h

b AN =%{b— a),AB =b - a, NB =%{h - a)
S0 AN:NB=1:2.

4 a Ea + gc
5 5
o 3 2 2
b AP:—a+ga+gc=§[c—a],
PC=c- [%a + %c] - %[c ~a)s0AP:PC=2:3
5 a V26 b 2/2 c 32
d £BAC = 56°, ZABC = 34°, ZACB = 90°
6 a OR =a+ [h a)= —a+—h
0S = 30F = 3{—a v th =2a+b
J— —_— — —_— —_— —_—
b TP=T0+0P=a+b,PS=P0+0S=-a+2a+b
=a+b
— —_
TP is parallel (and equal) to PS and they have a
point, P, in common so T, P and S lie on a straight
line.
(“halle-nge

a PR b - a,PX =jlb-a)=—ja+jb

b ON =a+%b,PX:—a+k{a +%h] LiE= 1}a+%kh

¢ Coefficients nl'agld b must be the same in both
expressions for PX

Coeflicients of a: k£ — 1 = —j; Coefficients of h:j = %k
d Sol\«mg simultaneously gives j = § and k =
e PX=1rPR.
3 —_— — —_—
By symmetry, PX = YR = XY, so ON and OM divide PR
into 3 equal parts.

Exercise 7TF
1 a i loal=9;lo8l=9 = loal =05l

ii AC =( ) |A( | =/581; B(" (—4), |BC| =581
22 23

Therefore |/F | = Lg: |
b OACB is a kite

175

a AB=2i+3j-2k= [AB| = /17
— —
AC = 6j = [ad =
BC = -2i + 3j + 2k = |BCl = V17
|E| = |§’| s0 ABC is isosceles.

b 6/2
(4, 10, 3), (0, 4, 7) or (4, -2, 3)

a AB = 4i - 10j - 8k = 2(2i -5] - 4k)
CD = -61+ 15 + 12k = -3(21 - 5 - 4K)
— 3= .

CD = —‘EAB, s0 AB is parallel to CD
AB:CD=2:3

b ABCD is a trapezium

8 3
b=-1,c==2
. 2

]

7, 14 -22), (-7, 14, -22) and (% 14, 22

a 18.67(2d.p) b 168.07 (2d.p.)
Let / = point of intersection of OF and AG.

—_— —_— — —
OH = rOF= 0A + sAG

o —_
OF=a+b+c,AG=-a+b+c¢
Sorfa+b+e¢)=a+s(-a+b+c)

1 e ) s I sy
r=1-s=s= r=s=3.50 OH =§OF and AH =§A(J.
Show that FP = %a (multiple methods possible)

Show that PF = %a (multiple methods possible)

Therefore FP and PE are parallel, so P lies on FE
FP.PE = 2:1

Challenge

1

2

24,:,: 32 -

()M:%a+b+c,BN:a—h+%c,AF=—a+b+c

—_— —_— — —
Let OM and AF intersect at X: AX =rAF =rl-a+ b + ¢

—_— —_— 1 \
OX = sOM = S(Ea +b+ c) for scalars r and s

OX =04 +AX =a+rl-a+b+e¢
1 e _ |
=>s(§a+h+c)_a+r[ a+b+cl

. : : ; 2
Comparing coefficients in a, b and ¢ gives r=s = 3

—_— —_ — —_

Let BN and AF intersect at ¥: AY = pAF =pl-a+b + ¢l
—_— —_— ; )

BY = ¢BN = q[a -b+ %(‘) for scalars p and ¢

—_— — —

BY =BA + AY =a-b+pl-a+b+c¢)
=>q(la—h+%c)=a—h+p{—a+b+c)

Comparing coefficients in a, b and ¢ gives p=—, g =

wI|ee

1
3
Sl i e

AX E EAF AY = 3/‘11"
Sothe line segments OM and BN trisect the diagonal AF.
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Exercise 7G
—_— e —_— :
0A =3i-j, 0B = 4i + 5j, OC = -2i + 6]

 G)C-R-RIG)-G)-G

1 ai
ii i+6j iii -5i+7j :
. . v e so not collinear
b i v40=2/10 it v37 iii V74 8 a=25b=-2
2 a -i+5f 0,.[—}‘} 9 r=(2i-7j+16k) + A(2i—4j + k)
Bl 10 a a=14,b=-2 b X(9,9,-10)
b i5 ii V13 iii V26 11 AB=9
1 11
3 a 9]0(‘[9] 12 3(3)
b i/82 ii5 iii /61 e
4 a -2a+2b b -3a+2b ¢ -2a+b (_2)3(1) (0) (])
N 13 a Al 4 |.B[ 1 b r=(2]+i-1
5 (7)or (2) 7/ \10 3 1
R W . 1y =1
6 a 2i+§ b 2/17 ¢ (:(1),9( '3) so P is midpoint
- 35 4 2
5 14 a A(10,9,8)
(‘hallengp b Tightrope will bow in the middle with acrobat’s weight
n_46. 9.
()B 2i+3jor OB = 1%1 + 13.] Exercise 7)
. 1 a The two lines do meet at the point (3, 1, 10)
Exercl'se TH . b The lines do not meet.
1 2"'2,1 2 142 ; _ ¢ The two lines do meet at the point (0, 11 41
3 a V14 b 15 c 52 d V30 2 2
4 k=50rk=9 5 k=10o0rk=-4 2 [yand [, meet when 1 =4 and u = -2
coordinates of point of intersection (-2, -4, 15)
Challenge 3 No solution for 2 and g
a (1,-3,4)(1,-3,-2),(7,3.4),(7, 3,-2).(7,-3.-2) 4 a (p= b (2,5,-3)
b 6/5 5 (6,1,-1)
_ EAWA
Exercise 71 6 a Solve ( ; ),(_21) 0 b p=-2
6 2 2 1 -1
1 a (5) ( '3) b I‘=(5) +i(1) c (4,14, -4) d (29)
- 1 0 1 6

=1

a
C

Direction of I;: (

6\ _, 6
AB = ( 3), BC = ( 3) same direction and a point in

(343

2i+7j-3k ii r=
r=
r=

i
i
i

(5) 4}

=

2i-3j+4k
—3i-j-2k

4
)

=

=

(349

p=1¢g=10
p=-19,¢q=-15

2 —
),AB

4

3 3

COommon

Exercise TK

3
T3
2 a2 b 17 ¢ -6 d 20 e 0
a 55.5° b 94.8° ¢ 87.4° d 79.0°
(3i - 4j + 2K) + A(2i + 7j - 3k) i . . L
214§ 30+ 421 - 31 + 4K) e 100.9° f 537 g 743 311 70.5
(i—2j+ 4Kk + A(=3i—j - 2Kk) 4 a -10 b 5 ¢ 2z
3 -5 d 21 e —5or2
r=(-1|+4 4 2
4 _3 5 a 32.9° b 117.8°
. 6 6 a 205° b 109.9°
r=(-2]+1 4 g 212
3
8 Use(3).[1]=3=v10V2%+1cos60°
0/ \i
9 a i+2j+k b 3i+2j+3k ¢ 3i+2j+4k

b p=-61g=-21 10 64.7°, 64.7°, 50.6°
2 — : — .
11 a |48l =33, [Bd = V173
-2 2 bh 29.1°
_'1 == —2 + 50 parallel 12 a cosf):% b arPa—%x9x?x‘25;
13 LetOA=a, 0P = p: then OB = b = -a and find scalar

product

@ Worked solutions are available in SolutionBank.
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oy A oy [ T_X’ ] Lﬁ =LYia — b+ ¢ for scalars r, s and ¢
14 a CA=( 0|, CB=| 5 = 5 . 5C
24 6 s g Ml M
RX =RO +0P +PX =—(-a+¢)+ Ta+rb-c
34101 2 2
b —— s - r
2 : =2la+b+cl==a+c+—la+b-c
¢ (9.-6,-6), (1,4, 6),(3,4,6) 2 £ 5 . 2 : 1
d 3/101 Comparing coefficients in a, b and ¢ gives r=s = 3
—_— —t —%  — 1
TX = TO+()P+PX_—I[h+(‘|+4(a+b—c}
15 a ( QR = ( ) scalar product =0 —[a biveeliomehio
4

z . 1
{on aring coefficients in a, b and ¢ gives t = =
b centre (0.5, 1, 0.5), radius = /138 RETTR o : Y 2

Sothe line segments PQ, RS and TU meet at a point and

Challenge bisect each other.

17
1 a.b = a||b| cos#, b.a = |b||ajcosd so a.b = b.a 20 b=1or ?,
2 a i alb+c)=alb+c|cosd, but cosd = PQ 21 a Air resistance acts in opposition to the motion of the
' b + ¢l BASE jumper. The motion downwards will be greater

. 50 a.(b + ¢} = Ja| x PQ PR than the motion in the other directions.
ii a.b =|a||b| cosa, but cosa = ' ;
: - b (16i+13j-40k)N ¢ 20 seconds

_ bl
soa.b = [a] x PR 22 a r=(i-j+3K+i3j-k b i+j+%k

iiia.c = |a/lc| cos/3, but cosj = MN_ RQ
s0 a.c = [a| x RQ el fel 23 r=(2i+ 3j - 4k) + 2(2j + 3K)
b a.b+¢)=a| x PQ = |a| x (PR + RQ) = (|| x PR) 24 7i+4j- 5klieson/wheni=2
+ (la| x Q) = a.b + a.c; so a.(b + ¢) = a.b + a.c 9i + 3j — 6k = 3(3i + j — 2k) so parallel
25 a 3i+4j+5k i+j+4k
Chapter review 7 MIL-MN 27 9
1 a 2/10 newtons b 187 to the left |ML||MN| 5/23/2 10
2 a 108° b 9.49kmh-!
3 8 9 -3
3 a h—ga b b-4a c ga—h d 3a-b 26 a r=|-2|+ul 4 b p=6,g=11
4 1.25 1 5 36.
5 12) ~18' 49 ¢ 39.8° d —i+ J+4k
50 (1) b (T e (i) i q 3
6 a p=-15 b i-15j 27 a r=| 2 | +p4l-2 b p=-3
7 p=86,g=123 _3 0 )
8 6 ¢ 53.4° d 1_45
9 a 3a+2p b 2p 2 -
& e 5 28 a r,.r, =0, therefore vectors are perpendicular
¢ AB=b-a,AN =2(b-28)s0 AN:NB =2:3 b 5i-k ¢ h:i=-3 d 1.5km

10 /22 115 2 SR 29 a intersect when i=3, u=-2

= ‘ 4/10
12 |AB|=5»-"'2=>9+£.2+25=50=>£2=16=>L=4 b |4 c ‘15
61 - 8j — 2tk = 61 — 8] — 10k = —2(~3i + 4j + 5k) = -24B =6 .
. 2 30 a a=11,6=7 b P(5,9,4) c V122
So AB is parallel to 6i — 8j — gak =1 6 =1
— — — 31 a AB=(-1 b r=(3]+2-1
13 a PQ =-3i-8j+ 3k, PR = -3i- 9j + 8k, QR =j + 5k 9 4 9
b 20.0 7.5
—_— . . — . . —_— . c 45
14 a DE=4i+3j+4k EF =-3i-4j+4k, FD =-i+j+ 8k
— % —_— . — — 1
b IDEl =41, |EF = V41, |FD| = /66 ¢ isosceles 32 a meetwheni=2, pu=6,(7,0,2)
—_ —_— — =5
15 a PQ =9i-4j, PR =7i+j- 3k, QR = -2i + 5j - 3k b 80.4
e A N sowys. S ¢ liesonl, when 1 =1
b |PQ| =97, |PR| =59, ]QRl =438 ¢ 51.3° d 2.42
16 31.5° A i
17 184 (3 s.f) 33 a intersect at (180, -5, .r.} .
18 a (2.-7.-2) b rhombus ¢ 36.1 b pass through same point but not necessarily at the

— — — same time
19 PQ = E[a +b -¢l, RS =§(—a +b+¢), TU =§[a -b+c

Review exercise 2

Let PQ , RS and TU i X:PX =1PQ =Lla+b - o
et P, RS and TU intersect at X: =r Q=§a+ - T b y=—1x+2
— —_— S 2
RX =sRS =Z(-a+b+0) cy=-13
2 4 + x?

x = 0 is the domain of the function.
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2 =-9x+8 b y=—2 1 2
W Bl A T 29 a=3,b=13,r=|-1]|+ 4| 4| or any equivalent
3 Tx+2y-2=0 3 5
4 a 9y _ cosx 30 a As the solution 1 = -2, i = -3 satisfies all three
dx siny equations, the lines do meet.
b Stationary points at [% 2%) and ( iT) only in b g_‘% 1,-2) is point of intersection.
the given range. ’ ¢ g‘ 3
5 a d_V=4m~2 b dr__ 250 31 a a=18 b=9
dr dt w2t + 1)2r2 b (6,10, 16)
. d 2 1442
§ i iloatrl b y=-3v+4 ¢
dx N 32 a Lines do not intersect.
7 a k= 1 b a=4 b Unlikely that the shark will not adjust course to
g intercept flounder.
¢ y= E* +1 " Challenge
8 a x=sec®r=/(sect)? d_: = 2(sect)(sect tant) 1 dy 3x?-y*
= 2sec? rtant dr  2xy +1
dy dy)
b 2 il
g - @ 6x — 4ydx Zx(dx_
da? 2xy + 1
10 a 1 f oS %
15 . ﬂ and _ 404
11 %(n +2) % 125
2 Int
12 16 1 %— 3? 2
’ 3 [-= -1, radius = =
14 5(29,3 +10) (-3 -1 5) radiv \'
[
15 D e 1 b In54 .
> @x-3)a-2) 25-3 x+2 . Exam Practice
= i - 2 ig 3 .
16 eTr[z I 1 Assumption: if »* + 1 is even then can be even.
2 Let n = 2k where k is an integer.
2x-1 —1 4
17 = 2 — 42
a PEEVr 3] 2x 3 Then [?{(] +1 _41((1 + 1. . e i
A2x - 3)2 10(2x - 3)2 Bu? 4k is e\«nf;n, and so 442 + 1 must be O. ‘ .
b S T This contradicts our assumption, and so if n? + 1 is
(x-1) (x-1)
r ok ! even then n must be odd.
18 a 3 - b r=[—,L+A'I dy -x-2y
1672r5 2 2 a —=—~-
av dy  2x+ 2y
19 a Rate in = 20, ratﬁout——kvﬂma_zo kV b (—i 1) (i _L)
b ‘,:QandB__E v3 v3 v2 W3
k k 1
. 3 a ( 5 ]
¢ 108cm?* (3 s.f) 2 2
20 a % = —kC, because £ is the constant of b 3{2"3 -1
proportionality. The negative sign and & > 0 5 : Y= 2‘2 . -
indicates rate of decrease. ;1 sx=<l-l<y=<1
1 ¢ 4 cost
= —k -
b C=Ae* c k_4ln10 d =3
21 -4.5 5 a 1+6x+27x%+108x%
22 7 b 1.062808
23 12 6 a H=5+ 352
24 130.3° b -700¢2% -0.0318
25 a 10i- 5 -2k B o e oo o c 5
V129 V129 V129 7 a r=2i+j+3k+(3i-3j— 2kt
1 5 o ¢ 129.8°
¢ 100.1 Not parallel: PQ + mAB. d (11, -8, -3),(~7.10,9)
26 k=2 27 p=-2,q=-8,r=—4 g T
28 5/14 6

@ Worked solutions are available in SolutionBank.



INDEX

angles 115, 139, 148-9

intersecting lines 149

two vectors 134-7

vector with axis 107-8, 110-11
answers to exercises 159-78
area 57-8, 59, 108, 138-9

under a curve 67-9

binomial expansion 30-45, 47-9
(1 +x)n 31-6, 45
(@ + bx)n 36-9, 45
partial fractions 40-2, 45
boundary condition 85-6

C

Cartesian equations 29, 47, 49
converting to 17-25
chain rule 51, 54, 57
circle 21, 57, 128-9
column vectors 102-5, 147
addition 102-3, 104, 109
magnitude and direction 106,
107
notation 102, 109, 132
vectors in 3D 109-10, 111, 148
comparing coefficients 114, 118-19
contradiction 2-5, 46, 49
coordinate geometry
three dimensions 123-5
(x, y) plane 16-29
cubic approximation 40-1
cuboid 119
curves 51-7
area under 67-9
defining 17-18, 29, 67
region bounded by 68-9
rotated about x-axis 68-74
sketching 18, 25-7

D

definite integrals 67-9, 76-7

differential equations 84-91
formulating 58-60
modelling with 59, 60, 88-91
solving 84-7

differentiation 50-65, 150, 154
chain rule 51, 54, 57
implicit equations 54-7, 65
parametric 51-4, 65

INDEX

rates of change 57-60, 88-91
see also differential equations
directed line segment 98-9
direction vector 125-6, 132-3
displacement 99, 102
distance between points 123-5
distinct linear factors 7, 8, 15
domain 17-18, 22-3, 26, 29
dot product 135-40, 148-9

E

equating coefficients 7-8
equation of a line 125-34
errors, identifying 5

exam practice questions 153-4

F

family of solutions 84
finite series 31

G

general solutions 84-5
geometric problems 114-21
glossary 155-8

gradient of a curve 51, 52

i, j and k notation 103, 109
implicit differentiation 54-7, 65
improper fractions 12-13, 15
infinite series 31, 45
integration 66-96, 150-2, 154
area under a curve 67-9
by parts 78-81
by substitution 74-7
definite integrals 67-9, 76-7
differential equations 84-91
modelling real-life 88-91
natural logarithms 78-80
partial fractions 81-4, 85-6
trigonometric functions 67-8,
75-7,78, 80
volumes of revolution 68-74
inverse trigonometric functions 65
irrational numbers 2, 3

L

line segments 20, 100, 117
directed 98-9
divided in given ratio 114-15
linear factors 7, 8, 10-11, 15

179

M

magnitude-direction form 107
modelling real-life 59, 60, 88-91

natural logarithms 78-80
Newton'’s law of cooling 58-9
normal to a curve 51-2

P

parallelogram law 100
parallelograms 100, 114-15, 118
parametric differentiation 51-4, 65
parametric equations 17-29, 47, 49
converting to Cartesian 17-25
defining a curve 17-18, 29, 67
differentiation 51-4, 65
finding volume of rotation 70-1
substitution 17-21
trigonometric identities 21-5
partial fractions 6-15, 46, 49
binomial expansion 40-2, 45
improper fractions 12-13, 15
integration 81-4, 85-6
repeated linear factors 8, 10-11,
15
splitting methods 7-8
particular solution 84, 85-6
parts, integration by 78-81
points of intersection 131-4, 149
circle on a line 128-9
diagonals 114-15, 119
position vectors 109, 111, 121-6
point dividing line in given ratio
114-15
point of intersection 128-9,
131-2
point on a straight line 126-9
prime numbers 3, 4
proof 1-5, 46, 49

Q

quadrants 113-18

quadratic equations,
trigonometric 130-3

quotients 4

R

radioactive decay rates 58
range 17-18, 22-3, 26, 29
rates of change 57-60, 88-91
rational numbers 2, 3,4, 5



repeated linear factors 8, 10-11, 15
resultant 98
review exercises 46-9, 148-52
binomial expansion 43-5, 47-9
coordinate geometry 28-9, 47,
49
differentiation 61-4, 150, 154
integration 92-6, 150-2, 154
parametric equations 28-9, 47,
49
partial fractions 14, 46, 49
proof 5, 46, 49
vectors 141-7, 1524

S

scalar multiple 128, 133

scalar multiplication 99, 102-4, 109
scalar parameters 125-6

scalar product 134-40

separation of variables 84-7

series 31, 45

sketching curves 18, 25-7

skew lines 132-3, 149

solids of revolution 68-74
sphere/hemisphere 57-8, 59
straight lines 125-34
intersecting 119, 131-4, 149
pointon 126-9
substitution
converting parametric equations
17-21
finding partial fractions 7-8, 10,
12,13
integration by 74-7
surds 3, 33, 106, 115, 122-3
surface area 57-8, 59

v

vector sum 98

vectors 97-149, 152-4
adding 98-100, 102-4, 109, 125
angle with axis 107-8, 110-11
angle between two 134-7
coplanar 118
direction of 98-9, 106-8, 110-11
equation of a line 125-34

geometric problems 114-21

magnitude 98-9, 106-8, 110-11

magnitude-direction form 107

multiplying by a scalar 99,
102-4, 109

non-coplanar 118-19

non-parallel 114, 148

notation 98, 102-3, 106, 109,
125

parallel 100, 109-10, 135

perpendicular 135, 137-8

points of intersection 114-15,
119, 128-9, 131-4, 149

representing 102-5, 109

scalar product 134-40

skew lines 132-3, 149

subtracting 99, 109-10, 147

3D coordinates 123-5

see also specific types of vector

volume 57-8, 59

solids of revolution 68-74

zero vector 99, 147
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