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MOTIVATION

o Combine Text compression with indexing
(discard original text).

o Count and locate P by looking at only a small
portion of the compressed text.

o Do it efficiently:
o Time: O(p)
o Space: O(n H(T)) + o(n)




HOW DOES IT WORK?

o Exploit the relationship between the Burrows-
Wheeler Transform and the Suffix Array data
structure.

o Compressed suffix array that encapsulates both the
compressed text and the full-text indexing
Information.

o Supports two basic operations:
o Count — return number of occurrences of P in T.
» Locate — find all positions of P in T.




BUT FIRST — COMPRESSION

o Process TI[1,..,n] using Burrows-Wheeler Transform
» Receive string L[1,..,n] (permutation of T)

o Run Move-To-Front encoding on L
« Receive | MTHF[1,...,n]

o Encode runs of zeroes in LM"™ using run-length
encoding

» Receive | "

o Compress L"'® using variable-length prefix code
» Receive Z (over alphabet {0,1})




BURROWS-WHEELER TRANSFORM

» Every column is a permutation of T.

» Given row i, char L[i] precedes F[i] in

original T.

» Consecutive char’s in L are adjacent

to similar strings in T.

» Therefore — L usually contains long

runs of identical char’s.
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mississipp
fmississip
ppi#missis
ssippi#mis
ssissippi#
1ssissippil
i#mississi
pi#mississ
ippi#fmissi
issippi#mi
sippifmiss
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BURROWS-WHEELER TRANSFORM

Reminder: Recovering T from L

F L

1. Find F by sorting L i 1
2. Firstcharof T? m i P
3. FindminlL i s
4. L[i] precedes F[i] in T. Therefore we get 1 S
mi 1 m

5.  How do we choose the correctiin L? m #
« Thei's are in the same order in L and F P P
 As are the rest of the char’s p 1

6. lisfollowed bys: mis S S
7. Andsoon.... . >
S 1

S 1




MOVE-TO-FRONT

o Replace each charin L
with the number of
distinct char’s seen since
its last occurrence.

o Keep MTF[1,...,|2]|] array,
sorted lexicographically.

o Runs of identical char’s
are transformed inlt:o runs
of zeroes in LMT

« Bad example

» For larger, English texts, we will receive
more runs of zeroes, and dominancy of
smaller numbers.

« The reason being that BWT creates
clusters of similar char’s.




RUN-LENGTH ENCODING

o Replace any sequence of L i | ppp |9 | S| ST | p|pl#|d s s i il
Zeroes O with: IMTF2 430|109 045 |46 8445 2|9 011 |0
e (M+1) in binary
o LSB first |"¢/2/4|1|5/0/5/5/4|4|/5/2/5/0|1|0

e Discard MSB

To give a meatier example (not really), we’ll
o Add 2 new symbols — 0,1 change our text to:

T = pipeMississippi#

o |_"€is defined over
{0,1,1,2,...,|Z]|}

0000 2 4+1=5-> 101 -> 101 - 10
00000~ 5+1 =6 > 110> 011 > 01
000000 2 6+1=7-> 111 > 111 > 11
0000000 - 7+1 =8 - 1000 - 0001->000

No bk




RUN-LENGTH ENCODING

How to retrieve m
- given a binary number bgb,..., b,

o Replace any sequence of

zeroes () with: _ _
‘Replace each bit b, with a sequence of
e (m+1) in binary ]

J
o LSB first bj+1)-2 zeroes

o Discard MSB .10 9 (1_|_1), 20 + (O +1) . 21 = 4 Zeroes

o Add 2 new symbols - 0,1 Example

02>1+1=2->10->01->0
00>2+1=3-2>11-211->1

000 - 3+1 =4 - 100 - 001 - 00

0000 2 4+1=5-> 101 -> 101 - 10
00000~ 5+1 =6 > 110> 011 > 01
000000 2 6+1=7-> 111> 111 > 11
0000000 - 7+1 =8 - 1000 - 0001->000

| "'€is defined over
{0,1,1,2,...,|Z]|}
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VARIABLE-LENGTH PREFIX CODING

011 0010 00110 10 00110 00110 00101 00101 00110 011 00110 10 O
over alphabet {0,1} (rel2/4l1]5]ol5|5]/4/4]5]2]5
ol—->11 0->10
oFori=1.2,...,12|-1 Example
o llog(i+1)] zeroes 1. i=1 > [log(2)] 0’s, bin(2) > 010
- Followed by binary 2. i=2 > [log(3)J O’s, bin(3) - 011
representation of i+1 3. i=3 = [log(4)] O’s, bin(4) - 00100
5. i=5 > |log(6) | 0’s, bin(6) > 00110
, 6. 1=6 = |log(7)| O’s, bin(7) - 00111
o lo 1 L i
E_‘:ra“’ta' of 1+2llogi+] "2 3 0g® | 0'S, bin(8) = 0001000
IS - -




COMPRESSION - SPACE BOUND

o In 1999, Manzini showed the following upper bound for BWT
compression ratio:

- 8nH . (T)+(0.08+1)-n+log(n)+ g(k,|=|)

‘Z‘ < SnHk(T)—l— O(logn)

nH.(M=nH.(M=nH,(T)+0O(logn)
o Y2001, Manzini showed that for every k, the above compression
mEthod is bounded by:

5nH L, (T)+9a(k,[¥))




NEXT: COUNT PIN T

o Backward-search algorithm
o Uses only L (output of BWT)

o Relies on 2 structures:

e« C[1,....]21]:

Clc] contains the total number of text chars in T which are
alphabetically smaller then c (including repetitions of chars)

» Occ(c,q): number of occurrences of char c in prefix L[1,q]

Example

C[ ] for T = mississippi#

occ(s, 5) =2
occ(s,12) =4

Occ = Rank

S| ol
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mississipp
#mississip
ppi#missis
ssippi#mis
ssissippi#
ississippi
i#mississi
pi#mississ
ippi#missi
issippi#mi
sippi#miss
sissippi#m
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BACKWARD-SEARCH

o Works in p iterations, from p downto 1
=3 =2 =1
c="

C:‘S, C:‘m’

o Remember that the BWT matrix rows = sorted suffixes of T

» All suffixes prefixed by pattern P, occupy a continuous set of rows i mississipp L
» This set of rows has starting position First { : §§iiii:§i§ .
» and ending position Last i L

ssissippi# m
» So, (Last — First +1) gives total pattern occurrences

ississippi #
i#mississi p
pi#mississ i
ippi#missi s
issippi#mi s
sippi#miss i
sissippi#m i

o At the end of the i-th phase, First points to the first row prefixed by
P[i,p], and Last points to the last row prefiex by P[i,p].

n n n nYo B R e

Algorithm backward_search(P[1,p])

(1) @ < p, ¢ — P|p|, First < C[c| + 1, Last — C|c + 1];
(2) while ((First < Last) and (i > 2)) do

(3) ¢+ Pli—1];

(4) First «— C|[c|] 4+ Occ(e, First — 1) + 1; ‘
(5) Last < Cc| + Occ(c, Last);

6)  ie—i—1;

(7) if (Last < First) then return “no rows prefixed by P[1,p]” else return (First, Last).




SUBSTRING SEARCH IN T (COUNT THE PATTERN OCCURRENCES)

P[]

P = si

First step

unknown
#mississipp
frem 1#fmississip
ippiffmissis

(

rows prefixed
by char “i”

issippi#mis

L Ir ™ ississippi#
mississippl
pi#fmississi
ppiffmississ

2{ rmd sippi#missi

| Ir = sissippi#mi

ssippiffmiss
ssissippi#m

OCC=
[lr-fr+1

L

FH 0 'O S 00T

%
%
%
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Inductive step: Given fr,Ir for P[j+1,
Take c=P[j] E
Find the first c in L[fr, Ir]
Find the last c in L[fr, Ir]

L-to-F mapping of these chars

\ Occ() oracle is eno&




[ |

BACKWARD-SEARCH EXAMPLE

# mississipp
m i #mississip
ppi#missis
ssippi#mis
ssissippi#
ississippi
i#mississi
pi#mississ
ippi#missi
issippi#mi
sippi#miss
sissippi#m

C[l=|/1]|5]|6
I m p s

n n n n'v v B H OH

» First= | C['s]+ Occ('s',1) +1 = 8+0+1 = 9
o Last= l C['s’] + Occ(‘'s’,5) =8+2=10
» (Last— First + 1) = IZ

© 00 NO Ol &~ WDN P

[N
o

HoH W Ho OB oo H|
=
=

=
N

00

Algorithm backward_search(P[1, p|)

=

—

) i — p, ¢ — P[p], First — C[c] + 1, Last — Clc + 1];
while ((First < Last) and (¢ > 2)) do
¢ — P[i—1];

(

(2)

(3)

(4) First < C[c] 4+ Occ(c, First — 1) + 1; ‘
(5) Last < C[c] + Occ(c, Last);

(6)

(7)

1—1—1;

if (Last < First) then return “no rows prefixed by P[1,p|” else return (First, Last).




[ |

BACKWARD-SEARCH EXAMPLE

mississipp
#mississip
ppi#missis
ssippi#mis
ssissippi#
ississippi
i#mississi
pi#mississ
ippi#missi
issippi#mi
sippi#miss
sissippi#m

C[l=|/1]|5]|6
I m p s

o P =pssi

o | = 1!!'
First = l C['s’] + Occ(‘'s’,8) +1 = 8+2+1 =11

Last = l C['s’] + Occ('s’,10) =8+4 =12
(Last — First + 1) = E

© 00 NO Ol &~ WDN P

[N
o

HoH W Ho OB oo H|
=
=

n nu n n T 'Y B H O H H e H|

=
N

00

Algorithm backward_search(P[1, p|)

—

) i — p, ¢ — P[p)], First — C[c] + 1, Last — C[c+ 1];

c+— Pli—1];

(

(2)

(3)

(4) First < C[c] 4+ Occ(c, First — 1) + 1; ‘
(5) Last < C[c] + Occ(c, Last);

(6)

(7)

1—1—1;

if (Last < First) then return “no rows prefixed by P[1,p|” else return (First, Last).




BACKWARD-SEARCH EXAMPLE

F L
oP= ESSi # mississipp i |1
i #mississip p |2
i ppi#missis s |3
e | = i ssippi#mis s |4
i ssissippi# m |5
e C~= m m ississippi # |6
] p i#mississi p |7
» First= | C['p] + Occ(p',10) +1 = 6+2+1 = 9 p pitmississ i |g
s ippi#missi s |9
e Last= l C['p’] + Occ('p’,12) =6+2=8 s issippi#mi s |10
i s sippi#miss i
o (Last—First+1) = E s sils)ls)ippi#m i E
C[l=|1|/5|6 |8
I m p s
Algorithm backward_search(P[1, p|)
(1) @« p, c — PJp], First — C|[c] + 1, Last — C[c + 1];
‘ (2) while ((First < Last) and (i > 2)) do
(3) c+— Pli—1];
(4) First < C[c] 4+ Occ(c, First — 1) + 1; ‘
(5) Last < C[c] + Occ(c, Last);
(6) i—1—1;
(7) if (Last < First) then return “no rows prefixed by P[1,p|” else return (First, Last).




BACKWARD-SEARCH ANALYSIS

o Backward-search makes P iterations, and is dominated by Occ()
calculations. Compressed text

. : N loglogn .
o Implement Occ() to run in O(1) time, using [Z[+0O|n- ogn bits.

logl
e So Count will run in O(p) time, using 5SnH k(T)+O(n- O?c,;gnj bits.

o We saw a partitioning of binary strings into Buckets and
Superblocks for answering Rank( ) queries.
» We'll use a similar solution
» With the help of some new structures

o General Idea: Sum character occurrences in 3 stages

| | uni |

-
Superblock Bucket [Intra-
bucket




IMPLEMENTING OCC()

o Buckets
« Partition L into substrings of I:®Iogn chars each, denoted BLi
« This partition induces a partition on | MTFdenoted BLiMTF 1=1.,n/l
0 0 o 0 o MTF
T = pipeMississippi#  [T| =|L| = 16 BL, ‘: 4
|l (i /p/p/pls|s/mie}ji|p|#|ifs|s i i
| MTF 2140 0f5/0(5 544|4|5/2]5|/0/1|0

» Applying run-length encoding and prefix-free encoding on each bucket will
result in n/log(n) variable-length buckets, denoted BZ,

011 00101 11 | 00110 10 00110 00110 | 00101 00101 00110 011 | 00110 10 010 10 ‘
. . 1 I
‘ i A\ ) i

Y |

BZ, BZ,




IMPLEMENTING OCC()

o Superblocks
« We also partition L into superblocks of size I’ =0 Iogz(n) each.

T|=|L|=256 BL"| =8 i=12,.,32

‘Chars

SuperB;| =64 j=1234

Chars

« Create a table for each superblock, holding for each character € € 2, the

number of C’s occurrences in L, up to the start of the specific superblock.
o Meaning, for SUpel’Bj , store occurrences of cinrange L|L,..., ] 1

BL, 128 BL,136 BL, 144 152 160 168 176 184 Bl_m192 |
cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8
SuperB, SuperB,

a | 32 N N a | 55
b | 25 O —2-|Ogn-‘2‘ =0 —— b | 38
S I IOgn 1

I 4 7 N02 N03 . 3




IMPLEMENTING OCC()

o Back to Buckets

» Create a similar table for buckets, but count only from current superblock's
start. Denote tables as NO/

BL, 128 BL_136 BL,144 152 160 BL,, 168 176 184 BLM192 L
cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,...c8 cl,...c8 cl,...c8 cl,...c8
SuperB, > \ j 4 SuperB,
el | & al|2| |a|2 al21| |a]23| [ 215

25 b1 b1 bl 13 bl 13 b | 38
z | 7 z|o0 z |1 : z 1 7 1 z | 8
NO, NO;, N " 2 N 0., NO., NO,
O —-Iog(l )\Z\ =0 ——-loglogn
I logn

o Only thing left is searching inside a bucket.

» For example, Occ(c,164) will require counting in BL,,
» But we only have the compressed string Z.

« Need more structures




IMPLEMENTING OCC()

o Finding BZi ‘s starting position in Z, part 1

+ Array W[]_,_", n/|2] keeps for every SUPErB;, the sum of the sizes

, BZ

of the compressed buckets BZl, .....

+ Array W'[l,..., n/I] keeps for every bucket BZ, | the sum of bucket

iogn (inbits).

sizes up to it (including), from the superblock’s beginning.

?11 00101 11 |’ 00110 10 00110 g 00101 00101 Oih 00110 10 010 10§ 00110 10 00110

e

W'l 10

13

12

13

16

11

| 00101 00101 011 I

8'21 48 | 75 BZ,
4 2
n n , n N
jW‘ - O(rz -logn '(1"' ZUOQ‘ZU)j =0 ﬁ)\M’ = O(I_ |09(|2)j = O(Iogn'log logn




o Finding BZi ‘s starting position in Z, part 2

166/8 = 20.75
2> 1=21

h =166 — 20*8

Find character inBL; to count up to:
h=q-(i—-1)-logn

2> h=06

Find superblock SuperB of BL,

(21/8) = 2.625
t=|——|-1 >t=2
logn :
Locate position of BZi in Z: Compressed bucket is at
W(t]+W i -1]+1 WI[2]+W'[20]+1
Wl r ’ r r

wn o owm M own wo Wbl owen o owen Wl
011 00101 11 | 00110 10 om:t | 00101 00101 011 | 00110 10 010 10 | I0110 10 00110 | 00101 00101 I Il
BL, %8 BL, 136 BL,ws 152 160 Bl 168 176 184 BLR
cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8 cl,..,c8

SuperB, SuperB,




IMPLEMENTING OCC()

o We have the compressed bucket BZ, | 011 00101 11 |
« And we have h (how many chars to check in BZ. ). h
« But BZ, contains compressed Move-To-Front information...
* Need more structures!

o For every i, before encoding bucket BL, with Move-To-Front, keep
the state of the MTF table

T = pipeMississippi# IT| = |L] = 16
L li|p|p pls/s/mlefi|p/#|ils|/s|i
| MTH2/4/0|{0)5|/0|5|5Q4/4|5|2]5 1/0
# e I mp s p I # e m s ems§ p | # | # p e m s
MTH MTF, MTH; MTF,




IMPLEMENTING OCC()

o How do we use MTF. to count inside BZ, ? | 011 00101 11|

- l
o Final structure! h #e imps

o Build a table S[C,h, BZ., I\/ITFi] , which stores the number of
occurrences of ‘c’ among the first h characters of BLi

- Possible because BZ; and MTF. together, completely determine BL,

\ | 011 0010 11| 1 | 010 00101 011 0010] \ | 00111 00101 00111 00110]|
| 1 > | | |

s || |
# e I m p3 Eu

# I e p m s

S p i me

S pme |




IMPLEMENTING OCC()

o Max size of a compressed bucket BZ, :[I -(1+ 2_|OQ‘ZUﬂ

» Number of possible compressed buckets : 2"(1+2L|09\2U) — ot
o Number of possible MFT table states: [2\2“09\2\ -

o Size of inner table:l IZII | J

- Size of each eniry: | logl

—

o Total size of [ |: O(Ztl log I): O(n -logn-loglog n)

*But — having a linear sized index is bad for practical uses when n is

large.
*We want to keep the index size sub-linear, specifically: O(n“ ), a<l

-Choose bucket size |, suchas: |.(1+ ZUOQ‘ZU) =alogn o<1

‘We get 2%109n _ na _ o(n) > |S|:O(n“ -log n-log log n)




ANALYZING OCC()

o Summing everything:

o

o

o

o

o Total Size: \Z\+0[L-Ioglog nj

# e
MTH

011 00101 11 | 00110 10 00110 IOOlOl 00101011 | 00110 10 010 10 IOOllO 10 O

a

23

b

13

1

NO & \W both take O(LJ

logn

NO' & W' bothtake o L-Ioglogn

MTF takes O(Lj

S takes

I m p S

NO!

logn

logn

O(n“ -logn-loglog n)

logn

W' 10|13 12|13 16| 11

a | 55
b | 38

W |23 48|75

NOZ Z 8

Total Time: ()(1)

| L
@

S

J101 011 I




NEXT. LOCATE PIN T

o We now want to retrieve the positions in T of the (Last — First+1)

pattern occurrences.
 Meaning: for every

» Denote the above as pos(i)

| = first, first+1,...,Last
Find position in T of the suffix which prefixes the i-th row.

pos(9) =7
m | i I | s|s |1 p|pl|1|#
112 (34|56 |7|8|9 1011 12

o We can't find pos(i) directly, but we can do:

o Givenrow i (9)

s ippi#missi s

, we can find row |

(11)‘ S sippi#miss i

such that pos(j) = pos(i) — 1

o This algorithm is called backward_step(i)

» Running time O(1)

Uses previous structures

—

n n n Y'Y B H P P R

mississipp
#mississip
ppi#missis
ssippi#mis
Ssissippi#
ississippi
i#mississi
pi#mississ
ippi#missi
issippi#mi
sippi#miss
sissippi#m

HoH W FO OB 0O |
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BACKWARD_STEP

» LJ[i] precedes F[i] In T.
» All char’s appear at the same order in L and F.

o So ides

1

m Mssiss,

T~

<’p pi#mis s q; ) §a
s ippi#missi H 19

s issippi#mi s [0

S sippi#miss i 11

S sissippi#m i [12
m|i|s|s|i|l[s|]fs|1|p|p|1l]|#
112 (34|56 |7 (8,9/|10|11 12

~would ju compute Occ(L]i],i)+C[LIi]]
Eﬁf We

- B o [T

W n »n

\

N

H-nl |k T #= 3 0 0 T

-




BACKWARD_STEP

o Solution:
« Compare Occ(c,i) to Occ(c,i-1) for every C € 22 \U {#}
» Obviously, will only differ at ¢ = L[i].
« Now we can compute Occ(L[i],)+CIL[i]].

o Calling Occ() is O(1)
o ‘2‘ — ®(1)

o Therefore backward_step takes O(1) time.

L
e
1
&
pr— S @)
@) @)
S S O
@) e P
—~ m 5
O o)
@ # N’
) —
—
&
i
-
S
—t
S
i
i
P=si
1=9




LOCATE P IN T;: PREPROCESSING

o Now we are ready for the final algorithm.

o First, mark every ‘Iog“g

N ‘ character from T
and its corresponding row (suffix) in L.

o For each marked row rj , Store its position

Pos([';) in data structure S.

o For example, querying S for Pos( I3) will return 8.

11

12

first

last

L

nw n|n|jn T TIB|H FORP|#]| T

mississipp i
#mississip p
ppi#missis s
ssippi#mis s
ssissippi# m
ississippi #
i#mississi p
pi#mississ i
ippi#missi s

issippi#mi s
sippi#miss 1
sissippi#m i

P=si
=9

© 00 NO Ul WDN P
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LOCATE PIN T

o Given row index I, find Pos(i) as follows:

o If I is a marked row, return Pos(i) from S. DONE!

0 Otherwise - use backward step(i) to find i’ such

mississipp
#mississip
ppi#missis
ssippi#mis
ssissippi#
ississippi
i#mississi
pi#mississ
ippi#missi
issippi#mi
sippi#miss

that : Pos(i) = Pos(i) — 1

0 Repeatt times until we find a marked row.
O Then — retrieve Pos(i’) from S and compute Pos(i)
by computing: Pos(i’) +1t

first

last

nw n|n|jn T TIB|H FORP|#]| T

sissippi#m

ml{ i | sifs| i|s|s|i|pl|pl|i/||t P=si
1,123 /4|5|6|7,8|9|10|1112 =9

© 00 NO Ul WDN P
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LOCATE PIN T

Example = finding “si”

o For i=last=10
e l1o Is marked — get Pos(10) from S :
 Pos(10)=4

o For i=first=9

° rg isn’t marked. - backward_step(9)
backward_step(9) = I}, (t=1)
rll isn’t marked either. - backward_step(11)
Backward_step(11) = r4 (t=2)

nw'o o8 r BRI

mississipp
#mississip
ppi#missis
ssippi#mis
ssissippi#
ississippi
i#mississi
pi#mississ
ippi#missi
issippi#mi
sippi#miss
sissippi#m

P=si
=9

HH 0 W HT B U ®NT H| M
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LOCATE PIN T

o For

Example = finding ‘“si”

| = last = 10
rlo Is marked — get Pos(10) from S :
Pos(10) =4

o For i1=first=9

rg isn't marked. - backward_step(9)
backward_step(9) = rll (t=1)

rll isn’t marked either. = backward_step(11)
Backward_step(11) = r4 (t=2)

I, isn't marked either. > backward_step(4)
Backward_step(4) = I3, (t=23)
rlo is marked — get Pos(10) from S. Pos
Pos(9) = Pos(10)+t=4+3=7

n uyn |n T OB |F H R 3] T

mississipp
#mississip
ppi#missis
ssippi#mis
ssissippi#
ississippi
i#mississi
pi#mississ
ippi#missi
issippi#mi
sippi#miss
Sissippi#m

P=si
=9

HH 00T B U ®0T R

© 00 NO Ul WDN P

N P O



POS()) ANALYSIS

o A marked row will be found in at most ‘ log** n ‘

iterations.

o Each iteration uses backward_step, which is O(1).

o So finding a single position takes O(Iog“g n)

o Finding all occ occurrences of Pin T takes:

Olocc- log** n)

but only if querying S for membership is O(1)!!
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S ANALYSIS - TIME

o Partition L's rows into buckets of @(|092 n) rows each.

o For each bucket
» Store all marked rows in a Packed-B-Tree (unique for each row),
» Using their distance from the beginning of the bucket

© 00 NO Ul WDN P

| L

as the key. (also storing the mapping) Al #|mississipp i

i #mississip p

173 E . - B i ppi#missis s
«IAW — i ssippi#mis s

i ssissippi# m

ﬁ El \g ississippi #
. ) . o = = / P i#mississi p
_ _ 9 _ p pi#mississ i

o Atree will contain at most O(Iog n) keys, of size s ippi#missi s
O(Iog(logzn))zo(log logn) bits each. el
_ S sippi#miss i

- 0O(1) access time \i’; sissippi#m i

ml i |s|(Isli|s|slillp|lp]|ill# P=si
1,123 /4|5|6|7,8|9|10|1112 =9

N P O



S ANALYSIS - SPACE

The number of marked rows is (O _n
Iogl+g n
Each key encoded in a tree takes O(Iog log n) bits,
and we need an additional O(logn) bits to keep
the Pos(i) value.

N
So S takes O(

g (loglog n+ log n)j

The structure we used to count P, uses
n bits, so choose ¢ between 0 and
Z|+0] ——-loglogn
logn
. n
1 (because going lower than O @409 log n] doesn't

reduce the asymptotic space usage.)
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