Journal of Combinatorial Theory, Series A 119 (2012) 1500-1522

Contents lists available at SciVerse ScienceDirect

Journal of Combinatorial Theory,
Series A

www.elsevier.com/locate/jcta

Exact minimum degree thresholds for perfect matchings
in uniform hypergraphs

Andrew Treglown?, Yi Zhao?-!

@ Computer Science Institute, Faculty of Mathematics and Physics, Charles University, Malostranské Namésti 25, 118 00 Prague,
Czech Republic
b Department of Mathematics and Statistics, Georgia State University, Atlanta, GA 30303, USA

ARTICLE INFO ABSTRACT
Article history: Given positive integers k and ¢ where 4 divides k and k/2 < ¢ <
Received 19 August 2011 k—1, we give a minimum ¢-degree condition that ensures a perfect

Available online 5 May 2012 matching in a k-uniform hypergraph. This condition is best possible

and improves on work of Pikhurko who gave an asymptotically
exact result. Our approach makes use of the absorbing method,
as well as the hypergraph removal lemma and a structural result
of Keevash and Sudakov relating to the Turan number of the
expanded triangle.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

A perfect matching in a hypergraph H is a collection of vertex-disjoint edges of H which cover
the vertex set V(H) of H. It is unlikely that there exists a characterisation of all those k-uniform
hypergraphs that contain a perfect matching for k > 3. Indeed, Garey and Johnson [6] showed that
the decision problem whether a k-uniform hypergraph contains a perfect matching is NP-complete
for k > 3. (In contrast, a theorem of Tutte [24] gives a characterisation of all those graphs which
contain a perfect matching.) It is natural therefore to seek simple sufficient conditions that ensure a
perfect matching in a k-uniform hypergraph.

Given a k-uniform hypergraph H with an ¢-element vertex set S (where 0 < ¢ <k — 1) we define
dy(S) to be the number of edges containing S. The minimum ¢-degree 8;(H) of H is the minimum of
dy(S) over all ¢-element sets of vertices in H. Clearly §o(H) is the number of edges in H. We also
refer to §1(H) as the minimum vertex degree of H and 8x_1(H) the minimum codegree of H.

One of the earliest results on perfect matchings was given by Daykin and Haggkvist [4], who
showed that a k-uniform hypergraph H on n vertices contains a perfect matching provided that
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S§1(H) > (1 — l/k)(Z:}). Recently there has been much interest in establishing minimum ¢-degree
thresholds that force a perfect matching in a k-uniform hypergraph. See [19] for a survey on
matchings (and Hamilton cycles) in hypergraphs. In particular, Rodl, Rucifiski and Szemerédi [22]
determined the minimum codegree threshold that ensures a perfect matching in a k-uniform hyper-
graph for all k > 3. The threshold is n/2 — k + C, where C € {3/2,2,5/2,3} depends on the values
of n and k. This improved bounds given in [13,21]. A k-partite version was proved by Aharoni, Geor-
gakopoulos and Spriissel [1].

Kiihn, Osthus and Treglown [14] and independently Khan [11] determined the precise minimum
vertex degree threshold that forces a perfect matching in a 3-uniform hypergraph. (This improved
on an “asymptotically exact” result of Han, Person and Schacht [8].) Recently a 3-partite version was
proved by Lo and Markstrém [15]. Khan [12] has also determined the exact minimum vertex degree
threshold for 4-uniform hypergraphs. (Lo and Markstrém [16] have a proof of an approximate ver-
sion of this result.) For k > 5, the precise minimum vertex degree threshold which ensures a perfect
matching in a k-uniform hypergraph is not known.

The situation for ¢-degrees where 1 < ¢ <k — 1 is also still open. Han, Person and Schacht [8]
provided conditions on §,(H) that ensure a perfect matching in the case when 1 < ¢ < k/2. These
bounds were subsequently lowered by Markstrom and Rucifski [17]. Recently, Alon et al. [2] gave
a connection between the minimum ¢-degree that forces a perfect matching in a k-uniform hyper-
graph and the minimum ¢-degree that forces a perfect fractional matching. As a consequence of this
result they determined, asymptotically, the minimum ¢-degree which forces a perfect matching in a
k-uniform hypergraph for the following values of (k, ¢): (4,1), (5,1), (5,2), (6,2), and (7, 3).

Pikhurko [18] showed that if ¢ > k/2 and H is a k-uniform hypergraph whose order n is divisi-
ble by k then H has a perfect matching provided that é,(H) > (1/2 + o(l))(kfg). This result is best
possible up to the o(1)-term (see the constructions in Hexc(n, k) below).

In this paper we strengthen Pikhurko’s result for k-uniform hypergraphs when 4 divides k. In order
to state our results, we need more definitions. Fix a set V of n vertices. Given a partition V into non-
empty sets A, B, let Eqqq(A, B) (Eeven(A, B)) denote the family of all k-element subsets of V that
intersect A in an odd (even) number of vertices. (Notice that the ordering of the vertex classes A, B
is important.) Define B, x(A, B) to be the k-uniform hypergraph with vertex set V = AU B and edge
set Eqqq(A, B). Note that the complement Bn,k(A, B) of By (A, B) has edge set Eeyen(A, B).

Suppose n,k € N such that k divides n and k > 2. Define Hext(nn,k) to be the collection of the
following hypergraphs. First, Hext(n, k) contains all hypergraphs B, (A, B) where |A| is odd. Second,
if n/k is odd then Hext(n, k) also contains all hypergraphs B, (A, B) where |A] is even; if n/k is even
then Hex:(n, k) also contains all hypergraphs 5B, (A, B) where |A| is odd.

It is easy to see that no hypergraph in Hex(n, k) contains a perfect matching. Indeed, first assume
that |A| is even and n/k is odd. Since every edge of B, x(A, B) intersects A in an odd number of
vertices, one cannot cover A with an odd number of disjoint odd sets. Similarly B, (A, B) does not
contain a perfect matching if |A| is odd and n/k is even. Finally, if |A| is odd then since every edge of
L_S’n,k(A, B) intersects A in an even number of vertices, E’nﬁk(/\, B) does not contain a perfect matching.

Given ¢ € N such that k/2 < £ <k — 1 define §(n,k, ¢) to be the maximum of the minimum ¢-
degrees among all the hypergraphs in Hex:(n, k). For example, it is not hard to see that

n/2—k+2 ifk/2 is even and n/k is odd,

n/2—k+3/2 ifkisoddand (n—1)/2is odd, (1)
n/2—-k+1/2 ifkisoddand (n —1)/2is even,

n/2—-k+1 otherwise.

sk, k—1)=

The following is our main result.

Theorem 1.1. Suppose 1, £ € N such that 2r < £ < 4r — 1. Then there exists an ng € N such that the following
holds. Suppose H is a 4r-uniform hypergraph on n > ng vertices where 4r divides n. If

8¢(H) > 6(n,4r,£)

then H contains a perfect matching.
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As explained before, the minimum ¢-degree condition in Theorem 1.1 is best possible. When k
is divisible by 4, Theorem 1.1 and (1) together give the aforementioned result of Rodl, Rucifiski and
Szemerédi [22].

In general, the precise value of §(n, k, £) is unknown because it is not known what value of |A|
maximizes the minimum ¢-degree of B, (A, B) (or Bn,k(A, B)). Clearly one needs to know the degree
of every £-tuple of vertices from B, (A, B) to establish the minimum ¢-degree of 3, (A, B). Further,
if one knows this then one can compute the total number of edges in B, x(A, B). However, for even k,
it is shown in [10, Section 3.1] that finding the value of |A| that maximizes the number of edges in
B,.k(A, B) is equivalent to finding the minima of binary Krawtchouk polynomials, which is an open
problem. Thus, this would suggest that calculating §(n, k, ¢) is likely a challenging task.

In Appendix A we give a tight upper bound on §(n, 4, 2), which together with Theorem 1.1 gives
the minimum 2-degree threshold that forces a perfect matching in a 4-uniform hypergraph. This
result was recently independently proven by Czygrinow and Kamat [3].

Theorem 1.2. There exists an ng € N such that the following holds. Suppose that H is a 4-uniform hypergraph
onn > ng vertices where n is divisible by 4. If

2

n 5 /n—-3 3
Sy(H) > — — 2 _

2> 7 =7 2 T3

then H contains a perfect matching. Furthermore, this minimum degree condition is best possible.

Note that Theorem 1.2, together with the results of Rodl, Rucifiski and Szemerédi [22] and
Khan [12], characterize the minimum ¢-degree threshold that forces a perfect matching in a 4-uniform
hypergraph for all 1< ¢ <3.

The overall strategy for the proof of Theorem 1.1 is similar to that of Rodl, Rucinski and Sze-
merédi in [22], which in turn is typical for proving sharp results. Indeed, we split the argument
into ‘extremal’ and ‘non-extremal’ cases, and use the absorbing method developed by R&dl, Rucifiski
and Szemerédi [20] in the non-extremal case. However, our non-extremal case is somewhat different
from [22]. We concentrate on the ¢ = 2r case and study the structure of an auxiliary graph G(H),
whose vertices are all 2r-subsets of V (H), and two 2r-sets U, W are joined by an edge if and only if
U UW € E(H). Furthermore, we use the hypergraph removal lemma (see e.g. [7,23]) and a structural
result of Keevash and Sudakov [10].

In fact, the proof of Theorem 1.1 is such that most of the argument extends to a more general
setting. For example, we deal with the extremal case for k-uniform hypergraphs for all integers k > 2.
Several parts of the non-extremal case also generalize to 2r-uniform hypergraphs (where r € N). Thus,
it seems likely that our methods may be useful in making Pikhurko’s result exact for k-uniform hy-
pergraphs for all k > 2.

Conjecture 1.3. Suppose k, ¢ € N such that k/2 < € < k — 1. Then there exists an ng € N such that the follow-
ing holds. Suppose H is a k-uniform hypergraph on n > ng vertices where k divides n. If

S¢e(H) > 8(n, k, 0)

then H contains a perfect matching.

2. Notation and preliminaries

2.1. Definitions and notation

Given a set X and an integer r > 2, we write ()r() for the set of all r-element subsets (r-subsets,
for short) of X. Let k, £ € N. Suppose H = (V,E) is a k-uniform hypergraph. Let {vq,...,v;} be an
¢-subset of V(H). Often we will use the notation v, for example, to abbreviate {vi---v,}. When it
is clear from the context we may also write vi---v, (i.e. we drop the brackets). Given v € (V(ZH)),
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we write Ny (v) or N(v) to denote the neighborhood of v, that is, the family of those (k — ¢)-subsets
of V(H) which, together with v, form an edge in H. Then |[Ny(v)| =dy(v). When considering ¢-
degree together with ¢'-degree for some ¢’ # ¢, the following proposition is very useful (the proof is
a standard counting argument, which we omit).

Proposition 2.1. Let 0 < ¢ < ¢/ < k and H be a k-uniform hypergraph. If 8, (H) > x(z:ﬁ:) forsome 0 < x < 1,

then 8;(H) > x(',::f)

We denote the complement of H by H. That is, H := (V (H), (V(kH)) \ E(H)). Given a set A C V(H),
H[A] denotes the k-uniform subhypergraph of H induced by A, namely, H[A] := (A, E(H) N (’,:)). We
define H\ A:= H[V(H) \ A]. Given B C E(H), we define H[B]:= (V(H), B).

Let ¢ > 0. Suppose that H and H’ are k-uniform hypergraphs on n vertices. We say that H is
e-close to H’, and write H = H' + en¥, if H becomes a copy of H’ after adding and deleting at most
enk edges. More precisely, let AAB :=(A\ B)U (B \ A) denote the symmetric difference of two sets A
and B. Then H is e-close to H’ if there is an isomorphic copy H of H such that V(H) = V(H’) and
|E(H)AE(H")| < enk.

Given a graph G, x € V(G) and Y C V(G), we denote by dg(x,Y) the number of vertices y € Y
such that xy € E(G). A bipartite graph is called balanced if its vertex classes have equal size.

We will often write 0 < a; < a; < az to mean that we can choose the constants ai, a,, az from
right to left. More precisely, there are increasing functions f and g such that, given a3, whenever
we choose some a; < f(a3z) and a1 < g(az), all calculations needed in our proof are valid. Hierarchies
with more constants are defined in the obvious way. Throughout the paper we omit floors and ceilings
whenever this does not affect the argument.

2.2. The extremal graphs B,  and By i (t)

Given a k-uniform hypergraph H and a partition A, B of V (H), an edge e of H is called an A"B*"
edge if eNA|l=r and |eN B| =k —r. An A"B¥" edge is called an (A, B)-even edge if r is even;
otherwise we call such an edge (A, B)-odd. We refer to such edges as even and odd respectively when
it is clear from the context what our partition of V (H) is. Two edges of H have the same parity if both
are even or both are odd. As defined earlier, Eoqq(A, B) (Eeven(A, B)) is the family of all (A, B)-odd
(-even) edges.

Suppose that n € N such that n > k > 2. Let A, B be a partition of a set of n vertices. Recall that
B,k (A, B) is the k-uniform hypergraph with vertex set AU B and edge set Eoqq(A, B), and its com-
plement By (A, B) has edge set Eeven(A, B). When |A| = [n/2] and |B| = [n/2], we simply denote
B, k(A, B) by Bk, and By, (A, B) by B, k. When |A| = [n/2]| +t and |B| = [n/2] —t for some integer
t such that —|n/2| <t < [n/2], we may denote B, x(A, B) by By (t). We refer to A and B as the
vertex classes of By and By i (t).

2.3. Absorbing sets

Following the ideas of RAdl, Rucifiski and Szemerédi [20,22], we define absorbing sets as follows:
Given a k-uniform hypergraph H, a set S C V (H) is called an absorbing set for Q < V (H), if both H[S]
and H[S U Q] contain perfect matchings. In this case, if the matching covering S is M, we also say M
absorbs Q.

When constructing our absorbing sets in Section 5 we will use the following Chernoff bound
for binomial distributions (see e.g. [9, Corollary 2.3]). Recall that the binomial random variable with
parameters (n, p) is the sum of n independent Bernoulli variables, each taking value 1 with probability
p or 0 with probability 1 — p.

Proposition 2.2. Suppose X has binomial distribution and 0 < a < 3/2. Then P(|X — EX| > aEX) <
2
2e~ TEX,
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2.4. Two structural results for hypergraphs

In Section 5.3 we will show that if our hypergraph H does not contain a certain type of absorbing
set then H is in the extremal case. To deduce this, we will obtain structural information about two
auxiliary (hyper)graphs. This will in turn provide structural information about H. The following two
powerful results will be required for this.

Theorem 2.3 (Hypergraph Removal Lemma). (See [7,23].) Let y > 0 and k, t € N such that 2 < k < t. Given
any k-uniform hypergraph F on t vertices, there exists « = «(F, y) > 0 and no = no(F, y) € N such that the
following holds. Suppose H is a k-uniform hypergraph on n > ng vertices such that H contains at most cn®
copies of F. Then H can be made F-free by deleting at most yn" edges.

Given r € N, let C%r denote the expanded 2r-uniform triangle. That is, C%r consists of three disjoint
sets P1, Py, P3 of vertices of size r, and the edges P1U P3, P, UP3, P3U P1. Keevash and Sudakov [10]
used the following theorem to prove a conjecture of Frankl [5] concerning the Turan number of C32r.

Theorem 2.4. (See [10].) For every y > 0 and r € N, there exists 8 = B(y,r) > 0 such thatif H is a C%r-free
2r-uniform hypergraph on n vertices with

g 1 n
- (3-)(z)

then H = By oy & yn?".
3. Proof of Theorem 1.1

Most of the paper is devoted to the proof of the following two results: we will prove Theorem 3.1
in Section 5 and Theorem 3.2 in Section 4.

Theorem 3.1. Let € > 0 and r, £ € N such that 2r < £ < 4r — 1. Then there exist «, & > 0 and ng € N such
that the following holds. Suppose that H is a 4r-uniform hypergraph on n > ng vertices where 4r divides n. If

1 n—¢
de(H) > <§ _“> <4r—e>

then H is e-close to By 4 or [_3,1,4r, or H contains a matching M of size |M| < &n/(4r) that absorbs any set
W C V(H)\ V(M) such that |W| € 4rN with |W| < &2n.

Notice that the minimum ¢-degree condition in Theorem 3.1 is weaker than that in Theorem 1.1.
Theorem 3.1 says that either H contains a reasonably small absorbing set which can absorb any small
set of vertices or H is ‘close’ to B, 4r or E’Mr. The next result shows that in the latter, ‘extremal case’,
H contains a perfect matching.

Theorem 3.2. Given 1 < £ < k — 1, there exist ¢ > 0 and ng € N such that the following holds. Suppose that H
is a k-uniform hypergraph on n > ng vertices such that n is divisible by k. If §,(H) > 8(n, k, £) and H is e-close
to By k or By , then H contains a perfect matching.

The following result of Markstrém and Rucinski [17] is needed in the ‘non-extremal’ case.

Theorem 3.3. (See [17, Lemma 2].) For each integer k > 3, every 1 < £ < k — 2 and every y > 0 there exists
an ng € N such that the following holds. Suppose that H is a k-uniform hypergraph on n > nqg vertices such
that



A. Treglown, Y. Zhao / Journal of Combinatorial Theory, Series A 119 (2012) 1500-1522 1505

Se(H) > k—1¢ 1 n n—4¢
S W ki "V N k_¢)

Then H contains a matching covering all but at most /n vertices.

In [17], Markstrém and Rucifski only stated Theorem 3.3 for 1 < ¢ < k/2. In fact, their proof
works for all values of £ such that 1 < ¢ <k—2. In the case when £ =k —1, we need a result of Rddl,
Rucinski and Szemerédi [22, Fact 2.1]: if 8;_1(H) >n/k, then H contains a matching covering all but
at most k? vertices in H.

We now show that, to prove Theorem 1.1, it suffices to prove Theorems 3.1 and 3.2.

Proof of Theorem 1.1. Let € be as in Theorem 3.2 and «, & be as in Theorem 3.1. That is,

O<o,ékKek/r.

Assume that 2r < € < 4r — 1. Consider any sufficiently large 4r-uniform hypergraph H on n vertices
such that 4r divides n and

8¢(H) > 8(n,4r,0).

For any k > 2, it is clear that &y_1(Bpx) >n/2 — (k — 1). Thus, by Proposition 2.1, 8¢(Bn 4r) >
(1/2—a)(4 z) Consequently 8¢(H) > (1/2 —a)(,_" z) Theorem 3.1 implies that either H is e-close to
By k or Bn,k or H contains a matching M of size |M| < én/(4r) that absorbs any set W C V(H)\ V(M)
such that |W| € 4rN with |W| < £2n. In the former case Theorem 3.2 implies that H contains a perfect
matching. In the latter case set H := H\V (M) and n’ := |V (H')|. Since £ > 2r, a,& < 1/r and n is
sufficiently large,

, n 4r—¢ 1 n —¢
(Se(H)?(Se(H)—|V(M)|(4r_e_1)2( " _(4r)<4r—€>+°‘)<4r_g>'

Hence, if ¢ < 4r — 2, Theorem 3.3 implies that H’ contains a matching M’ covering all but at most +/n’
vertices in H'. If £ =4r — 1, then since §,(H’) > n’/(4r), Fact 2.1 from [22] implies that H’ contains a
matching M’ covering all but at most (4r)2 vertices in H'. In both cases set W := V (H")\V (M’). Then
[W| < /1’ < £2n. By definition of M, there is a matching M” in H which covers V(M) U W. Thus,
M’ UM” is a perfect matching of H, as desired. O

4. The extremal case

In this section we prove Theorem 3.2: for sufficiently small ¢ > 0 and sufficiently large n € kN, any
k-uniform n-vertex hypergraph H with §,(H) > §(n, k, £) and which is e-close to B, x or B’mk contains
a perfect matching. Recall that §(n, k, £) is the maximum of the minimum ¢-degrees among all the
hypergraphs in Hexc(n, k), and Hexc(n, k) contains all hypergraphs Z_Sn,k(A, B) with |A| odd, and all
hypergraphs By, x(A, B) where n/k is odd and |A] is even, and where n/k is even and |A] is odd.

Given two k-uniform hypergraphs H and H’ on n vertices, we say H e-contains H’ if, after adding
at most enk edges to H, the resulting hypergraph contains a copy of H’. More precisely, H s -contains
H’ if there is an isomorphic copy H of H such that V(H) = V(H’) and |E(H’) \ E(H)| < en*. Trivially
if H is e-close to H’, then H e-contains H'.

The following theorem thus implies Theorem 3.2.

Theorem 4.1. Given 1 < £ < k — 1, there exist ¢ > 0 and ng € N such that the following holds. Suppose that H
is a k-uniform hypergraph on n > ng vertices such that n is divisible by k. Then H contains a perfect matching
if the following holds:

o S¢(H)>8m,k,0);
e H g-contains By i or By k.
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Furthermore, by modifying the proof of Theorem 4.1 slightly one can obtain another structural
extremal case result (we omit its proof).

Theorem 4.2. Given an integer k > 2, there exist ¢ > 0 and ng € N such that the following holds. Suppose
that H is a k-uniform hypergraph on n > nq vertices such that n is divisible by k. Then H contains a perfect
matching if the following holds.

(i) $1(H) > G — ) (;_1);
(ii) Under any partition A, B of V (H), there always exist at least one (A, B)-even edge and at least one
(A, B)-odd edge;
(iii) H e-contains By or By .

The rest of this section is devoted to the proof of Theorem 4.1.
4.1. Preliminaries and proof outline

Given a set A, we denote by K¥(A) the complete k-uniform hypergraph on A (the superscript k
is often omitted). Given integers 0 < r < k and two disjoint sets A and B, let Kf(A, B) or simply
K:(A, B) denote the k-uniform hypergraph on A U B whose edges are all k-sets intersecting A with
precisely r vertices.

Let H, H' be two k-uniform hypergraphs on the same vertex set V. Let H'\ H := (V, E(H")\ E(H)).
Suppose that 0 <o <1 and |V|=n. A vertex v € V is called a-good in H (otherwise «-bad) with
respect to H' if dynp(v) < an®~1. Sometimes we also say that v is «-good (in H) with respect to
E(H').

We use the following result [22, Fact 4.1] and include a proof for completeness.

Lemma4.3. Letk,r € Nsuchthatk>2andr <k. Let0 <« < W Suppose that H is a k-uniform

hypergraph on V. = AU B such that |A| =tr, |B| = t(k — r) for some integer t > 2(k — 1), and every vertex of
H is a-good with respect to Kf (A, B). Then H contains a perfect matching.

Proof. Let M be a largest matching of H consisting of only A"BXT edges. Set m := [M| and n :=
|V| =tk. We claim that m = t, namely, M is a perfect matching of H. Suppose m <t instead. Let
Ap:=A\ V(M) and Bg := B\ V(M). Then |Ag| = (t —m)r>r and |Bg| = (t —m)(k—1) >k —r. The
maximality of M implies that there are no AjB k " edges. Fix v € Ap. Since v is a-good with respect
to K¥(A, B), it follows that (‘Ar‘ﬂl 1)(LB_"rl) < omk 1, which implies that

— k—
Aol \"" (1Bol \" _ i
r k—r =

and thus, (¢ —m)*~1 < a(tk)*~1. Since o < 1/(2k)¥~1, this implies that t —m < t/2 or m > t/2.

Fix a k-set S ={vq,v2,..., vk} with vq,...,v: € Ag and V;41,..., vV € Bp. Given a vertex v € V,
we call a collection eq,...,ex_1 of k — 1 distinct edges feasible for v if every k-set T with v € T,
[TNejl=1forall1<i<k—1and |TNA|=r is an edge of H. We claim that there are k— 1 (distinct)
edges eq,...,ex_1 of M that are fe351ble for all the vertices of S. This contradicts the maximality of
M since it is easy to see that UI 1 € US contains k disjoint ATB¥—T edges of H.

To find k — 1 feasible edges for all the vertices of S, we consider all (k — 1)-tuples of M. There

are (,l'\_”l‘) > (t/z) (k — 1)-tuples of M. Since each v; is a-good, at most an*~1 (k — 1)-sets that are

neighbors of v in Kf(A, B) are not neighbors of v; in H. Thus at most an*~1 (k — 1)-tuples of M

are not feasible for v;. In total, at most kan*~1 (k — 1)-tuples of /M are not feasible for at least one
. 1 t/2 K k—1

vertex of S. Since £/2 >k —1 and & < ;oto, we have (5) = (Z(k l))‘ > kan*—1. Hence

there always exists a (k — 1)-tuple of M feasible for all the vertices of S. O
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To derive Corollary 4.5, we also need a simple claim.

Claim 4.4. Let H and H’ be two k-uniform hypergraphs on an n-vertex set V. Suppose that « > 0 and v is
a-good in H with respect to H'. Let H” be a subgraph of H' on U C V such that v € U and |U| > cn for some
¢ > 0. Then v is o’-good in H[U] with respect to H”, where o’ := o /ck—1.

Proof. This follows from
dur <duw < k—1 — o k—1 <d'lU k—1 O
HN\H[U1(V) Sdgrg(v) <on o (en)™ <o |UT.

Corollary 4.5. Given an even integer k > 2, there exist « > 0 and ng € N such that the following holds for
all n > ng with n € 2kN. Suppose that H is an n-vertex k-uniform hypergraph with a partition A, B of V (H)
such that |A| = |B| =n/2. If every vertex of H is c.-good with respect to By x (A, B), then H contains a perfect
matching.

Furthermore, if k/2 is odd, then n € 2kN can be weakened to n € kN.

Proof. First assume that n € 2kN. Then |A| = |B| is divisible by k. We arbitrarily partition A into
two subsets A; of size |A|/k and A, of size |A|(k — 1)/k, and partition B into two subsets Bi of
size |B|(k — 1)/k and B; of size |B|/k. Let H; = H[A; U B;] for i =1, 2. Since all the vertices of H
are a-good with respect to B, (A, B), by Claim 4.4, all the vertices in A; U By are «’-good in H;
with respect to Kq(A1, B1), where o’ := 2¥~1q. Similarly, every vertex in A, U B, is a’-good in H3
with respect to K;(Az, B2). As @’ <« 1/k, we can apply Lemma 4.3 to H; and H, obtaining a perfect
matching My of Hy and a perfect matching M, of H,. Thus M U M is a perfect matching of H.

Second assume that k/2 is odd and n € kN. Then |A| = |B| is divisible by k/2. Since every vertex
of H is a-good with respect to Ki/»(A, B), we can apply Lemma 4.3 with r =k/2 obtaining a perfect
matching of H. O

Now we give an outline of our proof of Theorem 4.1.

Step 1: Since H ¢-contains By (or B’n,k), all but at most e1n vertices in H are &;-good with respect
to By (or E’n,k) for some € <« €1 < &3. Denote the set of £;-bad vertices by V. Let A and
B denote the vertex classes of By (or B’n,k). We move the vertices of Vg to the other side
(from A to B or from B to A) and denote the resulting sets by A; and B;.

Step 2: In some cases, we will obtain a special edge egp, which is an (A1, B1)-even edge when H
g-contains By, or an (A1, B1)-odd edge when H &-contains l_in,k. Note that ey may contain
vertices of V.

Step 3: We remove a matching M1 of size |[M1| < e1n containing all the vertices in Vy \ eg. Denote
the resulting sets by A and B;.

Step 4: We remove a small matching from H[A, U B3] such that the resulting sets As, B3 satisfy:

e If k is even and H &-contains B’n,k, then |A3| =0 (mod k).

e If k is even and H e-contains By k, then |A3| = |B3|. Furthermore, if k is divisible by 4, we
also need |A3| =0 (mod k).

e If k is odd, then |A3| =0 (mod k — 1).

In many cases the special edge e( is needed in this step.

Step 5: If ep was introduced in Step 2 but not used in Step 4 and eg N Vg # @, we remove a small
matching containing all the vertices in eg N Vo while preserving the property mentioned in
Step 4.

Step 6: We apply Lemma 4.3 or Corollary 4.5 to H[A3U B3] and find a perfect matching of H[A3 UB3].

In the next three subsections, we give details of these steps based on the three cases listed in Step 4.
Full details for each step are only given when the step is needed at the first time. Note that Steps 1
and 3 are essentially the same for all the three cases but Steps 2 and 5 are not necessary in some
cases.
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Indeed, we may only apply Step 2 in the case when, after applying Step 1, (i) H e-contains 3, y and
Buk(A1, B1) € Hext(n, k) or; (ii) H e-contains By and By (A1, B1) € Hext(n, k). In these cases, we
will need to use the condition that 8,(H) > 8(n, k, £) to ensure H contains our desired edge eg. This
is the only place in the proof of Theorem 4.1 (and in fact, the only part of the proof of Theorem 1.1)
where we use the full force of our minimum ¢-degree condition.

The edge eg acts as a “parity-breaker”, helping us to construct our desired perfect matching. How-
ever, if H does not satisfy (i) or (ii) then no parity-breaking edge is required, and so we do not need
Step 2.

4.2. kiseven and H e-contains En,k

In this subsection, we prove Theorem 4.1 under the assumption that k is even and H &-contains
Bk, where 0 < & « 1/k. Define g1 := kie3 and & 1= kZe3. Let H be a k-uniform hypergraph
on an n-vertex set V for sufficiently large n € kN. Note that n is even because k is even. Sup-
pose that H e-contains Bn,k, namely, there exists a partition A, B of V such that |A| = |B| =n/2,
Bk = (V, Eeven(A, B)) and |Eeven(A, B) \ E(H)| < enk.,

Step 1: Recall that a vertex v € V(H) is s2-bad with respect to By if dB".k\H(V) > gnk1, In

other words, if v is g;-good then all but at most 2n*~1 of the (A, B)-even edges that contain v
belong to H. We observe that at most &1n vertices in H are €;-bad. Otherwise

k|EBni) \ EHD| =" [Ng, (D \Nu(¥)| > 21" e1n = ken",

veV

contradicting the assumption that |Eeven(A, B) \ E(H)| < enk.
Let Ap and By denote the sets of £;-bad vertices in A and in B, respectively, and set V¢ := AgU By.
Then |Ao| + |Bol = |Vol| < &1n. Notice that §;(H) > (§ — 8)(2:}) by Proposition 2.1. Consider v € V.

<
We know that dEn,k(v) < (% + s)(zz}). Since dg \ (V) > gonk~ 1 it follows that

1 n—1 k1 k=1 n—1 €2 k1
dH\Bn’k(v)>(5—8>(k_1)—(dgn’k(v)—azn‘ )= et —2¢ k1 >?n‘ . (2)

In other words, v lies in at least szn"‘1/2 (A, B)-odd edges in H.

Define Ay := (A \ Agp) UBp and By := (B \ Bg) U Ap. Then A1, By is a partition of V(H) with
|A1l,1B1] = (1/2 — ).

We now separate cases based on the parity of |A1].

First assume that |Aq| is even. Then Bn,k(/h, B1) ¢ Hext(n, k). Thus, we do not need Step 2 (and
therefore Step 5) in this case.

Step 3: We remove a matching M; from H such that

o [Mq|=|Vo| <é&n;
e each edge of M; contains exactly one vertex of Vy;
o all the edges of My are (A1, B1)-even.

To find M7, we consider the vertices of V in an arbitrary order and apply the following simple claim
repeatedly.

Claim 4.6. Let k > 2 be an integer and o, oy be constants such that oy > o1 /(k — 2)! > 0 (here 0! := 1).
Let H be a k-uniform hypergraph on n vertices such that dy (v) > axn*=! and |U| < a1n for some U C V (H)
with v ¢ U. Then v lies in an edge disjoint from U.

Proof. There are at most am(Zj) < ﬁn"q edges of H containing v and at least one vertex

from U. Since oy > o1 /(k — 2)!, there exists an edge containing v and no vertex of U. O
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Suppose that we have found i edges in M; and consider the next vertex v € Vp. Then |V U
V(M1)| < keqn. Because of (2) and €1 <« &, we can apply Claim 4.6 with U = (Vg \ {v}) U V(My)
to find an (A, B)-odd edge containing v but no other vertex of Vo and which is disjoint from the
existing edges of M;. By the definition of A1, By, any (A, B)-odd edge containing v and no other
vertex of Vg is an (A1, B1)-even edge. We thus add this edge to M. At the end of this process, let
Az = A] \ V(M]) and By :=B1 \ V(M]).

Step 4: Since |Aq| is even, the third property of M; implies that s:=|A;| (mod k) is also even.
If s # 0, we remove an A;Bg_s edge e;. Such an edge exists because all the vertices in A, U B, are
g9-good with respect to E’n,k. More precisely, since Ay C A, B, C B, and |A3|, |B2| > (% —(k+ 1)eq)n,
Claim 4.4 implies that all the vertices in A, UB; are 2¢;-good with respect to Ks(A3, By). As €2 < 1/k
and consequently

pepr1 < <<% — (k+Depn — 1)(@ —k+ 1)81)n>’
s—1 k—s

there exists an A;B’;_S edge containing any vertex in Aj.

Let A3 := Ay \ey and B3 := B\ . Then |A3| =0 (mod k). Since |A3|+|B3| =|A|+|B| =0 (mod k),
we have |B3| =0 (mod k).

Step 6: Since |A3| > (1/2 — 2keq)n >n/3, by Claim 4.4, all the vertices of Az are (3¥"1e,)-good
in H[A3] with respect to l_‘?n,k[A3] = K"(Ag), the complete k-uniform hypergraph on As. As &2 < 1/k,
by Lemma 4.3 (with r = k), there is a perfect matching M3 of H[A3]. Similarly we can find a perfect
matching M of H[B3] (note that By k[B3] = K*(B3) because k is even). The union M; U{e;}UM3 UM,
is the desired perfect matching of H.

Now assume that |A1] is odd. In this case we need Step 2 (but not Step 5). Note that B’n,k(/h, By) €
Hext(n, k) since |A1] is odd. As 8¢(H) > 8(n, k,£) > & (E’n,k(m, B1)), we can find an (A1, B1)-odd
edge eg. We apply Step 3 as before though now we require that M is chosen to be disjoint from eg. In
particular, this means My is chosen to cover Vg\ep. After Step 3, we let A’2 := Az \ep and B/2 := By \ep.
Then s :=|A}| (mod k) is even. The rest of the argument is the same as in the case when |A1] is even.

4.3. kiseven and H e-contains By k

Assume that k is even, and n is sufficiently large and divisible by k (thus n is also even). Recall
that B, is the k-uniform hypergraph whose vertex set is partitioned into A U B such that |A| =
|B| =n/2 and whose edge set Eyqq(A, B) consists of all k-sets that intersect A in an odd number of
vertices. Suppose that H is a k-uniform hypergraph on n vertices such that H ¢-contains By x, namely,
|Eoaa(A, B) \ E(H)| < en. _

Step 1 is the same as in Section 4.2, except for replacing B, x by By k. Therefore again Ap and Bg
denote the sets of £,-bad vertices in A and B respectively and V¢ := Ag U By, A1 := (A\Ap) U Bp and
B1 := (B\Bo) U Ap.

If B, k(A1, B1) € Hexe(n, k) then as 8¢(H) > 6¢(B, (A1, B1)), we can apply Step 2. That is, H con-
tains an (A1, B1)-even edge eq. Then ro :=|eg N Aq| is even. If By, (A1, B1) ¢ Hext(n, k) then we do
not apply Step 2. (So in what follows, we take eg = in this case.)

In Step 3, we remove a matching M1 such that

e [M1]=|Vo\eo| < &1m;
e each edge of M; contains exactly one vertex of Vj\eo;
e all the edges of My are (A1, B1)-odd and are disjoint from eg.

Further, in the case when B, (A1, B1) ¢ Hext(nn, k) we add at most 3 extra (A1, B1)-odd edges to M
to ensure that My is a matching with |[M1| divisible by 4. Set A := A1\ V(M7) and By := B1\ V(M1).
Without loss of generality, assume that |Ay| > |Ba|. Let d := |Aa| — |B2|. Then d is even because
|A2| + |B2| is even. We also know that d < k|M1| + 2|Vo| < (k + 2)e1n + 3k. We now separate cases
based on the parity of k/2.
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4.3.1. k/2 is even

Step 4: We remove a matching M, that consists of d/2 A edges that are disjoint from
M; and e (note that k/2 +1 and k/2 — 1 are odd). In a similar way to Step 4 of Section 4.2, these
edges exist because all the vertices in (A U By) \ eg are &2-good with respect to B, k. The resulting
sets A3z := A \ V(M) and B3 := B \ V(M3) thus have the same size

Azl = (5 1) =g - S5 -
217 5\2 A :

Let s:=|A3| =|B3| (mod k). Since |A3|+ |B3| =0 (mod k), it follows that either s =0 or s =k/2.

Notice that if B, (A1, B1) ¢ Hext(n, k), then s = 0. Indeed, suppose not. Then s =k/2 and so |A3| =
|B3| =km + k/2 for some m € N. Thus, |A3| + |B3| = 2km + k. Hence, (|As| + |B3|)/k is odd but |Asz|
is even. Since the edges in M1 U M, are (A1, By)-odd, this implies that either (|A;| + |B1])/k =n/k
is odd and |Aq] is even or n/k is even and |Aq]| is odd. In both cases this implies that By (A1, B1) €
Hext(n, k), a contradiction.

Case 1a: s=0. If egNVy =@, then we proceed to Step 6 directly. Since |A3| = |B3| =0 (mod k) and
|As], |B3| > (% — 2](281)11, we can apply Corollary 4.5 obtaining a perfect matching M3 of H[A3 U Bs].
Consequently M1 U M U M3 is the desired perfect matching of H. (Note that this covers the case
when B, k(A1, B1) ¢ Hext(n, k), since s =0 and eg = ¢ in this case.)

If eg N Vo # ¢, then we need Step 5, in which we remove a small matching containing all the
vertices of eg N Vo. Let v € eg N Vp. By a similar calculation as in (2), v is contained in at least
£2nk*1/2 (A, B)-even edges. Applying Claim 4.6 with U =V (M7 U M3) U (eg\v), we find an (A, B)-
even edge of H[A3 U B3] containing v. Since v changes ‘side’ (from A to B or from B to A1), and by
the choice of U, this edge is an A;B’;’r edge for some odd r. To keep the numbers of the remaining

vertices in A3 and B3 the same and divisible by k, when we remove an A;Bg_r edge e containing v

k/2+1 k/2—1
2 B,

we immediately remove an Aé’ng edge disjoint from e (such an edge exists because all the vertices
in (A3 UB3)\ eg are &3-good with respect to 3, k). Repeat this process for all the vertices in eg N V.
Denote by M3 the set of all removed edges in this step. Then |[M3| < 2k. Let A4 := A3\ V(M3) and
B4 := B3\ V(M3). Then |A4| = |B4| =0 (mod k). Finally in Step 6 we find a perfect matching M4 of
H[A4 U B4] by Corollary 4.5. Thus My U M U M3 U My is the desired perfect matching of H.

Case 1b: s =k/2. Recall that |eg N A1| =19 for some even ro. Thus, |eg N A3| =ro. We continue
on Step 4 as follows. If rg < k/2, then we remove ey together with % — 1o disjoint A’é/zHBg/z_l
edges; otherwise we remove ey together with ro — % disjoint Al_i,/zleg/zH edges. Denote by M3
the set of these removed edges. Let A4 := A3\ V(M3) and B4 := B3\ V(M3). It is easy to see that
|Ag4] = |B4| = |A3| — (|§ —Tol + 1)’7‘. Since s =k/2 and k/2,ryg are even, we have |A4] =0 (mod k).
Since ep has been used, we now skip Step 5 and proceed to Step 6. As in Case 1a, we find a perfect
matching M4 of H[A4 U B4] by Corollary 4.5. Consequently M U M, U M3 U My is the desired perfect
matching of H.

4.3.2. k/2is odd

Recall that d :=|A3| — |B2| > 0 is even. We will separate cases based on the parity of d/2. Firstly
though, notice that if By (A1, B1) ¢ Hext(n, k) then d is divisible by 4. Indeed, suppose instead that
d =2 (mod 4). First consider the case when |Az| + |B2| is divisible by 4. Since |[Mq] is divisible by
4, this implies that |A{| + |B1| =n is divisible by 4. But since k is not divisible by 4, this implies
that n/k is even. Further, since d =2 (mod 4), we derive that |A;| is odd. Since |A7 \ A3| is even,
this implies that |A{]| is odd. Therefore 5, k(A1. B1) € Hext(n, k), a contradiction. Second assume that
|A2] + |B2| =2 (mod 4) (recall that |A;| + |B;| is even). Since |M1]| is divisible by 4, this implies that
n=2 (mod 4). As k is even, this implies that n/k is odd. So as d =2 (mod 4), we derive that |A;| is
even, and consequently |A1]| is even. Therefore By (A1, B1) € Hext(n, k), a contradiction.

Case 2a: 4 divides d. In Step 4, we remove d/4 disjoint A’;/ZHB?Z*2 edges (these edges exists
because k/2 + 2 is odd and all the vertices (A U By) \ eg are &;-good with respect to 5, k). Denote
by M, the set of these edges. Let A3 := A\ V(M>) and B3 := By \ V(M3). Then



A. Treglown, Y. Zhao / Journal of Combinatorial Theory, Series A 119 (2012) 1500-1522 1511

sl =12 = (K w2) =By = 4 (K —2) = s
3= 4\ 2 — 172\ 2 — 173k

If egN Vo =0, then we proceed to Step 6. Claim 4.4 implies that all the vertices in H[A3 U B3] are 2&;-
good with respect to Eyqq(As, B3). Since k/2 is odd, we can apply the second assertion in Corollary 4.5
and find a perfect matching M3 in H[A3 U B3] (here we do not require |A3| = |B3| =0 (mod k)).
Thus, M1 U My U M3 is our desired perfect matching in H. (Note that this covers the case when
Bnk(A1, B1) & Hext(n, k), since eg = in this case.)

If eg N Vo # @, we need to apply Step 5. As in Case 1a, we remove a matching M3 of size at most
2k containing all the vertices of eg NV such that A4 := A3\ V(M3) and B4 := B3 \ V(M3) have the
same size. Finally in Step 6 we find a perfect matching M4 of H[A4 U B4] by the second assertion in
Corollary 4.5. Thus, M1 U M U M3 U My is a perfect matching in H.

Case 2b: d =2 (mod 4). We remove ey immediately. Let A/2 := A\ ep and B’2 := By \ ep. Since
k=2 (mod 4) and rg is even, we have k — 2rg =2 (mod 4). Consequently |A}| — |B}| = (|A2| — o) —
(|Ba2] —k +19) =d + (k — 2rg) =0 (mod 4). We then follow the procedure of Case 2a (since eg has
been removed, we can skip Step 5).

4.4. kis odd

Let H be a k-uniform hypergraph such that it &-contains B, x or Bk

Recall that En,k is the n-vertex k-uniform hypergraph on V = A U B such that |A| = |n/2],
|B] = [n/2], with edge set Eeven(A, B). Since k is odd, By x can be viewed as the n-vertex k-uniform
hypergraph on V = AU B such that |A| = [n/2], |B| = [n/2], with edge set Eeven(A, B). We thus
assume that V (H) = AU B such that either |A| = [n/2] or |A| = [n/2] and |Eeven(A, B) \ E(H)| < enk.

Our Step 1 is the same as in Section 4.2. After applying Step 1 we have a partition A, B1 of
V(H). If Bn,k(fh, B1) ¢ Hext(n, k) then, by definition of Hext(n1,k), |A1] is even. Thus, in this case
|A1] mod k — 1 is even.

If |A7] mod k — 1 is odd, then we need Step 2: find an (A1, B1)-odd edge eo. Note that in this
case Bn,k(m, B1) € Hext(n, k), and thus our minimum ¢-degree condition ensures we can find such
an edge eop.

Our Step 3 is again the same as in Section 4.2. (Note though, if |[A{| mod k — 1 is odd, then we
introduced eg. Thus in this case we select M; to cover Vp\eg so that M; is disjoint from eg.) Since
each edge in the matching My is an A B’l"r edge for some even r < k — 1, it follows that |A;| mod
k—1 and |Az| mod k — 1 have the same parity.

Assume that |Az| =s (mod k — 1). In Step 4, if s is even, then we simply remove an arbitrary
A;Bg’s edge e; and let M, = {e,}. If s is odd, then we remove eg, which is an A;” Bl;—ro edge for some
odd ro. Set A’ := Ap\eg. Thus, |A}| =s—ro mod k — 1 and since s, rg are odd, s":=|A’| mod k —1 is
even. Select an arbitrary Ag B’é‘s/ edge e, that is disjoint from eg and set M, = {eg, e2}.

Let A3 := A\ V(M>) and B3 := B3\ V(M>). The choice of M, is such that |A3]| =0 (mod k—1). We
skip Step 5 and proceed to Step 6. Arbitrarily partition B3 into B} and B3 such that [B| =|A3|/(k—1)
(this is possible because |A3| &~ |B3| ~n/2). Note that |A3| 4+ |B3| =0 mod k. Hence, as |A3| + IB;| =
k|As|/(k — 1) = 0 mod k, we have that |B%| =0 mod k. Let Hy := H[A3 U Bl] and H; := H[B2]. Since
|As|+ |B§| > (1/2 —2ke1)nk/(k — 1) > n/2, by Claim 4.4, all the vertices of H; are (2¢~1g,)-good with
respect to Ky_1(As, B;). Since k > 3 (because k > 2 is odd), we have |B§| ~ %’% > % By Claim 4.4,
all the vertices of H are ((2k)*~'&,)-good with respect to K¥[B2]. We therefore apply Lemma 4.3
to Hy (with r=k — 1) and to H, (with r =k) to obtain a perfect matching M3 of H; and a perfect
matching M} of Hy. Thus M1 UM, U M3 U Mj is a perfect matching of H. O

5. The non-extremal case

In this section we prove Theorem 3.1. Let o > 0 and r, ¢ € N such that 2r < ¢ < 4r — 1. Given a

4r-uniform hypergraph H on n vertices such that 8, (H) > (3 — a)(:r__‘zl), by Proposition 2.1, we have

Sor(H) > (3 — a)(";rzr). Thus, in order to prove Theorem 3.1 it suffices to prove the following result.
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Theorem 5.1. Given any ¢ > 0 and r € N, there exist o, & > 0 and ng € N such that the following holds.
Suppose that H is a 4r-uniform hypergraph on n > ng vertices where 4r divides n. If

o (H) > 1 n—2r
i (2-a)("57)

then H is e-close to By 4r or BMT, or H contains a matching M of size |M| < &n/(4r) that absorbs any set
W C V(H)\ V(M) such that |W| € 4rN with |[W| < £2n.

Theorem 5.1 immediately follows from Lemmas 5.2-5.4. Following the ideas in [20,22], we first
show in Lemma 5.2 that in order to find the absorbing set described in Theorem 5.1, it suffices to
prove that there are at least £n®" absorbing 8r-sets for every fixed 4r-set from V (H).

Lemma 5.2 (Absorbing Lemma). Given 0 < & <« 1 and an integer k > 2, there exists an ng € N such that the
following holds. Consider a k-uniform hypergraph H on n > ng vertices. Suppose that any k-set of vertices
Q C V(H) can be absorbed by at least £n2* 2k-sets of vertices from V (H). Then H contains a matching M of
size M| < £n/k that absorbs any set W € V (H)\V (M) such that |W| € kN and |W | < &2n.

Given a 2r-uniform hypergraph H (for some r > 2), we define the graph G(H) with vertex set
(V<rH>) in which two vertices X1 --- X, y1---¥r € V(G(H)) are adjacent if and only if x;---x,y1---yr €
E(H). When it is clear from the context, we will often refer to G(H) as G.

Lemma 5.3 (Lemma on G). Given any 8 > 0 and an integer r > 2, there exist o, & > 0, and ng € N such that
the following holds. Suppose that H is a 2r-uniform hypergraph on n > ng vertices so that 2r divides n and

S(H) > 1 n—r
X >/(5-a)( r )

SetG:=G(H)and N := (’:) (then N is even because 2r divides n). Then at least one of the following assertions
holds.

e G=Kn n £ BN?2 or G =Ky n £ BN?; in other words, either G or G becomes a copy of Kn n after
2°2 222 2°2

adding or deleting at most BN edges.
o There are at least En*" absorbing 4r-sets in (Vflf )) for every 2r-subset of V (H).

Lemma 5.4. Given any ¢ > 0 and r € N, there exist 8 > 0 and ng € N such that the following holds. Suppose
that H is a 4r-uniform hypergraph on n > ng vertices where 4r divides n. Suppose further that G := G(H)
satisfies G = Ky n =+ BN2 or G = Ky n =& BN?, where N := (). Then H is &-close to By ar or Bn 4r.

Notice we have stated Lemmas 5.2 and 5.3 in a more general setting than we require. (That is, we
consider k-uniform hypergraphs in Lemma 5.2 for all k > 2 and 2r-uniform hypergraphs in Lemma 5.3
for r > 2.) However, for Lemma 5.4, our proof is such that we can only consider 4r-uniform hy-
pergraphs for r € N. (This is the main obstacle in extending our proof to work for all 2r-uniform
hypergraphs.) The rest of the section is devoted to the proof of Lemmas 5.2-5.4.

5.1. Proof of Lemma 5.2

For a k-set Q C V(H), let Lo denote the family of all absorbing 2k-sets for Q. By assumption,
ILg| > &n®. Let F be the family of 2k-sets obtained by selecting each of the () elements of (VZ(II;”)
independently with probability p :=&/n?*~1, Then

n H
E(IFI) :p<2k> =2k

for every set Q C (V(kH))

n and E(Lq NF|) > pen®* =&%n
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Since n is sufficiently large, Proposition 2.2 implies that with high probability we have

2
[FI < 2E(|F|) < @TL (3)
2
Lo NF| > %E(|LQ NF[)> %n forall Q (V(kH)>. (4)

Let Y be the number of intersecting pairs of members of F. Then

YAl n L
E(Y)<p (Zk)z’((zk— 1) s 2k -2k -1

2
By Markov’s bound, the probability that Y < mn is at least % Therefore we can find a family

F of 2k-sets satisfying (3) and (4) and having at most W&_mn intersecting pairs. Removing all
non-absorbing 2k-sets and one set from each of the intersecting pairs in F, we obtain a family F’ of
disjoint absorbing 2k-sets such that |F/| < |F| < (2/<)v” < &n/2k and for all Q € (V(H))
2 2£2 2
LonF|>5n- 2, 5, (5)
2 2k —1)!12k —1)! k
Since F’ consists of disjoint absorbing sets and each absorbing set is covered by a matching, V (F’)
is covered by a matching M. Now let W C V(H)\V(F’) be a set of at most £2n vertices such that
|[W| =kt for some ¢ € N. We arbitrarily partition W into k-sets Q1,..., Q¢. Because of (5), we are
able to absorb each Q; with a different 2k-set from Lo, N F’. Therefore V(F') UW is covered by a
matching, as desired.

5.2. Proof of Lemma 5.3
Given 8 > 0, we choose additional constants y, o, & such that

D<tkaky<p. (6)

Without loss of generality we may assume that 8 <« 1/r. We also assume that n is sufficiently large.

Let Q C V(H) be a 2r-set. It is easy to see that if Q has at least y3n?" absorbing 2r-sets then
Q has at least £n* absorbing 4r-sets. Indeed, let P be an absorbing 2r-set for Q. Then P Ue is an
absorbing 4r-set for Q for any edge e € E(H — (P U Q)). Since n is sufficiently large,

‘E(H)‘g(%—oz)(n;r) % %:(%—O‘)(;).

Hence, as n is sufficiently large, there are at least

(-G -la" )
f— —4r >
2 2r 2r—1)7 a@n)!

edges in H — (P U Q). Since an absorbing 4r-set may be counted at most (3;) times when counting
the number of P, e, there are at least
2r
n 1
y3n2r % m X > Sn4r
@t ()

absorbing 4r-sets for Q.
Therefore, in order to prove Lemma 5.3, it suffices to prove the following two claims.

32r 34r

Claim 5.5. [f either of the following cases holds, then we can find y>n absorbing

4r-sets for every 2r-set Q € (V(H))

absorbing 2r-sets or y>n
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Fig. 1. The (i) absorbing 2r-set and (ii) absorbing 4r-set in the case when r =2.

V(H)
r

Case (a): For any r-tuple a € (V'™), there are at least (3 + y)(}) r-tuples b e (V(rH)) such that [Ny (a) N
Nu®| >y (7).

Case (b): [{ae (") du@ > G +»()H=2v()).

Claim 5.6. If neither Case (a) or Case (b) holds, then G = Ky n + BN?orG=K

NS

y + N2

s

Proof of Claim 5.5. Given a 2r-set Q ={x1,...,Xr, ¥1,-.., ¥r} € V(H), we will consider two types of
absorbing sets for Q :

Absorbing 2r-sets: These consist of a single edge X} ---x.y] --- y; € E(H) with the property that both
X1---XXy---xpand yp---yry]-- -y, are edges of H.

Absorbing 4r-sets: These consist of distinct vertices X{,....x., ¥j,....y;, Wi, ...,wy, Zj,...,2 €
V(H) such that x ---x;w/---wy, ¥)---y;Z;---z, and w)---w;z]---z are edges in H. Further-
more, X1 --- XXy --- X, and yq---y;y}---y; are also edges of H (see Fig. 1).

Write X :=X;---X and y := y1---yr. For any two (not necessarily disjoint) r-tuples g, b € (V(rH))
we call a a good r-tuple for b if [Ng(a) NNy (b)| > y(’;)/z. We first observe that Q has at least y3n®"
absorbing 2r-sets if there are

n
at least g(r) good r-tuples in Ny (x) for y,
y(n .
or at least e good r-tuples in Ny (y) for x. (7)
Indeed, assume that there are at least y(’:)/z good r-tuples in Ny(x) for y. There are at most
r(,",) r-tuples in (V(TH)) that contain at least one element from {y1,..., yr}. So there are at least

y(7)/2 —r(.";) r-tuples in Ny(x) that are good for y and disjoint from y. Let us pick such an r-
tuple X' = (X} ---x;). Thus, [Ny (X') " Np(¥)| > ¥ (})/2. We pick y' = (¥} ---y;) € Nu(¥') N Ny (y) such
that y’ is disjoint from x. Note that there are at least y(})/2 —r(,";) choices for y’. Notice that
the 2r-set {x{,...,x;,¥],...,y;} is an absorbing set for Q since X} ---x.y}---y;, X{--- XX ---x; and
Y1---Yry}---y, are edges in H. Since an absorbing 2r-set may be counted (er) times, this argument
implies that there are at least

(50) o2 o
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absorbing 2r-sets for Q. We reach the same conclusion when there are at least y(rr')/Z good r-tuples
in Ny(y) for x.

Now assume that Case (a) holds. This implies that there are at least (% + y)(’:) good r-tuples for x.
By the minimum r-degree condition, dy(y) > (3 — @) (}). So there are at least (y —a)(}) >y (})/2 r-
tuples in Ny (y) that are good for x. Thus (7) holds and consequently Q has at least y3n%" absorbing
2r-sets.

Next assume Case (b) holds. Let A :={a e (V(rH)): dy(a) > (% + ¥)(})}. So by assumption, |A] >
2)/(';). We also assume that (7) fails (otherwise we are done). Every r-tuple a € A is good for arbitrary
be (V") because [Ny (@ NNy (®)| = (¥ — ) () = v (%) /2. Hence |ANNy(y)| < ¥ (7)/2. On the other
hand, less than y (}})/2 r-tuples in Ny (x) are good for y and consequently at least (% —a)(7)=%()
r-tuples x" € Ny(x) satisfy |[Ny(x') N Ny (y)| < y(';)/z. We pick such an r-tuple x' that is disjoint

from y; there are at least G =)= %) —r(,",) = G —)() r-tuples with this property. Since

om0 50)> ()

it follows that

[ANNE(X)] > 141 = [ANNs )| = [(Nu () UNu ()]

()-50)-+)-50)

Now pick any w' € AN Ny (x') that is disjoint from Q. (Note there are at least & (7) —2r(.";) > £ (})

choices for w'.) Next pick an r-tuple y’ € Ny (y) such that y’ is disjoint from x, x" and w'. (There are
at least (3 —a)(") —6r(.",) > (% —)(}) choices for y’ here.) By the definition of A, there are at
least (y —a)(}) pairs in Nyp(w') "Ny (y). We pick ' € Ny(w') "Ny (y) such that Z' is disjoint from
x, y and . (There are at least (y —a)(}) —6r(.";) > ¥ (})/2 choices for z' here.)

Let S denote the 4r-set consisting of the vertices contained in X, y’, w’ and Z'. By the choice of
¥, y', w'and Z, S is an absorbing 4r-set for Q. B

In summary, there are at least (% — () choices for x', at least % (7) choices for w’, at least
(3 —)(?) choices for y' and at least % (7) choices for z'. Since each absorbing 4r-set may be counted
¢ (zrr) times, there are at least

[G-)OT5050) * e 2

r r
absorbing 4r-sets for Q, as desired. O

Claim 5.6 follows from the following lemma (by letting G = G(H)) immediately.

Lemma 5.7. For any B > 0, there exist y > 0 and ng € N such that following holds. Let G = (V, E) be a graph
on an even N > ng number of vertices such that §(G) > (1/2 — y)N. In addition, G satisfies

(a) There exists a € V such that at most (% + Y)N vertices b € V satisfy [N(a) "N N(b)| = yN.
(b) {veV:d(v) > (3 +y)N} <2¥N.

Then either G = Kn/2,n/2 £ BN? or G = Knyja,n/2 + BN2.

Proof. Let A:=N(a) and B:={be V: |ANN(b)| < yN}. Then |A| > (% —y)N and |B| > (% —¥)N.
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We also need an upper bound on |A|. Fix b € B. Since |[N(b)| > (% — y)N, we have
1
|A| + (5 - y)N <|Al+ [N®b)|=|[AUN®)|+|ANN®B)| <N+ yN,

which gives |A] < (3 +2y)N.

Let e(A, B) denote the number of ordered pairs a,b such that a € A, b € B, and ab € E. (Therefore,
if a,be AN B and ab € E then ab counts twice to the value of e(A, B).) By the definition of B, we
have e(A, B) < ¥ N|B|. Since §(G) > (% — ¥)N we have that

e(A,B) > (1/2=2y)N|B, (9)
where, as usual A :=V \ A. Next we show that e(A, B) is very small.

Claim 5.8. (A, B) < 8,/7|A||BI.

Proof. Assume for a contradiction that the claim is false. Set A; := {x € A: d(x, B) > 4,/¥|B|}. By
assumption

8/7IAlIB| <e(A, B) <|A1][B| +4VIBIIAl
which gives that |A1| > 4W|A|. By (9), as |A| < (% + ¥)N, we derive that

_ 1 1 _
e(A,B) > (5 - 2V>N|B| =1 —63/)<§ +V>N|B| = (1 —6y)|AllB]. (10)

Let A; := {x € A: d(x, B) > (1—3,/¥)|B|}. We claim that |A;| > (1—3,/¥)|A|. Indeed, for convenience,
consider e(A, B), the number of ordered pairs a, b such that a € A, beB,andab ¢ E. If |Ax] < (1 —
3/7)IAl, then &(A, B) > 3./7|A|3,/¥|B| = 9y |Al|B|, contradicting (10).
Let Ag:= A1 N Ay. We have |Ag| > (4W—3ﬁ)|A|. Since |A| > N/3 and y < 1/36, we derive
that [Ao| > /¥'N/3 > 2y N. For every x € Ag, we have
d(x) =d(x, B) +d(x, B)
> (1-3Y)IBl+4YIBl=(1—-7JY)|B|+4YN
1 7 1

= <§ - 5W+4W—)/>N> <§+)/>N.
(The penultimate inequality follows since |B| > (% — y)N.) This is a contradiction to the assump-
tion (b). O

Now we go back to the proof of Lemma 5.7. We separate the cases by whether |AU B| < y /4N or
not.
First assume that [AU B| < y/4N. Since (3 —y)N < |A| < (3 +2y)N, we can find a set V1 € V(G)
of size N/2 such that |V{AA| <2y N. Let V; :=V(G)\ V1. Thus,
e(V1,V2) <e(ANVy, BNVa) +e(Vi\ A, Vo) +e(Vi, VanA)+e(V, V2 \ (AUB))

N N —— N
<e(A,B)+ <|V1 \A|5 + |V20A|§> + |AUB|3
N N
SYNIBI+2y N +y ANS <y VN2,

Since §(G) > (% — y)N, we derive that fori =1, 2,
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N /1 N2
2e(Vi) =e(Vi, V) > 5<§ - V)N —y /AN > o 2y /4N2.

Thus, we can delete at most y/4N? edges between V; and V; and add at most y!/4N? edges in
each of V¢ and V; to turn G into a graph consisting of two vertex-disjoint cliques; one on V1, the
other on V5. In other words, G = Kn/2 n/2 £ 3y /4N2.

Now assume that [AUB| > y/N. Then [B\ A| < |A| — y /4N < (3 + y — y/4)N. By Claim 5.8,
e(B\ A, AUB) <e(A, B) < 8./7|Al|B| < 8./yN2. Together with e(B\ A, A) < e(B, A) < |[BlyN < yN?,
it gives that

|B\A|<%—y)Nge(B\A,V)ge(B\A,B\A)+e(B\A,A)—|—e(B\A,AUB)

1
< |B\A|<5 +y —y1/4>N+yN2 +8./¥N2.
This implies that (y'/4 —2y)N|B\ A| <9,/ N? and so |B\ A| < 10y '/4N. Similarly we can show
that |A\ B| < 10y /4N. Now pick a set V1 C V(G) of size N/2 such that |V; N A| is maximized. Thus,
[Vi\ Al <yN. Then, as e(ANB,A) <e(B,A) < yNZ, we have
e(Vi)<e(Vi\A Vi) +e(A) <e(Vi\A Vi) +e(ANB,A)+e(A\B)
N? 1
<y +vN+ 5(10)/”41\')2 <52y N2

Let V5 :=V(G)\V;. Since §(G) > (% — ¥)N, we have

N /1 N2
e(Vq1,V3) > 5(5 — )/)N — 52\/?1\’2 = T — 53\/?1\]2
Further, by Claim 5.8 and since |[AN V3| =]A\V1| <2yN,
e(V2) <e(ANVa, Vo) +e(A) <e(ANVa, Vo) +e(ANB,A) +e(ANB)

N _ o
<IANVa| +e(B. A) +e(B\ A)

N2 1
<2y 5 +8JYN + S (10yV/AN)’ < 597N,

Hence, we can add at most 53\/7N2 edges between V; and V;, and delete at most 52\/7N2 +
59\/7N2 edges inside V1 and V; to turn G into a complete balanced bipartite graph. In other words,

G =Kn/2,n/2 £ 164, /7 N2
Since y « B we conclude that either G =Ky n &= AN% or G =Ky n & BN?, as desired. O
2°2 2°2

This completes the proof of Lemma 5.3.
5.3. Proof of Lemma 5.4

We need the following structural result and prove it by applying Theorems 2.3 and 2.4.

Lemma 5.9 (Structure Lemma). For any n > 0 and r € N, there exist § > 0 and ng € N such that the following
holds. Suppose that K is a complete 2r-uniform hypergraph on n > ng vertices whose edge set is partitioned
into two sets R (red) and B (blue). Let §2 denote the collection of all 4r-subsets S C V (K) such that there exists
a partition of S = P1 U P U P3 U P4 where |Pi| =1 for all 1 < i < 4 and such that exactly one of the four
2r-sets P1 U Py, Py U P3, P3 U P4, P4 U Pq isin R or B (the other three are in the other color class). Suppose
that
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(i) IRI. 1Bl > (3 — 8)(5.) and;
(ii) [£2] < 8n.

Then either K[R] = By 2r £ qn®" or K[B] = By 2r & nn®.
Proof. Given n > 0 define additional constants §, &1, € such that

0<8K8 KeLn1r. (11)

Let C?lr denote the expanded 2r-uniform 4-cycle. That is, Cﬁr consists of four disjoint sets Pq, Py,
P3, P4 of vertices of size r, and the edges Py U Py, P» U P3, P3U P4, P4 U P1. We call a 2-colored
copy of Cﬁr bad if exactly one of its four edges is in R or B (and the other three are in the other
color class). A 4r-set S € (Vflf)) is bad if K[S] contains a bad Cﬁr. Thus (ii) says that the number of
bad 4r-sets is at most sn*'.

Observe that if T; is red copy of C%r and T, is a blue copy of Cgr such that T and T, are vertex-
disjoint, then there exists at least one bad copy of Cﬁr whose vertex set is contained in V(T1)UV (T3):
Let g, b, ¢ denote the r-tuples in V(T1) such that aUb, bUc, cUa € E(T). Define x,y,z C V(T2)
analogously. If there is a v € {g, b, ¢} such that vUw, € R and v U w, € B for some w;, w, € {x, y, z},
then we obtained our desired bad copy of Cir. For example, if aUx € B and aU z € R, then the edges
aUx,xUy,yUzeB and aUze R induce a bad copy of Cir. Similarly, if there exists v € {x, y, z}
such that vUw,; € R and v Uw, € B for some w;, w, € {a, b, c}, then we obtain a bad copy of Cir. If
neither of these two cases holds, then all the edges of the form v U w receive the same color, say red
(where v € {a,b,c} and w € {x, y,z}). But then aUb,aUx,bUy € R and xU y € B induce a bad copy
of C¥.

Assume for a contradiction that K contains at least §;n>" red copies of C%r and at least §;n"
blue copies of C2'. For each red copy T of C2' in K, there are at most 3r(3r'11)(3;) (er) blue copies
of C2" in K which contain at least one vertex from V(T). (The (;;) (er) term comes from the fact
that, given any 3r-set V C V(K), there are (;;)(er) copies of C2" in K[V].) So there are at least
s — 3r(3r”_1)(3;) (er) > 81n% /2 blue C2" in K that are disjoint from T. Hence, there are at least
8%n6’/2 pairs T1, T of vertex-disjoint copies of C%r such that Ty is red and T, is blue.

Now consider any bad copy C of Cﬁr. There are (”;") 6r-subsets of V (K) which contain V (C). For

29m2 . L . .
each such 6r-set S, there are (g;) (;:) (2rr) pairs T', T” of vertex-disjoint copies of C3" in K such that

V(T")U V(T") = S. Together, this all implies that the number of bad 4r-sets is at least

2
3

2 x n—4ry (6r\ (3r\2 (2r\2
( 2r )(3r)(2r) (r)
a contradiction to (ii) as desired.

Thus, there are less than §;n°" blue C2" in K or less than §;n°" red C3" in K. Without loss of
generality we assume there are less than §;n°" blue 6’32r in K. So (i) implies that K[B] is an n-vertex
2r-uniform hypergraph with at least (1/2 — 6)(,.) edges and less than §;n>" copies of C3". To show
K[B] = By.2r = nn®, we will use Theorems 2.3 and 2.4.

Since 81 « &, Theorem 2.3 implies that we may remove at most en®" edges from K[B] to obtain a
C%r-free hypergraph K’[B]. As ¢ < 1 and

e ()(0) - -))

we may apply Theorem 2.4 to obtain that K'[B] = By o £ nn® /2. Consequently, K[B] = Bnor £ nn®,
as desired. O

1 1)
n6r - 8n4r7
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Given two disjoint vertex sets R and B we define Kg p to be the complete bipartite graph with
vertex classes R and B.

Proof of Lemma 5.4. Given ¢ > 0 we define additional constants 8, n such that

0O<BLn<Ke,1/r. (12)

Further assume that n is sufficiently large. _
By assumption, either G = Ky yE BN? or G = Ky x & BN?, where N := (3 ). It suffices to show
N, .

that if G = K%g +2BN2 then H = By 4 £en*. Indeed, the edge set of G contain the edge set of G(H)

and all the pairs of intersecting 2r-subsets of V (H). Since there are 0 (n* 1) pairs of intersecting 2r-
subsets of V (H), if G = Ky x + AN2, then G(H) = Ky x +28N?, which implies that H = By, 4; £ &n?,

equivalently, H = By 4r & en?’, as desired.

Assume that G = Ky x + 28N2, namely, there is partition R, B of V(G) = (Véf”) such that |R| =

[B|=N/2 and |E(G)AE(KR,B)| < 2B8N2. Let K(H) denote the complete 2r-uniform hypergraph whose
vertex set is V(H). Since R, B is a partition of (Vélr’)) we may view R and B as the color classes of a
2-coloring of the edge set of K(H). Let K[R] denote the spanning subhypergraph of K(H) induced by
the edges of R. Define K[B] analogously.

Given a 4r-set Q of vertices from V (H) we say that Q is bad if there exists a partition of Q =
P1 U Py U P3 U P4 where |Pj| =1 for all 1 <i<4 and such that exactly one of the four 2r-sets
Py U Py, P, UP3, P3U Py, P4U Py receives one of the colors. First assume that this color is B.
Without loss of generality, assume that P1 U Py, P, U P3, P3UP4€ R and P4 U Py € B. If Q € E(H),
then {P1 U Py, P3U P4} € E(G)N (5) On the other hand, if Q ¢ E(H), then {P4U Py, P, U P3} €
E(G) N E(Kg.p). Therefore, one of {P; U Py, P3 U P4} and {P4 U P1, P2 U P3} is in E(G)AE(Kg.p).
The same holds when exactly one of P1 U Py, P, U P3, P3U P4, P4U Py is colored R. Clearly two
distinct bad 4r-sets lead to two different members of E(G)AE(Kg,p). Since |E(G)AE(Kg )| < 28N?,
the number of bad 4r-sets is at most 28N2.

Since B <« n, we may apply Lemma 5.9 to K(H) to obtain that either K[R] = By 2r + nn?" or
K[B]l = Bno £ nn?". Since the roles of K[R] and K[B] are interchangeable, we may assume that
K[R]1=Bnr £ nn®. Let X,Y denote a partition of V(H) such that |[E(K[RDAE(By2r[X, YD < nn*.
We now use the structural information we have about G and K[R] to piece together that of H.

Claim 5.10. H = By 4r £ en?".
Recall that given a 2r-tuple x € (Véf)) we say that x is even if x contains an even number of
elements from X (and so an even number of elements from Y). Otherwise, we say that x is odd. Thus,
the edge set of By 2r[X, Y] is precisely the set of odd 2r-tuples.

Our ultimate aim is to show that

|E(H)AE (Boar[ X, Y1)| < en® (13)

First we show that |E(H)\E(Bn 4[X, Y]D| < en* /2. Consider any 4r-tuple Q from E(H)\E(Bn 4r[X,
Y]). Since Q ¢ E(Bn4[X,Y]) (thus |Q N X] is even), Q can be partitioned into 2r-tuples x, y such
that both x and y are even. (For example, if |Q N X| > 2r, then let x be a 2r-subset of Q N X;
otherwise let x be a 2r-subset of Q NY. Since |Q N X| is even, y is even.) As Q € E(H) we have that
{x, ¥} € E(G). Thus, N

|E(H)\E(Bn.ar[X, Y1)| < 2],

V(H)

where X is the set of all disjoint pairs of 2r-tuples w,z € ( or

{w, z} € E(G).
2r
Since K[R] = By 2r[X, Y] + nn®, there are at most (7, ) < n?n* pairs {w,z} € X such that
w, z € R. Similarly, there are at most nn?'|B| < nn* pairs (w,z) € ¥ such that w € B and z € R.

) such that w and z are even and
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Given any pair (w,z) € ¥ such that w, z € B, by definition of X, we have {w, z} € E(G). However,
G = Kg.p £ 28N?, so there are most 28N? < 28n*" such pairs in X. Together, this all implies that
|21 < M2 + 1+ 28)n* < en? /2. So indeed, |E(H)\E(Bn4[X, YD| < en? /2.

Next we show that |E(Bn.4:[X, YD\E(H)| < en* /2. Consider any 4r-tuple Q from E (B 4:[X, YD\
E(H). Since Q € E(Bn4[X,Y]), Q can be partitioned into 2r-tuples x, y such that x is even and y is
odd. (For example, if |Q N X| > 2r, then let x be a 2r-subset of Q N X; otherwise let x be a 2r-subset
of Q NY. Since |Q N X| is odd, y is odd.) As Q ¢ E(H) we have that {x, y} € E(G). Thus,

|E(Bnarl X, YI\E(H)| < T,

where I" is the set of all disjoint pairs of 2r-tuples w,z € (V;{)) such that w is even, z is odd and
{w,z} € E(G).

Since K[R] = By.2:[X, Y]+ nn?", we have that K[B] = By.2:[X, Y]+ nn?. Thus, there are at most
nnzr(znr) < qn® pairs {w, z} € I" such that w is even and w < R. Similarly, there are at most nn®
pairs {w,z} € I such that z is odd and z € B. Given any pair {w,z} € I such that w € R is odd
and z € B is even, by definition of I', {w, z} € E(G). However, G = K p & 28N?, so there are most
2BN? < 2Bn* such pairs in I'. Together this all implies that |I'| < (21 + n + 28)n* < en* /2. So
indeed, |E(Bn 4r[X, YD\E(H)| < en* /2. Therefore (13) is satisfied, as desired. O
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Appendix A

In this section we prove Theorem 1.2. Because of Theorem 1.1, it suffices to prove the following
fact.

Fact A.1. For all n > 12 divisible by 4,

6(n42)<n2 5n n—3+3
TR 4 4 2 2’

Furthermore, there are infinitely many values of n such that the following holds:

o 5(n,4,2) =8,(Ba(®) =1 — 30 — Y13 43 forsomet;
. B,,A(t) does not contain a perfect matching.

Proof. Suppose that n € N is divisible by 4 and let ¢t be an integer such that 0 <t < n/2. Denote the
vertex classes of 3, 4(t) by A and B. Therefore |A|=n/2+t and |B|=n/2 —t.
Given distinct vq, vy € A,

2
n
di, 40 (V1v2) = (/2 + 1 =2)(/2 =) = - —n — 2 2t
Given distinct wq, wy € B,
n? )
dg, ,c)(W1w2) =n/24+t)(n/2 —t —2) = 7 n—ts—2t.

Given any vi € A and wq € B,
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2+t—1 2—t—1
b= (757 (75

1

=5[(n/2+t—1)(n/2+t—2)+(n/2—t—1)(n/2—t—2)]
2

=nz—37n+t2+2.

Thus, dg, ) (V1V2) = dg, 4 (W1w2) for all vi, v, € A and wq, w; € B. Notice that n?/4 —n —t? — 2t
decreases as t increases and that n%/4 — 3n/2 +t2 + 2 increases as t increases (for t > 0). For fixed n
consider the equation

i n—t? 2t—n2 3n+t2+2 where t; >0
4 DI I r==
It gives that t +t; + (1 —n/4) =0 and so
—1++/n-3
= —— =
2
This analysis implies that, for all 0 <t <n/2,
2 2
n 3n n 5n n—-3 3
82(Bra)) < — — =+t 42=— - — - 14
2(Bna(t)) 75 tat 7 2 5 +5 (14)

Further, since By 4(t) is isomorphic to By 4(—t) for all 0 <t <n/2, (14) holds for all —n/2 <t <n/2.
Now consider B, 4(t) for any 0 <t <n/2 and assume A and B are the vertex classes of By 4(t).
Given distinct vq, vy € A,

24t-2 2t
ds,ar= (" 57) (1)

= %[(n/z—i-t— (/2 +t—3)+{n/2— (/2 -t —1)]

Given distinct wq, wy € B,
n/2—t—2 n/2+t\ n* 3n
dEn,4<t>(W1W2):< 2 >+( 5 ):Z_7+t +2t+3.
Given any v1 € A and w1 € B,
n? )
dgn4(t)(v1w1)=(n/2+t—1)(n/2—t—1)=1—n—t + 1.

Notice that dB,,_4(t)(V1V2) < dB,,_4(t)(W1W2) for all vi,v, € A and wq, wy € B. Further, when t > 1,

n?/4 —3n/2+t? — 2t + 3 increases as t increases and that n?/4 —n — t> + 1 decreases as t increases.
Thus, for a fixed n the value of t > 1 which maximizes the minimum 2-degree of Bj 4(t) satisfies

n?/4—3n/2+t2 —2t+3=n/4—n—t>+1,
which gives that t2 —t 4 (1 —n/4) = 0. Therefore as t > 1 we have that
_1++vn-3
= 5 .
This analysis implies that, for all 1 <t <n/2,

t
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_ n2 14+ /n=3\2 n? 51 Jn-3 3
82(Bn,4(t))<z—n—(#) =g - -t (15)

It is easy to see that 82(5’”,4(0)) = % - 32—" +3< o %’ - —”72_3 + % when n > 12. Thus (15) holds

for all 0 <t <n/2. Since 1_3,1,4(t) is isomorphic to B,M(—t) for all 0 <t <n/2, (15) actually holds for
all —n/2 <t < n/2. Thus, (14) and (15) imply that

n*  5n n-3 3
5(n,4,2) < R 5t
as desired.

Notice that there are values of n such that n is divisible by 4 and where (1 + +/n—3)/2 is an
odd integer. Indeed, let n:= (4m + 1)% + 3 for some m,s € N. Then n=(4m+ 1) +3=1+3=
0 mod 4. Since (4m + 1)% is odd, clearly (1 ++/n—3)/2=(1+ (4m + 1)%)/2 is an integer. Further
if (1 + (4m + 1)%)/2 = 2x for some x € N then (4m + 1) =4x — 1 = 3 mod 4, a contradiction as
(4m + 1) =1 mod 4. Hence (1 + +/n —3)/2 is odd.

For values of n where n is divisible by 4 and where t := (1 4+ +/n —3)/2 is an odd integer, we have
that

2 2
— n n 5n n—-3 3
82(Bn,4(t))zz—n—t2+1=z—?—T‘i‘i.

Note though that |A| =n/2 4+t is odd, therefore, K_in,4(t) € Hext(n,4) and so it does not contain a
perfect matching. Thus, the second part of Fact A.1 is proven. O
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