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PART 1: PHYSICAL CONSTANTS

1.1  SIPREFIXES:
Prefix | Symbol | 1000" 10" Decimal Scale
yotta Y 1000 10 1000000000000000000000000 Septillion
zetta z 1000 10 1000000000000000000000 Sextillion
exa E 1000 10" 1000000000000000000 Quintillion
peta P 1000 10" 1000000000000000 Quadrillion
tera T 1000 10% 1000000000000  Trillion
giga G 1000 10° 1000000000  Billion
mega M 1000 10° 1000000  Million
kilo K 1000 10° 1000| Thousand
hecto h 1000%/3 107 100 Hundred
deca da 1006/3 10" 10 Ten
100d 10° 1 One
deci d 1000_]/3 10" 0.1 Tenth
centi C 1000—2/3 1072 0.01| Hundredth
milli m 1000? 102 0.001| Thousandth
micro u 1000° | 10° 0.000001]  Millionth
nano n 1000° 10° 0.000000001 Billionth
pico D 1000% |10 0.000000000001 Trillionth
femto f 1000° |10 0.00000000000000(L Quadrillionth
atto a 1000° |10 0.000000000000000001 Quintillionth
zepto z 1000 104 0.000000000000000000001 Sextillionth
yoCto y 1000° |10 | 0.000000000000000000000001Septillionth
1.2 SIBASE UNITS:
Quantity Unit Symbol
length meter m
mass kilogram kg
time second S
electric current ampere A
thermodynamic
temperature kelvin K
amount of substance mole mol
luminous intensity candela cd
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1.3 SIDERIVED UNITS:

Quantity

Unit

Symbol

Expression in terms of other S

units
angle, plane radian* rad m/m =1
angle, solid steradian* sr m’/m? = 1
degree K
Celsius temperature Celsius °C
electric capacitance farad F CIvV
electric charg_e,_ quantity A.s
of electricity coulomb C
electric conductance siemens S AV
electric inductance henry H WDb/A
electric potential
difference, electromotive WI/A
force volt \Y
electric resistance ohm Q V/A
energy, work, quantity o _ N-m
heat joule J
force newton N kg-m/$
frequency (of a periodig 1s
phenomenon) hertz Hz
illuminance lux Ix Im/m?
luminous flux lumen Im cd-sr
magnetic flux weber Wb V-s
magnetic flux density tesla T Wb/n?
power, radiant flux watt w J/s
pressure, stress pascal Pa N/m?
activity (referred to a 1s
radionuclide) becquerel Bq
absorbed dose, specifi( Jikg
energy imparted, kermg gray Gy
dose equivalent, ambier
dose equivalent,
directional dose Jlkg
equivalent, personal dog
equivalent, organ dose
equivalent sievert Sv
catalytic activity katal kat mol/s
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1.4  UNIVERSAL CONSTANTS:
. Relative Standard
Quantity Symbol Value Uncertainty
speed oflightin | | 299 792 458 m defined
vacuum
Newtonian constant dG 6 67428(67)><1011 me-kat-s2l1 0 x 10
gravitation ) g '
Planck constant  ||i, 16.626 068 96(33) x 16" J-s | 5.0 x 10
reduced Planck 5 — j /(21r)|1.054 571 628(53) x 18 J-5| 5.0 x 16
constant
1.5 ELECTROMAGNETIC CONSTANTS:

Relative Standard

Quantity Symbol Value (SI units) Uncertainty
magnetic constant 4 x 10" N-A? = 1.256 defined
(vacuum permeability) [0 637 061... x 1T N- A2
electric constanfvacuum| 2, (8.854 187 817... x I ,
permittivity) co =1/ (po”) |g. defined
characteristic impedandpz ) - 376.730 313 461.Q defined
of vacuum
Coulomb's constant ||k, = 1/4meg ﬁlgrgz C55521 787... x 10 defined
elementary charge e é‘602 176 487(40) x 16 2.5 x 10°
Bohr magneton wp = efi/2m, ?.213'1400 915(23) x I¢° 25 x 10°
conductance quantum |Gy = 2¢*/h ;’748 091 7004(53) x 1Y 6.8 x 10™°
inverse conductance -1 _ 2 10
quantum G, = h/2e” |12 906.403 7787(88) 6.8 x 10
Josephson constant || ; = 2¢e/h ﬁ.ﬁ?&_1978 91(12) x 10 2.5 x 10®
magnetic flux quantum ||¢g = h/2e \2/\'/%67 833 667(52) x 10 2.5 x 10®

\/
nuclear magneton puy = eh/2m, ?:(.)I_.Slo 783 43(43) x 10 8.6 x 10°
von Klitzing constant Ry = h/e® |[25812.807 557(182 (6.8 x 10°°

1.6 ATOMIC AND NUCLEAR CONSTANTS:
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Relative Standard

Quantity Symbol Value (SI units) Uncertainty
5.291 772
Bohr radius  |lag = /4T R 108(18) x 10" ||3.3 x 10°
m
classical 2 2 2.817 940 5 9
T, = € [dmegmec 2894(58) x 10"|[2.1 x 10

electron radiug

D

m

9.109 B2 15(45 8
electron mass|jim, x 10 kg 5.0x 10
Fermi coupling 3 1.166 39(1) x 6
constant Gr/(Rc) 10° GeV? 8.6x10
fine-structure _ 2 _ .2 7.297 352 537 10
constant o = poe ¢/ (2h) = e/ (dmeghc) 6(50) x 10° |08 * 10

Hartree energ

yEy, = 2R he

4.359 744 17(74
x 1018

1.7 x 107

1.672 621

proton mass |[17p 637(83) x 10°' ||5.0 x 10°®
kg
3.636 947
guantum of 9
circulation h/2m, 5520g4) x 10" 6.7 x 10
m2s
Rydberg _ .2 10 973 731.568 12
constant Roo = a’mec/2h 525(73) m* 6.6 <10
Thomson crosg, 2 6.652 458 73(13 8
section (87/3)r x 107 m2 2.0 10
weak mixing || . 2 _ 2
angle sin” Oy = 1 — (my/mz) 0.222 15(76) 3.4 x 16
1.7 PHYSICO-CHEMICAL CONSTANTS:
Relative
Quantity Symbol Value (Sl units) || Standard
Uncertainty
atomic mass unit
(unified atomic massim,, = 1 u 1.600 538 86(28) x |1 7 x 107
. 10" kg
unit)
, ; 6.022 141 5(10) x 7
Avogadro's number |V 4, L 102 mord 1.7 x 10
1.3806504(24) x
Boltzmann constant |k = kg = R/N 4 10‘23J-|(1( ) 1.8 x 10°
96 8
— N
Faraday constant | F' = N e 485.3383(83)C- mot 8.6 x 10
first B 2 3.741 771 18(19) x 8
radiation ¢, = 2mhe 10° W-m2 0.0 x 10
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constant || for
1.191 042 82(20) x 7
spectral |cir, 16 \A7 2 orl 1.7 x10
radiance 107" W-mz st
at
. II'T=273.15
Loschmid 2.686 777 3(47) % 6
K and g — NA,“'Vm 5 -3 1.8x 10
constant 0=101.32! 10° m
kPa
8.314 472(15) 6
gas constant R 3K mor? 1.7 x 10
3.990 312 716(27) 9
,
molar Planck consta‘ N.h 1019 3.5. maft 6.7 x 10
at
T=273.15 2.2710 981(40) x 6
| K and 102 m3-mol* 1.7x10
\Tocl)ua:rrle of p=100 kPa
; Vi = RT/p
an ideal |at m
gas 1=273.15 2.2413 996(39) x 6
Kand 10°2 mé. mol™ 1.7x10
p=101.32"
kPa
atT=1 K
andp=100 5 -1.151 704 7(44) 3.8x 1D
et om0/ B =5
atT= -
constant [ 2y3/2
and I | (2mmu KT/ R7)RT Y ) 164 667 744) | 3.8x1d
p=101.321
kPa
second radiation 1.438 775 2(25) x
constant c2 = hefk 10° m-K EO 1.7 x 209
féifsatg;tBoltzmann o = (12/60)k" /B3 \5/\./€.3r7n92fl|291(40) x 10 20 x 10°
Wien displacement |z, — 2.897 768 5(51) x 6
law constant b= (he/k)/a065114231.. |15 ok 1.7 x 10
1.8 ADOPTED VALUES:
. Value (S| |Relative Standard
Quantity Symbol units) Uncertainty
conventional value of - 4.835 979 x ,
Josephson constant K90 104z (defined
conventional value of von ,
Klitzing constant Ry _an 25 812.80712 ||defined
1x10° .
o Jeonstant M, = M(20)/12 S |defined
of carbon-12 |[M( 2C) = Nym(*C)[1.2x 10*  |defined
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| H | [kg-mor™ |
standard acceleration of
gravity (gee, free-fallon |g, 9'8926 65 defined
m-s
Earth)
standard atmosphere  |latm 101 325 Pa || defined |
1.9 NATURAL UNITS:
\ Name H Dimension || EXxpression H Value (SI units) |
Planck length Length (L) Ip = % 1.616252(81) x 10* m
he 8

Planck mass Mass (M) mp = E 2.17644(11) x 10° kg

: : hG a4
Planck time Time (T) tp = F 5.39124(27) x 10™"s
Planck charge Electric charge (Qgp = \/4;¢gﬂﬁ_g 1.875545870(47) x 10" C
Planck temperatureTemperature®) |7}, = % 1.416785(71) x 167 K

1.10 MATHEMATICAL CONSTANTS:
(each to 1000 decimal places)

mT=
3.141592653589793238462643383279502884197169390382097494459230781640628620899862803482
53421170679821480865132823066470938446095505822339208128481117450284102701938521105559
64462294895493038196442881097566593344612847564888831652712019091456485669234603486104
54326648213393607260249141273724587006606315588132892096282925409171536436789259036001
13305305488204665213841469519415116094330572708697953092186117381932611793105118548074
4623799627495673518857527248912279381830119491@883824406566430860213949463952247371907
02179860943702770539217176293176752384674818460563200056812714526356082778577134275778
9609173637178721468440901224953430146549585371P8309689258923542019956112129021960864034
41815981362977477130996051870721134999999837293980@997317328160963185950244594553469083
0264252230825334468503526193118817101000313783868583853320838142061717766914730359825349
04287554687311595628638823537875937519577818572805226806613001927876611195909216420199

e=<
2.718281828459045235360287471352662497757247093899996696762772407663035354759457138217
85251664274274663919320030599218174135966290436329295260595630738132328627943490763233
82988075319525101901157383418793070215408914998888892447614606680822648001684774118537
42345442437107539077744992069551702761838606268838300075204493382656029760673711320070
932870912744374704723069697720931014169283681992588857463772111252389784425056953696770
785449969967946864454905987931636889230098793127836554249992295763514822082698951936680
33182528869398496465105820939239829488793320362309430123819706841614039701983767932068
32823764648042953118023287825098194558153017567332669811250996181881593041690351598888
519345807273866738589422879228499892086805825789024841984443634632449684875602336248270
41978623209002160990235304369941849146314093434388054625315209618369088870701676839642
43781405927145635490613031072085103837505101152477898610687396965521267154688957035035

(P::
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1.618033988749894848204586834365638117720309176886213544862270526046281890244970720720

41893911374847540880753868917521266338622235369880060766726354433389086595939582905638
322661319928290267880675208766892501711696207068222162695486262963136144381497587012203
40805887954454749246185695364864449241044320774384956584678850987433944221254487706647
80915884607499887124007652170575179788341662562882069704000281210427621771117778053153
17141011704666599146697987317613560067087480719333689427521948435305678300228785699782
9778347845878228911097625003026961561700250464338@486102838312683303724292675263116533
92473167111211588186385133162038400522216579128866549068113171599343235973494985090409
47621322298101726107059611645629909816290555208628240602017279974717534277759277862561
94320827505131218156285512224809394712341451702833372786160086883829523045926478780178
89921990270776903895321968198615143780314997416088@74296226757560523172777520353613936
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PART 2: MATHEMTAICAL SYMBOLS

2.1

Symbol

INTIV ANV I

—_— o~
—

+

I+

+l

mod

a™b
\a
*\a
“a
"Ja
%
%0
ppm
ppb
ppt

2.2

Symbol

Z

oM A X

Symbol Name
equals sign
not equal sign
strict inequality
strict inequality
inequality
inequality
parentheses
brackets
plus sign
minus sign
plus - minus
minus - plus
asterisk
times sign
multiplication dot
division sign / obelus
division slash

horizontal line

modulo
period
power
caret

square root

cube root

forth root

n-th root (radical)
percent

per-mille
per-million
per-billion
per-trillion

Symbol Name

angle

measured angle

spherical angle

right angle
degree
arcminute

BASIC MATH SYMBOLS

Meaning / definition
equality
inequality
greater than
less than
greater than or equal to
less than or equal to
calculate expression inside first
calculate expression inside first
addition
subtraction
both plus and minus operations

both minus and plus operations
multiplication

multiplication

multiplication

division

division

division / fraction

remainder calculation

decimal point, decimal separator
exponent

exponent

Va-Va = a

1% = 1/100

1%o = 1/1000 = 0.1%
1ppm = 1/1000000
1ppb = 1/2000000000
1ppb = 10?

GEOMETRY SYMBOLS

Meaning / definition

formed by two rays

=90°
1 turn = 360°
1° =60
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5=2+3
5% 4
5> 4
4<5
5>4
4<5
2 x (3+5) = 16

[(1+2)*(1+5)] = 18

1+1=2
2-1=1
3+5=8and-2
3F¥5=-2and8
2*3=6
2x3=6
2-3=6
6+2=3
6/2=3

6

E

7mod2=1
2.56 = 2+56/100
2°=8

27r3=8

V9 = +3

V8 =2

16 = +2

for n=3,"8 = 2
10% x 30 = 3
10%0 x 30 = 0.3

Example

10ppm x 30 = 0.0003
10ppb x 30 = 3x16
10ppb x 30 = 3x1¢

Example

«ABC = 30°
xABC = 30°
+AOB = 30°
a = 90°

a = 60°

a = 60°59'




AB line
E ray
| perpendicular
|| parallel
~ congruent to
~ similarity
A triangle
| x-y| distance
T pi constant
rad radians
grad grads
2.3 ALGEBRA SYMBOLS
Symbol Symbol Name
X X variable
= equivalence
N equal by definition
= equal by definition
approximately equal
~ approximately equal
o proportional to
© lemniscate
< much less than
> much greater than
) parentheses
[1 brackets
{} braces
[x] floor brackets
[x] ceiling brackets
x! exclamation mark
|x]  single vertical bar
f(x)  function of x
(fog) function composition
(a,b) openinterval
[ab] closed interval
A delta
A discriminant
> sigma

arcsecond

1"=60" a = 60°59'59"
line from point A to point B

line that start from point A

perpendicular lines (90° angle)  AC | BC
parallel lines AB || CD
equivalence of geometric shapes and

size AABC = AXYZ
same shapes, not same size AABC ~ AXYZ
triangle shape AABC = ABCD
distance between points x andy |xy|=5

= 3.141592654...

is the ratio between the circumferense=z-d = 2-z-r
and diameter of a circle

360°=Z rad
360° = 400 grad

radians angle unit
grads angle unit

Meaning / definition
unknown value to find
identical to

Example
when X = 4, therx = 2

equal by definition

equal by definition

weak approximation 11 ~10
approximation sin(0.01)= 0.01
proportional to f(X) o< g(x)

infinity symbol

much less than 1 <« 1000000

1000000 1
2 * (3+5) = 16
[(1+2)*(1+5)] = 18

much greater than

calculate expression inside first
calculate expression inside first

set

rounds number to lower integer |4.3]=4

rounds number to upper integer [4.3]=5

factorial 41 = 1*¥2*3*4 = 24
absolute value |-5]=5

maps values of x to f(x) f(X) = X+5

f (X)=3%, g(X)=x-1 = (f og)(X)=3(x-1)

(fog) (9 = (9(x)

(ab) £ {x|a<x<b} X € (2,6)

[ab] £ {x|a<x<Db} X € [2,6]

change / difference At =t,- 1,

A =b?-4dac

summation - sum of all values in range of., _ _

series 2 %= X#Xgh.. 4Xn
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ii’ 3= i" 1T i Isn

Example

Example

>y sigma double summation
m capital pi product - product of all values in range ofH XXy g X
series
e  cconstant/Eulers . _, 795551808, . e=lim (1+1K) , X
number
v Egr']irt;\f‘f‘“hero”' v = 0.527721566...
10) golden ratio golden ratio constant
2.4 LINEAR ALGEBRA SYMBOLS
Symbol Symbol Name Meaning / definition
‘ dot scalar product a-b
X cross vector product axb
AQB tensor product tensor product of A and B A®B
(T, y:; inner product
[1 brackets matrix of numbers
@) parentheses matrix of numbers
|A] determinant determinant of matrix A
det®) determinant determinant of matrix A
[1x 1] double vertical bars norm
AT transpose matrix transpose (AT)ij = A)ji
At Hermitian matrix matrix conjugate transpose (Af)ij = (A)J-i
A Hermitian matrix matrix conjugate transpose (A*)ij = (A)ji
A* inverse matrix AAt=|
rank(®) matrix rank rank of matrix A rank@®) = 3
dim(U) dimension dimension of matrix A rankU) = 3
2.5 PROBABILITY AND STATISTICS SYMBOLS
Symbol Symbol Name Meaning / definition
P(A) probability function probability of event A P(A)=0.5
P(AN B) probabm.ty of events probability that of events Aand B |P(ANB) = 0.5
intersection
probability of events .
P(A U B) union probability that of events A or B P(AUB) = 0.5
P(A|B) cond!tlonal probability probability of event A given event B P(A|B) =03
function occured
probability density _
f (%) function (pd P(a<x<b)=]f(x) dx
cumulative distribution _
F¥) function (cdf) FY =P(X=x)
U population mean mean of population values w=10
E(X) expectation value expected value of random variable XE(X) = 10
EX | V) conditional expectatiorweXpeCted value of random variable XE(X |Y=2=5

given Y
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var(X)

std(X)

Ox

T
coUX,Y)

corr(X)Y)

Pxy

z

X

Mo

MR

Md
Q.

Q.

2
X ~
N(u,0%)
U(a,b)
exg\)

gammédc, 1)
15K
F (ki k)
Bin(n,p)

Poissorf))
Geonfp)

HG(N,K,n)
Bern(p)

variance variance of random variable X var(X) =4
variance variance of population values o’=4
. standard deviation of random variabl
standard deviation X gtoKX) =2
. standard deviation value of random _
standard deviation . ox =2
variable X
median middle value of random variable x 7+ — §
. covariance of random variables X ard _
covariance v coX,Y) =4
. correlation of random variables X and _
correlation v corr(X,Y) =3
. correlation of random variables X and
correlation v DPxy=3
. . i
. summation - sum of all values in rani
summation . I; =T +T2+ 33+ T4
of series -

1=1
2 = [ [
B . b
double summation double summation 2 S g = E ri1+ 2
P b
=1 1=1 1=1 1=1

value that occurs most frequently in
mode

population
mid-range MR = (XmaxtXmin)/2
sample median half the population is below this valug

lower / first quartile ~ 25% of population are below this value

. .50% of population are below this value
median / second quartife .
= median of samples

upper / third quartile  75% of population are below this value

sample mean average / arithmetic mean X = (2+5+9) /3 =5.333
sample variance population samples variance estimatef = 4

sample standard population samples standard deviatiosn_ 2

deviation estimator -

standard score Zc= (x-X) / s

distribution of X distribution of random variable X X ~N(0,3)

normal distribution gaussian distribution X ~N(0,3)

uniform distribution  equal probability in range a,b X~ U(0,3)

exponential distributiorf (X) = 1™, x>0

gamma distribution  f (x) = 4 ¢ ¥/ T'(c), x>0
chi-square distribution f (x) = x*?e*? | ( 2T (k/2) )
F distribution

binomial distribution  f (K) = Cy pk(l_p)n-k
Paisson distribution  f (k) = €™ / k!

geometric distribution f (k) = p(1-p) k

hyper-geometric
distribution

Bernoulli distribution
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2.6 COMBINATORICS SYMBOLS

Symbol Symbol Name Meaning / definition Example
n! factorial n=123-..n 5/=1.2-3-4.-5=120
1!
P« permutation W = [—M‘ sP3 = 5!/ (5-3)! = 60
n— k)l

an

combination Cp = = ! C; = 5!/[3!(5-3)!']=10
n T \R) T R n — k) ST T
I

2.7 SET THEORY SYMBOLS

Symbol
{}

ANB
AUB
AcB
ACB
AZB
A=2B
ADB

ADB

P(A)

AC

A\B

AAB

AoB

acA

XEA
(ab)

AxB

Al
#A

Symbol Name
set

intersection
union

subset

proper subset / strict
subset

not subset

superset

proper superset / strict

superset

not superset
power set
power set
equality

complement

relative complement
relative complement
symmetric difference

symmetric difference

element of

not element of
ordered pair

cartesian product

cardinality
cardinality

Meaning / definition Example
a collection of elements A={3,7,9,14}, B={9,14,28}
objects that belong to set A and set

B A N B={9,14}
objects that belong to set A or set

B A U B={3,7,9,14,28}
subset has less elements or equ

the set {9,14,28} < {9,14,28}
subset has less elements than the

set {9,14} C {9,14,28}

left set not a subset of right set {9 66} ¢ {9,14,28}
set A has more elements or equal

to the set B {9,14,28} = {9,14,28}
set A has more elements than sgoBi 4 28} > {9,14}

set A is not a superset of set B {9 14,28} p {9,66}
all subsets of A
all subsets of A

both sets have the same membefs={3,9,14}, B={3,9,14}, A=B

all the objects that do not belong
set A

objects that belong to A and not EQ—
B =
objects that belong to A and not EQ—
B =
objects that belong to A or B but
not to their intersection

objects that belong to A or B but
not to their intersection

{3,9,14},
{3,9,14},
A={3,9,14},

A={3,9,14},

set membership A={3,9,14},3€ A

no set membership A={3,9,14},1¢ A
collection of 2 elements

set of all ordered pairs from A and
B

the number of elements of set A A={3,9,14}, |A|=3
the number of elements of set A/ A={3,9,14}, #A=3
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B={1,2,3}, A-B={9,14)
B={1,2,3}, A-B={9,14)
B={1,2,3}, AA B={1,2

B={1,2,3}, Ao B={1,2

9,14]

9,14



2.8

Symbol

wow (<< U

X aleph infinite cardinality

(0] empty set d={}

U universal set set of all possible values
natural numbers set (with

No zero) No={0,1,2,3,4,...}
natural numbers set :

N (without zero) N1 ={1,2,3,45,.}

7 integer numbers set 7 ={.-3,-2,-1,0,1,2,3,...}

Q rational numbers set  Q = {x | x=a/b, a,beN}

R real numbers set R = {X | <0 < X <0}

C complex numbers set € = {z|z=atbi, o<a<eo, -

LOGIC SYMBOLS

Symbol Name

and
caret / circumflex
ampersand

plus
reversed caret

vertical line
single quote
bar

not

exclamation mark

circled plus / oplus

tilde

implies

equivalent

for all

there exists

there does not exists
therefore

because / since

oo<p<oo}

Meaning / definition

and Xy
and XNy
and X&'y
or X+y
or XV y
or x|y
not - negation X

not - negation X

not - negation =X
not - negation I'x
exclusive or - xor X®y
negation ~X

if and only if
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C = {2}

0c N

6 N;

6”7
26 Q
6.343434c R

6+2 € C

Example




2.9 CALCULUS & ANALYSIS SYMBOLS

Symbol Symbol Name Meaning / definition Example
lill'l{] f(f} limit limit value of a function
@I
. represents a very small number, near
€ epsilon e¢—0
zero
e e constant / Euler's number e=2.718281828... e=lim (1+1K)*, x—w
y' derivative derivative - Leibniz's notation (3% = ¢
y" second derivative derivative of derivative (3°)" = 1&
yo nth derivative n times derivation 3\ =18
d1
4y derivative derivative - Lagrange's notation  d(3x°)/dx = 9¢
dax
d*y
—= second derivative derivative of derivative d(33)/dX = 1&
dr?
d™yy o _ o
—_ nth derivative n times derivation
dax™
3} time derivative derivative by time - Newton notation
?j time second derivative derivative of derivative
df(x, 1 o
M partial derivative OOC+HYA)ox = 2
dx
[ integral opposite to derivation
) double integral integration of function of 2 variables
Iy triple integral integration of function of 3 variables
§ closed contour / line integral
s closed surface integral
§fp closed volume integral
[a,b] closed interval [ab] ={x]a<x< b}
(a,b) open interval (ab) ={x]a<x<b}
[ imaginary unit i=+-1 z=3+12
z complex conjugate z= atbi — Z*=a-bi zxr=3+12
z complex conjugate z= atbi — z=a-bi z=3+12
\v4 nabla / del gradient / divergence operator Vf (x,y,2)
—
T vector
o~ .
T unit vector
X*y convolution y(t) =x(t) * h(t)
£ Laplace transform F(s) = L{f (t)}
F Fourier transform X(w) = F{f ()}
0 delta function

Page 39 of 330




PART 3: AREA, VOLUME AND SURFACE AREA

3.1 AREA:
. 1 1., . a’sinBsinC
Triangle: A=—-bh=-absinC=———— =,/9s—a){s—-b)(s—-c
: “bh=> nEeNC - Jds-a)ls-b)ls=o)
Rectangle: A=lw
Square: A=a’
Parallelogram: A=Dbh=absinA
Rhombus: A=a’sinA
Trapezium: A= h(a+bj
S
Quadrilateral: A= \/(s -a)(s-b)(s—c)(s-d)-abcdx cos’ (%ZDCDJ
A= d,d, sinl
2
Rectangle with rounded corners: A=Iw - r2(4—ﬂ)
3V3xa’

Regular Hexagon: A=

2
Regular Octagon: A= 2(1+ \/E)x a’®

2
Regular Polygon: SR
{180}
4ta
n
3.2 VOLUME:
Cube: vV=2a®
Cuboid: V =abc
Prisim: V = Ab)xh
Pyramid: V= % x Alb)x h
Tetrahedron: = Q xa®
12
Octahedron: = % xa®
Dodecahedron: V= 15+47\/§ xa®
Icosahedron: \Y; :ig;—\/g)xa3
3.3 SURFACE AREA:
Cube: SA=6a’
Cuboids: SA=2(ab+bc+ca)
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Tetrahedron: SA=+/3xa’
Octahedron: SA=2x+/3xa’
Dodecahedron: SA=3x+/25+10/5 xa?
Icosahedron: SA=5x~/3xa’
Cylinder: SA=2m(h+r)

3.4 MISCELLANEOUS:

Diagonal of a Rectangle
Diagonal of a Cuboid

Longest Diagonal (Even Sides)

Longest Diagonal (Odd Sides)

Total Length of Edges (Cube):

Total Length of Edges (Cuboid)=

Circumference
Perimeter of rectangle

Semi perimeter

Euler's Formula

3.5
A=area

a=side ‘@’

b=base

b=side ‘b’
C=circumference
C=central angle
c=side ‘c’
d=diameter
d=diagonal
d;=diagonal 1
d,=diagonal 2
E=external angle
h=height

I=internal angle
|=length

n=number of sides
P=perimeter
r=radius

Zsin(goj
n
=12a
4a+b+c)

Facest Verticies= Edgest 2

ABBREVIATIONS (3.1, 3.2, 3.3, 3.4)
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r.=radius 1
s=semi-perimeter
SA=Surface Area
V=Volume
w=width
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PART 4: ALGEBRA & ARITHMETIC
4.1  POLYNOMIAL FORMULA:

Qudaratic:. = Whereax® +bx+c=0,

«= -b++b?-4ac
2a
Cubic: Whereax® +bx* +cx+d =0,

b
Let, x=y-—
y 3a
b’ b\’ b
0 -—— | +bhy-——| +ddy—-— |+d =0
a{y 3aj (y 3aj (y SaJ
b? 2b®  bc
ay’+|c-— |y+|d+——-—|=0
Y [ 3a]y [ 27a’ 3aJ

b? 2b®  bc
C_Q OI+27a2 3
3 y+ :0

Yy +
a a
b2 20°  be
c——— d+_———-——
3 3a 27a° 3a
y' + y=-
a a
b2
s
Let, A= = 3st.(1)
a
2b®  bc
2722 3a
Let,B=- - =s*-t°.(2)
Oy*+Ay=B

y® +3sty=s> -3

Solution to the equation =-t

Let, y=s-t

0(s—t)* +3st(s—t) = s°* - t°

(53 —3s’t + 3st” —t3)+ (352t —3st2): S

Solving (1) fors and substituting into (2) yields:

A 3 4

— ) -+ =B.

(5)

t“+Bﬁ—£={}
27 ’

Let, u=t?

3

Ou?+Bu-2 =0
27
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ie:qu®+fu+y=0
a=1

3
_Bx B2+

Ot=%u={ 5 21

Substituting into (2) yields:

3

-B+,/B?+
3

s’=B+t*=B+

an

2

3
—BiW/BZ+4A
27
2

Now, y=s-t
3
3 3
3—Biw/Bz+42A; 3—B¢W/BZ+42A;
Oy=,/B+
Y=3 5 5
b
Now, x=y—-—
y 3a
3 3
4A I32+4A
X = 27
b? 2b®  bc
0_5 OI+27a2 3a
Where, A= 5 &B=- "
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4.2 FUNDAMENTALS OF ARITHMETIC:

Rational Numbers: Every rational number can be written las

Mm-ooN— o

Irrational Numbers: lim Iim(cos2n (mix7zx x))={

0—Q+G+Q

1 xisrational
0 xisirrational

4.3 ALGEBRAIC EXPANSION:

Babylonian Identity:

G (‘r' B .Ll)) 1= (% (”EJF %)) ' (c1800BC)
Common Products And Factors

(a+b) =a*+2ab+b’

(a—b)’ =a*-2ab+b*

(a+b) =da’ +3a’h + 3ab® + b’

(a—b) =a’-3a’b+3ab® - b’

a’—b’=(a-b)a+b)

a—-b'=(a-b)a" +ab+b")

a +b’=(a+b)a*—ab+b*)

(xty)Y =x"+2xy+y’

(xty)’

(xxy)

Binomial Theorem:

=x 13y + 30" +y°

x' 24Xy +6x7y H4xy’ +y?

For any value of n, whether positive, negativegget or non-integer, the value of the nth
power of a binomial is given by:

n n
(a+b) =a"+na b+

Binomial Expansion:

-1 ”(”_l)a”_lb2+__,+b"

For any power of n, the binomial (a + x) can beasqged
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1 nn=1) n-
(a+.r) =da +na” x+—( 5 )a" X2 4+

This is particularly useful when x is very muchdélan a so that the first few terms provide a
good approximation of the value of the expressidrere will always be n+1 terms and the
general form is:

Mota that the factornal
n is given by

n! -
(a+.r)"=z a"*x* n!l=1-2-3...-n
oo (n—k)!k!

0'=1
Difference of two squares:
a’ — b = (a+ b)(a—b)
Brahmagupta—Fibonacci ldentity:
(a* +8%) (& +d?*) = (ac — bd)® + (ad + be)® (1)
= (ac + bd)” + (ad — bc)” . (2)
Also,
(a® + nb?) (? + nd®) = (ac — nbd)* + n (ad + be)® (3)
= (ac + nbd)® + n (ad — be)? (4)

Degen's eight-square identity:

(a1—i—a2+a3—|—a4—|—a5—i—ﬂ5—|—a?—i—a8)[b2—|—bz—i—b2+b2—|—b2+b§—i—b2+b§)
(aiby — ashy — azby — ayby — asbs — aghs — azby — ﬂsbs) +

(@1by + azby + aszb; — asby + asbe — aghs — azbs + asb; J' +

(@1bs — azbs + azby + asby + asbr + agbs — azbs — ﬂﬂbﬁ) +

(@1by + asbs — azbs + asby + asbs — aghy + azbg — ashs ) +

(@1bs — azbg — azb; — asbs + asby + agby + azbs + ﬂafh) +

(@ibe + azbs — azbs + asb; — asby + aghy — azby + ﬂsba} +

( by + ashg + azbs — aghy — asby + aghy + azby, — ﬂabo} +

(aibg — asbr + asbe + asbs — asby — aghs + azby + ﬂabl,]'

Note that:

(a} + a; + a3 + a3) (b} + by +b?+b =
(a1by — asby — azbs — ﬂqbﬂ +

(@iby + azby 4 asb; — '11453) +

(a1by — ashy + azb; + ﬂqbz}

(a

2
15.1, + ﬂ@b,g — ﬂdb‘ﬁ + Elqb ]
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and,

(af +ay + a5+ a3) (b2 4+ b5 + b5 + b3) =
(asby + aghy + azbs + agby)’+

(asho — aghy + azby — aghy)*+

(asby — aghy — azby + !’!-353]2+

(asby + aghy — azby — ﬂ-ahljg

4.4 ROOT EXPANSIONS:

< Nioce Jiof =
Ve fy = Lo o

NN 1xi\/x_y2

Vxtfy = /k

LIMIT MANIPULATIONS:

lim(a, +b um wm(bn)

L'Hopital’'s Rule:

If Iim(f(x)):lim(g(x)) 0or + o, andllm(gg ;jexists (ieg'(X) # 0,x = &), then it follows that

Ilm( f(x)j f (X)j
g9(x) ) *x=(g'(x)
Proof:

|
..m(fw] M(f(x) J ((ux)-f(a))( )J

(x) () + (g(x) -g(@)+(x-a)

i ((f(x)‘f(a)]
_ xaa (X a) :Ilm(f (X)j: f' (a)
im[ (8 -9@)) g/ (@)
(x-a)
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46 SUMMATION MANIPULATIONS:
f [

Y. C-fln)=C-3 fn)

n=s n=s , WhereC is a constant
f t t

Z fi{n)+ Z g(n) = Z [f(n)+ g(n)]

n=s n=% n=x

; fln) =2 g(n)=Y_[f(n)—g(n)]

; -n:.'_f_le n=s
> fln)= 3. fln-p)

n==s n=s—+p

b) t i

Y fin)+ > fn)=> f(n)
n=s n=7+1 n=—s

> z';a” 30

i= h:u _I =lp i=ko .
Zf{?n)—i—z_f 2n+1)= > f(n)
t ) =0 P n=0
szz n+i)= > f(n)

_D i=0 n=>0

Zln f n)—lan n)

n=s TF_‘F

C[ n=s fl[n H Cf{nj

4.7 COMMON FUNCTIONS:

Constant Function:
y=aorf(x)=a
Graph is a horizontal line passing through the ipira)
x=a

Graph is a vertical line passing through the péarﬂ))
Line/Linear Function:
y=mx+c

Graph is a line with poir(0,c) and slopen.

Where the gradient is between any two poiXsy,) & (X,,Y,)
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Parabola/Quadratic

Circle:

Ellipse:

Hyperbola:

rise -
m= Yo~ W
run - X, =X

Also, y=y; +m(x=Xx)
The equation of the line with gradiantand passing through the point
(%, y1) -

Function:

y=a(x-h)*+k

The graph is a parabola that opens wp=f0 or down ifa< 0 and has a
vertex at(h,k).

y=ax’ +bx+c
The graph is a parabola that opens wp=f0 or down ifa< 0 and has a

vertex at(_—b, f(_—bn .
2a 2a

x=ay’ +by+c
The graph is a parabola that opens right0 or left ifa<0 and has a

vertex at g(_—bj[_—bj . This is not a function.
2a )\ 2a

(x=h)* +(y-k)* =r°
Graph is a circle with radiusand centefh,k).

by i
a

Graph is an ellipse with centéln,k) with verticesa units right/left from
the center and verticdsunits up/down fronthe center.

(x=hf _(y-k) _

a b =1
Graph is a hyperbola that opens left and right,chesnter a(hk) ,
verticesa units left/right of center and asymptotes thaspgasough

center with sIopetE.
a

(y-KF _(x=h) _,
b? a’
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Graph is a hyperbola that opens up and down, kastar a(h,k) ,
verticesb units up/down from the center and asymptotesghss

through center with sIopeE.
a

4.8 LINEAR ALGEBRA:
Vector Space Axioms:

A real vector space is a set X with a special etegrieand three operations:
* Addition: Given two elements X, y in X, one camnfiothe sum x+y, which is also an
element of X.
* Inverse: Given an element x in X, one can formitiverse -x, which is also an
element of X.

e Scalar multiplication: Given an element x in X antkal number ¢, one can form the
product cx, which is also an element of X.

These operations must satisfy the following axioms:

Additive axioms. For every x,y,z in X, we have

1. x+y = y+x.

2. (x+y)+z = x+(y+2).

3. O+x=x+0=x.

4. (-x)+x=x+(-x)=0.

Multiplicative axioms. For every x in X and realmbers c,d, we have
5. 0x=0

6. Ix=X

7. (cd)x = c(dx)

Distributive axioms. For every X,y in X and realmbers c,d, we have
8. c(xty) =cx +cy.

9. (c+d)x = cx +dx.

A normed real vector space is a real vector spasgtiXan additional operation:

* Norm: Given an element x in X, one can form thenm¢|x||, which is a non-negative
number.

This norm must satisfy the following axioms, foryaqy in X and any real number c:
10.|[x]| = O if and only if x = O.
1L [ ex || = le] [Ix]I-
12. || x+y [[ <= {Ix]| + [Iyll

A complex vector space consists of the same s@tiofns as the real case, but elements
within the vector space are complex. The axiomsadjasted to suit.

Subspace: When the subspace is a subset of another veaoespnly axioms (a) and (b)
need to be proved to show that the subspace isaalsotor space.

Common Spaces:
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Real Numbers 0,02,0°%,...,0"(n denotes dimension)
Complex Numbers: C,C?,C3,...,.C"(n denotes dimension)
Polynomials P,R,,R,,...,P, (n denotes the highest order of x)

All continuous functions C[a, b] (a & b denote the interval) (This is never a vector
space as it has infinite dimensions)

Rowspace of a spanning set in'R
Stack vectors in a matrix in rows
Use elementary row operations to put matrix int@ exhelon form
The non zero rows form a basis of the vector space

Columnspace of a spanning set in'R
Stack vectors in a matrix in columns
Use elementary row operations to put matrix int@ exhelon form
Columns with leading entries correspond to the subkvectors in the set that form a
basis

Nullspace:
Solutions toAx=0A

Using elementary row operations to put matrix irtew echelon form, columns with
no leading entries are assigned a constant anenth&ning variables are solved with
respect to these constants.

Nullity:
The dimension of the nullspace
ColumngA) = Nullity (A) + Rank( A)

Linear Dependence:
c,h+c,r,+...+cr,=0
Then,c, =c,=c, =0
If the trivial solution is the only solution,,r,,..r, are
independent.

r(A) #zr(A|b): No Solution
r(A) =r(A|b) =n: Unique Solution
r(A) =r(A|b) <n: Infinite Solutions

Basis: S is a basis of V if:
S spans V
S is linearly dependant

S:{ul,uz,us,...,un}
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The general vector within the vector spacens: y
z

W= U, +CU, + CU, +...+ C U,

ull u21 u31 b unl Cl
u u u .. u C
Therefo re, 12 2 3 n2 2
[W] - u13 u23 u33 b un3 CS
u1n u2n u3n e unn_ _Cn

If the determinant of the square matrix is not zéne matrix is invertible.
Therefore, the solution is unique. Hence, all viecto w are linear
combinations of S. Because of this, S spans w.

Standard Basis:

Real Numbers S(@")=<|0/0}l1}..0

10]]10]|0) |1]

Polynomials S(P) :{1 X, xz,x3,...,x”}

Any set the forms the basis of a vector space paghin the same number of linearly
independent vectors as the standard basis.

Orthogonal Complement:
W"is the nullspace of A, where A is the matrix that@ingv,,v,,V.,...,v,} in rows.

dimW?) = nullity (A)

Orthonormal Basis:
A basis of mutually orthogonal vectors of lengtiBasis can be found with the Gram-
Schmidt process outline below.

0 i%]
= >:{1 i= |

u=<uyv,>v,+<uVv, >Vv,+<uVv,>Vv,+..+<uv, >Vv)
In an orthonormal basis: ro 27 2 37 Y3 n = Vn
U=cV, +CV, +CV, +...+CV,)

Gram-Schmidt Process:
This finds an orthonormal basis recursively.
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Inabasis B={u,u,,u,,..u}
G =Y

Vi =0y =
o
Next vector needs to be orthogonaho
Oy = U= <Up,V; >V
Similarly
O; =Us = <Ug,Vy > V= <Ug,V, >V,
Oy = Uy~ <Ug,Vp 2V = <Ug,V, 2V, —..m < Uy, V, >V,

. On
Vo =y =77
ot

Therefore, orthogonal basis B!={v,,v,,Vv,,...,v.}

Coordinate Vector:
If V=0Cg tCE, +...+ GE,

For a fixed basis (usually the standard basisktiet to 1 correspondence between

vectors and coordinate vectors.
Hence, a basis can be found iha@Rd then translated back into the general vector

space.
Dimension:

Real Numbers dim(@")=n

Polynomials dim(P,)=n+ 1

Matricis dim(M ) = pxq

If you know the dimensions and you are checkiragset forms a basis of the vector
space, only Linear Independence or Span needsdbduked.

49 COMPLEX VECTOR SPACES:

a, +ib,
a +ib
Form: ch=|? ?
a, +ib,
Dot Product:
usv=uV,+U,V, +...4+U_V,
Where:
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UsV=VeUuZvVelu
(U+tVv)ew=uew+vew
suev=guev),sOC
ueu=0
ueu=0iff u=0

Inner Product:
ol == 0 = ot

d(uv) =|u-]
Orthogonal ifuev=0
Parallel ifu=sy,sCOC

4.10 LINEAR TRANSITIONS & TRANSFORMATIONS:

Transition Matrix: From 1 vector space to another vector space

T(u) =T(qu, + G, + CU; +...+ CU,)
T(u)=cT(w)+cT(u,)+cT(ug) +...+ ¢ T(uy,)
Nullity(T)+Rank(T)=Dim(V)=Columns(T)

Change of Basis Transition Matrix:
Vg =M "M v,
Vg = CgaVy

For a general vector space with the standasshS = {Sl, S, ,...,Sn}
Mg :[(Vl X ||(Vn)3]
Mg :[(ul X ||(um)8]

Transformation Matrix: From 1 basis to another basis
V= spar({vl,vz,vg,...,vn})
B, ={V1'V2'V31---'Vn}

U= spar({ul,uz,u3,---1um})
B, :{ul,uz,u3,---,um}

A=[(T))a 1TV))gs 1A (T(V))gs]
A'=Cqgy ACqq
4.11 INNER PRODUCTS:

Definition:  An extension of the dot product into a generataespace.
Axioms:

1. <uv>=<v,u>

2. <uv+w>=<u,v>+<uw>

3. <kuv>=k<uyv>
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<uu>=0
<uu>=0iff u=0
a=Y
ul
Cavchy-Schuarz Inequality:
Inner Product Space:

Unit Vector:

1

Ju=<uu>2=y<uu>

o =<uu>
<uv> ’

Juilv

<uv>%< ||u||2 ><||\/||2 = <l= -1<

Ju|0Ju| =0iff u=0
Jluf = k]
Ju-+f =[ul +M

Angle between two vectors:
As defined by the inner product,

codd)= Suv>

JullM

Orthogonal if:<u,v>=0

Distance between two vectors:
As defined by the inner product,

d(u,v) =[u-v|

Generalised Pythagoras for orthogonal vectors:

Ju-+ " =]l +M°

4.12 PRIME NUMBERS:

Determinate: A(N) =

£

1+ K’IJ
{\/ﬁu

=
2 {sz lxlszﬂH

List of Prime Number_s:

<uv>’<<uu>x<yV>

< >
uVv <1

Jull

if Nisoddandprime
if Nisoddandcomposite

2 3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71
73 79 83 89 97 101 103 107 109 113 127 131 137 139 149 151 157 163 167 178
179 181 191 193 197 199 211 223 227 229 233 239 241 251 257 263 269 271 277 281
283 293 307 311 313 317 331 337 347 349 353 359 367 373 379 383 389 397 401 409
419 421 431 433 439 443 449 457 461 463 467 479 487 491 499 503 509 521 523 541
547 557 563 569 571 577 587 593 599 601 607 613 617 619 631 641 643 647 653 659
661 673 677 683 691 701 709 719 727 733 739 743 751 757 761 769 773 787 797 809
811 821 823 827 829 839 853 857 859 863 877 881 883 887 907 911 919 929 937 941
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947

953

967 971

977

983

991

997

1009

1013

1019

1021

1031

1033

1039

1049

1051

1061

1063

104

1087

1091

1093 | 1097

1103

1109

1117

1123

1129

1151

1153

1163

1171

1181

1187

1193

1201

1213

1217

122

1229

1231

1237 | 1249

1259

1277

1279

1283

1289

1291

1297

1301

1303

1307

1319

1321

1327

1361

1367

137

1381

1399

1409 | 1423

1427

1429

1433

1439

1447

1451

1453

1459

1471

1481

1483

1487

1489

1493

1499

151

1523

1531

1543 | 1549

1553

1559

1567

1571

1579

1583

1597

1601

1607

1609

1613

1619

1621

1627

1637

165

1663

1667

1669 | 1693

1697

1699

1709

1721

1723

1733

1741

1747

1753

1759

1777

1783

1787

1789

1801

181

1823

1831

1847 | 1861

1867

1871

1873

1877

1879

1889

1901

1907

1913

1931

1933

1949

1951

1973

1979

199

1993

1997

1999 | 2003

2011

2017

2027

2029

2039

2053

2063

2069

2081

2083

2087

2089

2099

2111

2113

212

2131

2137

2141 | 2143

2153

2161

2179

2203

2207

2213

2221

2237

2239

2243

2251

2267

2269

2273

2281

22§

2293

2297

2309 | 2311

2333

2339

2341

2347

2351

2357

2371

2377

2381

2383

2389

2393

2399

2411

2417

242

2437

2441

2447 | 2459

2467

2473

2477

2503

2521

2531

2539

2543

2549

2551

2557

2579

2591

2593

2609

261

2621

2633

2647 | 2657

2659

2663

2671

2677

2683

2687

2689

2693

2699

2707

2711

2713

2719

2729

2731

274

2749

2753

2767 | 2777

2789

2791

2797

2801

2803

2819

2833

2837

2843

2851

2857

2861

2879

2887

2897

290

2909

2917

2927 | 2939

2953

2957

2963

2969

2971

2999

3001

3011

3019

3023

3037

3041

3049

3061

3067

307

3083

3089

3109 | 3119

3121

3137

3163

3167

3169

3181

3187

3191

3203

3209

3217

3221

3229

3251

3253

325

3259

3271

3299 | 3301

3307

3313

3319

3323

3329

3331

3343

3347

3359

3361

3371

3373

3389

3391

3407

341

3433

3449

3457 | 3461

3463

3467

3469

3491

3499

3511

3517

3527

3529

3533

3539

3541

3547

3557

3559

357

P (N[O [@ [P [N [@ [N [0 [N [~ [N ([ [0 0w [0

Fundamental Theory of Arithmetic:

That every integer greater than 1 is either pritsefior is the product

of a finite number of prime numbers.

Laprange’s Theorem:
That every natural number can be written as theauiour square
integers.

Additive primes:

EQ:59=77+3*+1* +0?

le: x=a®+b’+c*+d?*;ab,c,d,x0ON,

Primes: such that the sum of digits is a prime.
2,3,5,7,11, 23, 29, 41, 43, 47, 61, 67, 831849, 113, 131...

Annihilating primes:
Primes: such that d(p) = 0, where d(p) is the shaafta sequence of natural numbers
3,7,11,17,47,53, 61, 67, 73, 79, 89, 101, 139, 157, 191, 199

Bell number primes:

Primes: that are the number of partitions of axgét n members.

2,5,877, 27644437, 357425491988726172913535026582567,
35933408596862283104196018859804366106538872698307%he next term has 6,539 digits.

Carol primes:

Of the form (2-1) - 2.

7,47, 223, 3967, 16127, 1046527, 16769023, 1078%67,658718952447, 274876858367, 4398042316799,
1125899839733759, 18014398241046527, 12980742186833075030044377087

Centered decagonal primes:

Of the form 5¢° - n) + 1.

11, 31, 61, 101, 151, 211, 281, 661, 911, 1051112861, 1531, 1901, 2311, 2531, 3001, 3251, 35341,
5281, 6301, 6661, 7411, 9461, 9901, 12251, 1374351, 15401, 18301, 18911, 19531, 20161, 221115241
24851, 25561, 27011, 27751

Centered heptagonal primes:
Of the form (W - Tn + 2) / 2.
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43,71, 197, 463, 547, 953, 1471, 1933, 2647, 288937, 4663, 5741, 8233, 9283, 10781, 11173, 12B4361,
18397, 20483, 29303, 29947, 34651, 37493, 4120HKUE0821, 54251, 56897, 57793, 65213, 68111,F207
76147, 84631, 89041, 93563

Centered square primes:

Of the formn® + (n+1.

5,13, 41, 61, 113, 181, 313, 421, 613, 761, 10281, 1301, 1741, 1861, 2113, 2381, 2521, 3121336413,
5101, 7321, 8581, 9661, 9941, 10513, 12641, 1354381, 14621, 15313, 16381, 19013, 19801, 20201121
21841, 23981, 24421, 26681

Centered triangular primes:

Of the form (3° + 3n + 2) / 2.

19, 31, 109, 199, 409, 571, 631, 829, 1489, 1988122971, 3529, 4621, 4789, 7039, 7669, 8779, 92459,
10711, 13681, 14851, 16069, 16381, 17659, 2001352®3251, 25939, 27541, 29191, 29611, 31321,B442
36739, 40099, 40591, 42589

Chen primes:

Where p is prime and p+2 is either a prime or semig.

2,3,5,7,11,13,17,19, 23, 29, 31, 37,4158/ 59, 67, 71, 83, 89, 101, 107, 109, 113, 137, 137, 139,
149, 157, 167, 179, 181, 191, 197, 199, 211, 223, 239, 251, 257, 263, 269, 281, 293, 307, 311, 337,
347, 353, 359, 379, 389, 401, 409

Circular primes:

A circular prime number is a number that remainspron any cyclic rotation of its digits (in bas@)1
2,3,5,7,11,13,17,31,37,71,73,79, 97,183, 197, 199, 311, 337, 373, 719, 733, 919, 991, 1193,
1931, 3119, 3779, 7793, 7937, 9311, 9377, 119381919937, 37199, 39119, 71993, 91193, 93719,8B391
99371, 193939, 199933, 319993, 331999, 391939,1393M 9393, 933199, 939193, 939391, 993319, 999331

Cousin primes:

Where (p, p+4) are both prime.

3,7), (7, 11), (13, 17), (19, 23), (37, 41), (43), (67, 71), (79, 83), (97, 101), (103, 107Pn91113), (127,
131), (163, 167), (193, 197), (223, 227), (229,)28377, 281)

Cuban primes:
3

Y x=y+1= (y+1P -y’

X
Of the form

7,19, 37,61, 127, 271, 331, 397, 547, 631, 969711801, 1951, 2269, 2437, 2791, 3169, 3571, ARA47,
5167, 5419, 6211, 7057, 7351, 8269, 9241, 1026719112097, 13267, 13669, 16651, 19441, 19927, 2244
23497, 24571, 25117, 26227, 27361, 33391, 35317

3 3 3 3

X - +2) -

Y =yrom VF2L oy
X-y 2

13, 109, 193, 433, 769, 1201, 1453, 2029, 3469938801, 10093, 12289, 13873, 18253, 20173, 2125889,

28813, 37633, 43201, 47629, 60493, 63949, 6571R,H73009, 76801, 84673, 106033, 108301, 112909,

115249

Of the form

Cullen primes:
Of the formnx2" + 1.
3, 393050634124102232869567034555427371542904833

Dihedral primes:

Primes: that remain prime when read upside downigored in a seven-segment display.

2,5,11,101, 181, 1181, 1811, 18181, 108881,81,0818081, 120121, 121021, 121151, 150151, 151051,
151121, 180181, 180811, 181081

Double factorial primes:
Of the form n!! + 1. Values of n:
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0, 1, 2, 518, 33416, 37310, 52608

Of the form n!! — 1. Values of n:
3,4,6, 8,16, 26, 64, 82, 90, 118, 194, 214, 822, 888, 2328, 3326, 6404, 8670, 9682, 270561843

Double Mersenne primes:

A subset of Mersenne primes: of the foﬂﬁp_l'l —1 for primep.
7,127,2147483647, 1701411834604692317316873084168727

Eisenstein primes without imaginary part:

Eisenstein integers that are irreducible and reaibrers (primes: of the form 3n - 1).

2,5,11,17, 23, 29, 41, 47,53, 59, 71, 83, 83,107, 113, 131, 137, 149, 167, 173, 179, 191, 297, 233,
239, 251, 257, 263, 269, 281, 293, 311, 317, 383, 359, 383, 389, 401

Emirps:

Primes which become a different prime when thedirdal digits are reversed.

13,17, 31, 37,71, 73, 79, 97, 107, 113, 149, 167, 179, 199, 311, 337, 347, 359, 389, 701, 789, 739,
743,751, 761, 769, 907, 937, 941, 953, 967, 983, 991

Euclid primes:
Of the formp.# + 1 (a subset of primorial prime:).
3,7,31, 211, 2311, 200560490131

Even prime:
Of the form 2n.
2

Factorial primes:

Of the formn! — 1 orn! + 1.

2,3,5,7, 23,719, 5039, 39916801, 47900159978791199, 10888869450418352160768000001,
265252859812191058636308479999999, 263130836933698%3218012159999999,
8683317618811886495518194401279999999

Fermat primes:

Of the form 22" +1
3, 5,17, 257, 65537

Fibonacci primes:

Primes in the Fibonacci sequence

2, 3,5, 13, 89, 233, 1597, 28657, 514229, 4334B42371215073, 99194853094755497,
1066340417491710595814572169, 191347024000932780823917

Fortunate primes:

Fortunate numbers that are prime

3,5,7,13, 17,19, 23, 37, 47, 59, 61, 67, 718989101, 103, 107, 109, 127, 151, 157, 163, 187, 197, 199,
223, 229, 233, 239, 271, 277, 283, 293, 307, 313, 331, 353, 373, 379, 383, 397

Gaussian primes:
Prime elements of the Gaussian integers (primetsieoform 4n + 3).

3,7,11,19, 23, 31, 43, 47,59, 67, 71, 79, 83,107, 127, 131, 139, 151, 163, 167, 179, 199, 291, 223,
227,239, 251, 263, 271, 283, 307, 311, 331, 389, 367, 379, 383, 419, 431, 439, 443, 463, 469, 487,
491, 499, 503

Generalized Fermat primes base 10:
Of the form 10 + 1, wheren > 0.
11, 101
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Genocchi number primes:
The only positive prime Genocchi number is 17

Gilda's primes:
Gilda's numbers that are prime.
29, 683, 997, 2207, 30571351

Good primes:
Primes:p, for whichp,? > pn_i pnsi for all 1<i < n-1, wherep, is thenth prime.
5,11,17, 29, 37, 41, 53, 59, 67, 71, 97, 101, 129, 179, 191, 223, 227, 251, 257, 269, 307

Happy primes:

Happy numbers that are prime.

7,13, 19, 23, 31, 79, 97, 103, 109, 139, 167, 299, 263, 293, 313, 331, 367, 379, 383, 397, 489, 563,
617, 653, 673, 683, 709, 739, 761, 863, 881, 987, 9009, 1033, 1039, 1093

Harmonic primes:

Primes p for which there are no solutiongtic= 0 (modp) andHy = —w, (modp) for 1< k< p-2, wherew,is the
Wolstenholme quotient.

5,13,17, 23,41, 67,73, 79, 107, 113, 139, 189, 179, 191, 193, 223, 239, 241, 251, 263, 287, 293, 307,
311, 317, 331, 337, 349

Higgs primes for squares:

Primes p for which p—1 divides the square of thedpct of all earlier terms.

2,3,5,7,11, 13,19, 23, 29, 31, 37, 43, 47589361, 67, 71, 79, 101, 107, 127, 131, 139, 189, 157, 173,
181, 191, 197, 199, 211, 223, 229, 263, 269, 283, 211, 317, 331, 347, 349

Highly cototient number primes:
Primes that are a cototient more often than amgget below it except 1.
2,23,47,59, 83, 89, 113, 167, 269, 389, 419, 669, 839, 1049, 1259, 1889

Irregular primes:

Odd primes p which divide the class number of thle pyclotomic field.

37,59, 67, 101, 103, 131, 149, 157, 233, 257, 283, 283, 293, 307, 311, 347, 353, 379, 389, 409, 421,
433, 461, 463, 467, 491, 523, 541, 547, 557, 587, 593, 607, 613, 617, 619

(p, p—5) irregular primes:
Primes p such that (p, p—5) is an irregular pair.
37

(p, p—9) irregular primes:
Primes p such that (p, p—9) is an irregular pair
67, 877

Isolated primes:

Primes p such that neither p—2 nor p+2 is prime.

2,23,37,47,53, 67,79, 83,89, 97, 113, 127, 187, 163, 167, 173, 211, 223, 233, 251, 257, 283, 293,
307, 317, 331, 337, 353, 359, 367, 373, 379, 383, 397, 401, 409, 439, 443, 449, 457, 467, 479, 481,
499, 503, 509, 541, 547, 557, 563, 577, 587, 503, 613, 631, 647, 653, 673, 677, 683, 691, 7092, 709,
727,733,739, 743, 751, 757, 761, 769, 773, 787, 839, 853, 863, 877, 887, 907, 911, 919, 929, 931,
947, 953, 967, 971, 977, 983, 991, 997

Kynea primes:

Of the form (2 + 1F - 2.

7, 23,79, 1087, 66047, 263167, 16785407, 107380 785.80131327, 68720001023, 4398050705407,
70368760954879, 18014398777917439, 1844674408282948
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Left-truncatable primes:

Primes that remain prime when the leading deciritgd i$ successively removed.

2,3,5,7,13,17, 23, 37,43, 47,53, 67, 73993113, 137, 167, 173, 197, 223, 283, 313, 337, 347, 353,
367, 373, 383, 397, 443, 467, 523, 547, 613, 643, 647, 653, 673, 683

Leyland primes:

Of the formx’ +y*, with 1 <x<y.

17, 593, 32993, 2097593, 8589935681, 59604644 783®F23347633027360537213687137,
43143988327398957279342419750374600193

Long primes:
p1_
Primes p for which, in a given base-b;———gives a cyclic number. They are also called fydtead primes:.
p

Primes p for base 10:
7,17,19, 23, 29, 47, 59, 61, 97, 109, 113, 139, 167, 179, 181, 193, 223, 229, 233, 257, 263, 263, 337,
367, 379, 383, 389, 419, 433, 461, 487, 491, 499, 509, 541, 571, 577, 593

Lucas primes:

Primes in the Lucas number sequebge 2,L; = 1,L,=L,1 + L.

2,3,7,11, 29, 47, 199, 521, 2207, 3571, 93490389, 54018521, 370248451, 6643838879, 11921885137
5600748293801, 688846502588399, 32361122672259149

Lucky primes:

Lucky numbers that are prime.

3,7,13,31,37,43,67, 73,79, 127, 151, 163, 291, 223, 241, 283, 307, 331, 349, 367, 409, 423, 463,
487,541,577, 601, 613, 619, 631, 643, 673, 729, 769, 787, 823, 883, 937, 991, 997

Markov primes:

Primes p for which there exist integers x and yhsihat< +y? + p® = 3xyp.

2, 5,13, 29, 89, 233, 433, 1597, 2897, 5741, 738657, 33461, 43261, 96557, 426389, 514229, 168604
2922509, 3276509, 94418953, 321534781, 4334948291637, 1405695061, 2971215073, 19577194573,
25209506681

Mersenne primes:

Of the form 2 - 1.

3,7, 31,127, 8191, 131071, 524287, 21474836475243009213693951, 618970019642690137449562111,
162259276829213363391578010288127, 1701411834684892687303715884105727

Mersenne prime exponents:

Primes p such thaf 2 1 is prime.

2,3,5,7,13,17, 19, 31, 61, 89, 107, 127, BRY, 1279, 2203, 2281, 3217, 4253, 4423, 9689, 9P1A13,
19937, 21701, 23209, 44497, 86243, 110503, 132043091, 756839, 859433, 1257787, 1398269, 2976221,
3021377, 6972593, 13466917, 20996011, 24036583

Mills primes:

Of the form |_6?3nJ , Wheref is Mills' constant. This form is prime for all pge integers n.
2,11, 1361, 2521008887, 1602223620400981813183B320

Minimal primes:

Primes for which there is no shorter sub-sequehtigecdecimal digits that form a prime. There axaatly 26
minimal primes::

2,3,5,7,11, 19, 41, 61, 89, 409, 449, 499, 881, 6469, 6949, 9001, 9049, 9649, 9949, 60648649,
946669, 60000049, 66000049, 66600049

Motzkin primes:
Primes that are the number of different ways ofvitig non-intersecting chords on a circle betwegoints.
2,127, 15511, 953467954114363
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Newman-Shanks—Williams primes:
Newman—-Shanks—Williams numbers that are prime.
7,41, 239, 9369319, 63018038201, 48913328287243 181 75002942688032928599

Non-generous primes:
Primes p for which the least positive primitive ri®not a primitive root of p
2,40487, 6692367337

Odd primes:

Of the form 2n - 1.

3,5,7,11, 13, 17, 19, 23, 29, 31, 37, 41, 4358759, 61, 67, 71, 73, 79, 83, 89, 97, 101, 103, 109, 113,
127,131, 137, 139, 149, 151, 157, 163, 167, 178, 181, 191, 193, 197, 199...

Padovan primes:

Primes in the Padovan sequef{®) =P(1) =P(2) = 1,P(n) = P(n-2) +P(n-3).
2,3,5,7,37,151, 3329, 23833, 13091204281, 308331333057,
13630055524346660782174212846212799336271027808848573

Palindromic primes:

Primes that remain the same when their decimalsdége read backwards.

2,3,5,7,11,101, 131, 151, 181, 191, 313, 333, 383, 727, 757, 787, 797, 919, 929, 10301, 1050601,
11311, 11411, 12421, 12721, 12821, 13331, 138H31,314341, 14741

Palindromic wing primes:

Primes of the formai]%) +bx102

101, 131, 151, 181, 191, 313, 353, 373, 383, 727, 7187, 797, 919, 929, 11311, 11411, 33533, 7787%(7,
77977,1114111, 1117111, 3331333, 3337333, 777ZZTAT77, 7778777,111181111, 111191111,
77767777, 77777677777, 99999199999

Partition primes:

Partition numbers that are prime.

2,3,5,7,11,101, 17977, 10619863, 66208308883@964769, 228204732751, 1171432692373,
1398341745571, 10963707205259, 15285151248481 7838232548839, 790738119649411319,
18987964267331664557

Pell primes:

Primes in the Pell number sequetge= 0,P; = 1,P, = 2P-1 + P,—2.

2,5,29,5741, 33461, 44560482149, 1746860020 &B180406462161287469,
13558774610046711780701, 41256368885625488682293807449

Permutable primes:

Any permutation of the decimal digits is a prime.

2,3,5,7,11,13,17,31,37,71,73,79, 97,183, 199, 311, 337, 373, 733, 919, 991, 111111111111111,
11111111172221111122211111

Perrin primes:

Primes in the Perrin number sequence P(0) = 3,0 )P(2) = 2, P(n) = P(n-2) + P(n-3).

2,3,5,7,17, 29, 277, 367, 853, 14197, 437242988193, 792606555396977, 187278659180417234321,
66241160488780141071579864797

Pierpont primes:

Of the form 23" + 1 for some integensv > 0.

These are also class 1- primes:.

2,3,5,7,13,17,19, 37, 73, 97, 109, 163, P83, 433, 487, 577, 769, 1153, 1297, 1459, 25987 23457,
3889, 10369, 12289, 17497, 18433, 39367, 5248BB5E39969, 147457
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Pillai primes:

Primesp for which there exish > 0 such thap dividesn!+ 1 andn does not divide-1.

23, 29, 59, 61, 67, 71, 79, 83, 109, 137, 139, 188, 227, 233, 239, 251, 257, 269, 271, 277, 303, 311,
317, 359, 379, 383, 389, 397, 401, 419, 431, 489, 463, 467, 479, 499

Primeval primes:

Primes for which there are more prime permutatadfresome or all the decimal digits than for any deral
number.

2,13,37,107, 113,137, 1013, 1237, 1367, 10079

Primorial primes:

Of the formp# -1 orp# + 1.

3,5,7, 29,31, 211, 2309, 2311, 30029, 200560&90304250263527209,
23768741896345550770650537601358309

Proth primes:

Of the formkx2" + 1, with oddk andk < 2.

3,5,13,17,41, 97, 113, 193, 241, 257, 353, 849, 641, 673, 769, 929, 1153, 1217, 1409, 1601322689,
2753, 3137, 3329, 3457, 4481, 4993, 6529, 72971,76837, 9473, 9601, 9857

Pythagorean primes:

Of the form 4n + 1.

5,13, 17, 29, 37, 41, 53, 61, 73, 89, 97, 101, 18, 137, 149, 157, 173, 181, 193, 197, 229, 2338, 257,
269, 277, 281, 293, 313, 317, 337, 349, 353, 388, 397, 401, 409, 421, 433, 449

Prime quadruplets:

Where p, p+2, p+6, p+8) are all prime.

(5,7, 11, 13), (11, 13, 17, 19), (101, 103, 10M)1(191, 193, 197, 199), (821, 823, 827, 829)8(1 1483,
1487, 1489), (1871, 1873, 1877, 1879), (2081, 202887, 2089), (3251, 3253, 3257, 3259), (3461, 33887,
3469), (5651, 5653, 5657, 5659), (9431, 9433, 99339)

Primes of binary quadratic form:

Of the formx? + xy + 2, with non-negative integersandy.

2,11, 23,37,43,53, 71, 79, 107, 109, 127, 139, 151, 163, 193, 197, 211, 233, 239, 263, 281, 331, 337,
373, 389, 401, 421, 431, 443, 463, 487, 491, 489, 547, 557, 569, 599, 613, 617, 641, 653, 659, 683,
739, 743, 751, 757, 809, 821

Quartan primes:
Of the formx* +y*, wherex,y > 0.
2,17,97, 257, 337, 641, 881

Ramanujan primes:

IntegersR, that are the smallest to give at leagtrimes: fromx/2 tox for all x> R, (all such integers are
primes:).

2,11,17, 29,41, 47,59, 67, 71, 97, 101, 107, 129, 151, 167, 179, 181, 227, 229, 233, 2309, 283, 269,
281, 307, 311, 347, 349, 367, 373, 401, 409, 439, 433, 439, 461, 487, 491

Regular primes:

Primes p which do not divide the class number efthh cyclotomic field.

3,5,7,11, 13,17, 19, 23, 29, 31, 41, 43, 4768371, 73, 79, 83, 89, 97, 107, 109, 113, 137, 139, 151,
163, 167, 173, 179, 181, 191, 193, 197, 199, 223, 227, 229, 239, 241, 251, 269, 277, 281

Repunit primes:

Primes containing only the decimal digit 1.
11,112121112212122112211,11122111211221112111211
The next have 317 and 1,031 digits.

Primes in residue classes:
Of the form an + d for fixed a and d. Also callethges: congruent to d modulo a.
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Three cases have their own entry: 2n+1 are thepddtes:, 4n+1 are Pythagorean primes:, 4n+3 arethger
Gaussian primes:..

2n+1: 3,5,7, 11, 13, 17, 19, 23, 29, 31, 37481 47, 53

4n+1: 5, 13, 17, 29, 37, 41, 53, 61, 73, 89, 91, 109, 113, 137

4n+3: 3, 7,11, 19, 23, 31, 43, 47, 59, 67, 71,889,103, 107

6n+1: 7, 13, 19, 31, 37, 43, 61, 67, 73, 79, 93,109, 127, 139

6n+5: 5, 11, 17, 23, 29, 41, 47, 53, 59, 71, 83,189, 107, 113

8n+1: 17, 41, 73, 89, 97, 113, 137, 193, 233, 2587, 281, 313, 337, 353
8n+3: 3, 11, 19, 43, 59, 67, 83, 107, 131, 139, 189, 211, 227, 251
8n+5: 5, 13, 29, 37, 53, 61, 101, 109, 149, 153, 181, 197, 229, 269
8n+7: 7,23, 31,47,71,79, 103, 127, 151, 161, 199, 223, 239, 263
10n+1: 11, 31, 41, 61, 71, 101, 131, 151, 181, 291, 241, 251, 271, 281
10n+3: 3, 13, 23, 43, 53, 73, 83, 103, 113, 163, 193, 223, 233, 263
10n+7:7,17, 37, 47, 67, 97, 107, 127, 137, 167, 197, 227, 257, 277
10n+9: 19, 29, 59, 79, 89, 109, 139, 149, 179, 299, 239, 269, 349, 359
10n+d (d = 1, 3, 7, 9) are primes: ending in therdal digit d.

Right-truncatable primes:

Primes that remain prime when the last decimal éigguccessively removed.

2,3,5,7,23,29,31, 37,53,59, 71, 73, 79, 239, 293, 311, 313, 317, 373, 379, 593, 599, 739, 739, 797,
2333, 2339, 2393, 2399, 2939, 3119, 3137, 3733,33R33, 3797

Safe primes:

Where p and (p-1) / 2 are both prime.

5,7,11, 23, 47,59, 83, 107, 167, 179, 227, 283, 359, 383, 467, 479, 503, 563, 587, 719, 889, 887, 983,
1019, 1187, 1283, 1307, 1319, 1367, 1439, 1487316219, 1823, 1907

Self primes in base 10:

Primes that cannot be generated by any integerdaddde sum of its decimal digits.

3,5,7,31,53, 97, 211, 233, 277, 367, 389, 439, 547, 569, 613, 659, 727, 839, 883, 929, 100287, 1109,
1223, 1289, 1447, 1559, 1627, 1693, 1783, 1873

Sexy primes:

Where (p, p+6) are both prime.

(5, 11), (7, 13), (11, 17), (13, 19), (17, 23),,(29), (31, 37), (37, 43), (41, 47), (47, 53), (59), (61, 67), (67,
73), (73, 79), (83, 89), (97, 103), (101, 107),3,1009), (107, 113), (131, 137), (151, 157), (165), (167,
173), (173, 179), (191, 197), (193, 199)

Smarandache-Wellin primes:

Primes which are the concatenation of the firstimes: written in decimal.

2, 23,2357

The fourth Smarandache-Wellin prime is the 355tdighcatenation of the first 128 primes: which evith 719.

Solinas primes:
Of the form 2+ 2°+ 1, where 0 b <a.
3,5,7,11, 13

Sophie Germain primes:

Where p and 2p+1 are both prime.

2,3,5,11, 23, 29, 41, 53, 83, 89, 113, 131, 178, 191, 233, 239, 251, 281, 293, 359, 419, 433, 491, 509,
593, 641, 653, 659, 683, 719, 743, 761, 809, 933, 9

Star primes:

Of the form 6n(n - 1) + 1.

13, 37, 73, 181, 337, 433, 541, 661, 937, 1093320381, 2521, 3037, 3313, 5581, 5953, 6337, 67361,
7993, 8893, 10333, 10837, 11353, 12421, 12973, 7,36813, 18481
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Stern primes:
Primes that are not the sum of a smaller primetada the square of a nonzero integer.
2,3,17,137, 227,977, 1187, 1493

Super-primes:

Primes with a prime index in the sequence of prmmbers (the 2nd, 3rd, 5th, ... prime).

3,5,11,17, 31, 41, 59, 67, 83, 109, 127, 159, 191, 211, 241, 277, 283, 331, 353, 367, 401, 481, 509,
547, 563, 587, 599, 617, 709, 739, 773, 797, 889, 819, 967, 991

Supersingular primes:
2,3,5,7,11, 13,17, 19, 23, 29, 31, 41, 47,749,

Swinging primes:
Primes which are within 1 of a swinging factorial: +1.
2,3,5,7,19, 29,31, 71, 139, 251, 631, 3438112

Thabit number primes:

Of the form 3x2 - 1.

2,5,11, 23, 47, 191, 383, 6143, 786431, 515396D7524633720831, 26388279066623,
108086391056891903, 55340232221128654847, 2266133942970257407

Prime triplets:

Where (p, p+2, p+6) or (p, p+4, p+6) are all prime.

(5, 7,11), (7, 11, 13), (11, 13, 17), (13, 17,19y, 19, 23), (37, 41, 43), (41, 43, 47), (67, 73), (97, 101,
103), (101, 103, 107), (103, 107, 109), (107, 1aRK), (191, 193, 197), (193, 197, 199), (223, 22R), (227,
229, 233), (277, 281, 283), (307, 311, 313), (RUB, 317), (347, 349, 353)

Twin primes:

Where (p, p+2) are both prime.

3,5), (5, 7), (11, 13), (17, 19), (29, 31), (4B), (59, 61), (71, 73), (101, 103), (107, 109841139), (149,
151), (179, 181), (191, 193), (197, 199), (227,)22889, 241), (269, 271), (281, 283), (311, 31347, 349),
(419, 421), (431, 433), (461, 463)

Two-sided primes:
Primes which are both left-truncatable and rightrtatable. There are exactly fifteen two-sided pgm
2,3,5,7,23,37,53, 73, 313, 317, 373, 797738397, 739397

Ulam number primes:

Ulam numbers that are prime.

2,3,11, 13, 47,53, 97, 131, 197, 241, 409, 887, 673, 739, 751, 983, 991, 1103, 1433, 1489] 18353,
1709, 1721, 2371, 2393, 2447, 2633, 2789, 28337 289

Unique primes:

The list of primes p for which the period lengthtieé decimal expansion of 1/p is unique (no othiene gives
the same period).

3,11, 37,101, 9091, 9901, 333667, 909091, 999508@0999000001, 9999999900000001,
909090909090909091, 111111111121112111111, 111111111111111111, 900900900900990990990991

Wagstaff primes:

Of the form (2+1) / 3.

3, 11, 43, 683, 2731, 43691, 174763, 2796203, 72582, 2932031007403, 768614336404564651,
201487636602438195784363, 8451004001521529343310354,
56713727820156410577229101238628035243
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Wall-Sun-Sun primes:

A primep > 5 if p divides the Fibonacci numbdf

(_pj:{l if p=+1 (mods) p

. As of 2011, no Wall-Sun-Sun primes: are known.
5 -1 ifp=+2 (mod5)

Wedderburn-Etherington number primes:
Wedderburn-Etherington numbers that are prime.
2,3,11, 23,983, 2179, 24631, 3626149, 25345059A4572387

[pj , Where the Legendre symb@gj is defined as
5

Weakly prime numbers

Primes that having any one of their (base 10) slighianged to any other value will always resu#t tomposite
number.

294001, 505447, 584141, 604171, 971767, 1062532529, 1524181, 2017963, 2474431, 2690201, 3085553,
3326489, 4393139

Wieferich primes:
Primes p for whiclp? divides 27* - 1.
1093, 3511

Wieferich primes: base 3 (Mirimanoff primes:)
Primesp for whichp? divides 37 - 1.
11, 1006003

Wieferich primes: base 5
Primesp for whichp? divides 8% - 1
2,20771,40487,53471161, 1645333507, 669236 7188748146801

Wieferich primes: base 6
Primes p for whiclp? divides 6 - 1.
66161, 534851, 3152573

Wieferich primes: base 7
Primes p for whiclp? divides 7' - 1.
5, 491531

Wieferich primes: base 10
Primes p for whiclp? divides 16™ - 1.
3, 487, 56598313

Wieferich primes: base 11
Primes p for whiclp? divides 1% - 1.
71

Wieferich primes: base 12
Primes p for whiclp? divides 187 - 1.
2693, 123653

Wieferich primes: base 13
Primes p for whiclp? divides 187 - 1
863, 1747591

Wieferich primes: base 17
Primes p for whiclp? divides 177 - 1.
3, 46021, 48947
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Wieferich primes: base 19
Primes p for whiclp? divides 18™* - 1
3,7,13,43,137,63061489

Wilson primes:
Primes p for whiclp? divides p—1)! + 1.
5, 13, 563

Wolstenholme primes:

P jsl (mod p*)
p-1

Primes p for which the binomial coeﬁicieEt
16843, 2124679

Woodall primes:

Of the formnx2" - 1.

7, 23, 383, 32212254719, 283341988972178712821 158B45982777569926302400511,
4776913109852041418248056622882488319

4.13 GENERALISATIONS FROM PRIME NUMBERS:

Perfect Numbers: A perfect number is a positive integer that issddqa the sum of its
proper positive divisors, excluding the numberlitdeven perfect
numbers are of the fornf2(2°-1), where (2-1) is prime and by
extension p is also prime. It is unknown whetheré¢hare any odd
perfect numbers.

List of Perfect Numbers:

Rank p Perfect number Digits Year Discoverer
1 2 6 1 Known to the Greeks
2 3 28 2 Known to the Greeks
3 5 496 3 Known to the Greeks
4 7 8128 4 Known to the Greeks
First seen in the medieval manuscript,
5 13 33550336 8 1456 Codex Lat. Monac.
6 17 8589869056 10 1588 Cataldi
7 19 12 1588 Cataldi
8 31 19 1772 Euler
9 61 37 1883 Pervushin
10 89 54 1911 Powers
11 107 65 1914 Powers
12 127 77 1876 Lucas
13 521 314 1952 Robinson
14 607 366 1952 Robinson
15 1279 770 1952 Robinson
16 2203 1327 1952 Robinson
17 2281 1373 1952 Robinson
18 3217 1937 1957 Riesel
19 4253 2561 1961 Hurwitz
20 4423 2663 1961 Hurwitz
21 9689 5834 1963 Gillies
22 9941 5985 1963 Gillies
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23 11213 6751 1963 Gillies
24 19937 12003 1971 Tuckerman
25 21701 13066 1978 Noll & Nickel
26 23209 13973 1979 Noll
27 44497 26790 1979 Nelson & Slowinski
28 86243 51924 1982 Slowinski
29 110503 66530 1988 Colquitt & Welsh
30 132049 79502 1983 Slowinski
31 216091 130100 1985 Slowinski
32 756839 455663 1992 Slowinski & Gage
33 859433 517430 1994 Slowinski & Gage
34 1257787 757263 1996 Slowinski & Gage
35 1398269 841842 1996 Armengaud, Woltman, et al.
36 2976221 1791864 1997 Spence, Woltman, et al.
37 3021377 1819050 1998 Clarkson, Woltman, Kurowski, et al.
38 6972593 4197919 1999 Hajratwala, Woltman, Kurowski, et al.
39 13466917 8107892 2001 Cameron, Woltman, Kurowski, et al.
40 20996011 12640858 2003 Shafer, Woltman, Kurowski, et al.
41 24036583 14471465 2004 Findley, Woltman, Kurowski, et al.
42 25964951 15632458 2005 Nowak, Woltman, Kurowski, et al.
Cooper, Boone, Woltman, Kurowski, et
43 30402457 18304103 2005 al.
Cooper, Boone, Woltman, Kurowski, et
44 32582657 19616714 2006 al.
45 37156667 22370543 2008 Elvenich, Woltman, Kurowski, et al.
46 42643801 25674127 2009 Strindmo, Woltman, Kurowski, et al.
47 43112609 25956377 2008 Smith, Woltman, Kurowski, et al.

Amicable Numbers: Amicable numbers are two different numbers saedlthat the sum of
the proper divisors of each is equal to the othenlver.

List of Amicable Numbers:

Amicable Pairs Amicable Pairs Amicable Pairs

220 284 1,328,470 | 1,483,850 || 8,619,765 | 9,627,915
1,184 1,210 1,358,595 | 1,486,845 || 8,666,860 | 10,638,356
2,620 2,924 1,392,368 | 1,464,592 | 8,754,130 | 10,893,230
5,020 5,564 1,466,150 | 1,747,930 || 8,826,070 | 10,043,690
6,232 6,368 1,468,324 | 1,749,212 | 9,071,685 | 9,498,555
10,744 10,856 1,511,930 | 1,598,470 | 9,199,496 | 9,592,504
12,285 14,595 1,669,910 | 2,062,570 | 9,206,925 | 10,791,795
17,296 18,416 1,798,875 | 1,870,245 || 9,339,704 | 9,892,936
63,020 76,084 2,082,464 | 2,090,656 || 9,363,584 | 9,437,056
66,928 66,992 2,236,570 | 2,429,030 || 9,478,910 | 11,049,730
67,095 71,145 2,652,728 | 2,941,672 || 9,491,625 | 10,950,615
69,615 87,633 2,723,792 | 2,874,064 | 9,660,950 | 10,025,290
79,750 88,730 2,728,726 | 3,077,354 || 9,773,505 | 11,791,935
100,485 124,155 | 2,739,704 | 2,928,136 || 10,254,970 | 10,273,670
122,265 139,815 | 2,802,416 | 2,947,216 || 10,533,296 | 10,949,704
122,368 123,152 |l 2,803,580 | 3,716,164 || 10,572,550 | 10,854,650
141,664 153,176 | 3,276,856 | 3,721,544 || 10,596,368 | 11,199,112
142,310 168,730 || 3,606,850 | 3,892,670 || 10,634,085 | 14,084,763
171,856 176,336 || 3,786,904 | 4,300,136 || 10,992,735 | 12,070,305
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176,272 180,848 | 3,805,264 | 4,006,736 | 11,173,460 | 13,212,076
185,368 203,432 | 4,238,984 | 4,314,616 || 11,252,648 | 12,101,272
196,724 202,444 | 4,246,130 | 4,488,910 || 11,498,355 | 12,024,045
280,540 365,084 | 4,259,750 | 4,445,050 || 11,545,616 | 12,247,504
308,620 389,924 | 4,482,765 | 5,120,595 | 11,693,290 | 12,361,622
319,550 430,402 | 4,532,710 | 6,135,962 || 11,905,504 | 13,337,336
356,408 399,592 | 4,604,776 | 5,162,744 || 12,397,552 | 13,136,528
437,456 455,344 | 5,123,090 | 5,504,110 || 12,707,704 | 14,236,136
469,028 486,178 | 5,147,032 | 5,843,048 || 13,671,735 | 15,877,065
503,056 514,736 | 5,232,010 | 5,799,542 | 13,813,150 | 14,310,050
522,405 525,915 | 5,357,625 | 5,684,679 || 13,921,528 | 13,985,672
600,392 669,688 | 5,385,310 | 5,812,130 || 14,311,688 | 14,718,712
609,928 686,072 | 5,459,176 | 5,495,264 || 14,426,230 | 18,087,818
624,184 691,256 | 5,726,072 | 6,369,928 || 14,443,730 | 15,882,670
635,624 712,216 | 5,730,615 | 6,088,905 || 14,654,150 | 16,817,050
643,336 652,664 | 5,864,660 | 7,489,324 || 15,002,464 | 15,334,304
667,964 783,556 | 6,329,416 | 6,371,384 || 15,363,832 | 16,517,768
726,104 796,696 | 6,377,175 | 6,680,025 || 15,938,055 | 17,308,665
802,725 863,835 | 6,955,216 | 7,418,864 || 16,137,628 | 16,150,628
879,712 901,424 | 6,993,610 | 7,158,710 || 16,871,582 | 19,325,698
898,216 980,984 | 7,275,532 | 7,471,508 || 17,041,010 | 19,150,222
947,835 | 1,125,765 || 7,288,930 | 8,221,598 || 17,257,695 | 17,578,785
998,104 | 1,043,096 || 7,489,112 | 7,674,088 || 17,754,165 | 19,985,355
1,077,890 | 1,099,390 (| 7,577,350 | 8,493,050 || 17,844,255 | 19,895,265
1,154,450 | 1,189,150 || 7,677,248 | 7,684,672 || 17,908,064 | 18,017,056
1,156,870 | 1,292,570 || 7,800,544 | 7,916,696 | 18,056,312 | 18,166,888
1,175,265 | 1,438,983 | 7,850,512 | 8,052,488 || 18,194,715 | 22,240,485
1,185,376 | 1,286,744 | 8,262,136 | 8,369,864 | 18,655,744 | 19,154,336
1,280,565 | 1,340,235

Sociable Numbers: Sociable numbers are generalisations of amicabitgers where a
sequence of numbers each of whose numbers is thefsiine factors of
the preceding number, excluding the preceding numdf. The
sequence must be cyclic, eventually returningdstiarting point

List of Sociable Numbers:

C4s

1264460

1547860

1727636

1305184

2115324

3317740

3649556

2797612

2784580

3265940

3707572
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3370604

4938136

5753864

5504056

5423384

7169104

7538660

8292568

7520432

C5 Poulet 1918 5D

12496

2M*11*71

14288

2M4*19*47

15472

2M4*967

14536

27\3*23*79

14264

2"3*1783

C6 Moews&Moews 1992 11D

21548919483

3N5*7N2*13*19*17*431

23625285957

3NG*7N2*13*19*29*277

24825443643

3N2*772*13*19*11*2071p

26762383557

3N4*7N2*13*19*27299

25958284443

3N2*¥7N2*13*19*167*142)

23816997477

3N2*772*13*19*218651

C6 Moews&Moews 1995 11D/12D

90632826380

2/2*5*109*431*96461

101889891700

2/N2*512*31*193*170299

127527369100

2/2*572*31*181*22728]

159713440756

272*31*991*1299709

129092518924

272*31*109*9551089

106246338676

2/2*17*25411*61487

C6 Needham 2006 13D

1771417411016

273*11*20129743307

1851936384424

2"3*7*1637*20201767

2118923133656

2"\3*7*863*43844627

2426887897384

2"3*59*5141711647

2200652585814

2"3*43*1433*4464233

2024477041144

273*253059630143

C6 Needham 2006 13D

3524434872397

27"3*7*17*719*5149009

4483305479608

2"3*89*6296777359

4017343956397

2/3*13*17*3019*75265]

4574630214809

2"3*607*6779*138967

4018261509992

273*31*59*274621481

3890837171608

2"3*61*22039*361769
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C6 Needham 2006 13D

4773123705616

2M*7*347*122816069

5826394399664

274*101*3605442079

5574013457296

2M*53*677*1483*6547

5454772780208

2M4*53*239*2971*9059

5363145542997

2"4*307*353*3093047

5091331952624

2"4*318208247039

C8 Flammenkamp

1990 Brodie ? 10D

1095447416

2"3*7*313*62497

1259477224

2"3*43*3661271

1156962296

2"3*7*311*66431

1330251784

2"3*43*3867011

1221976136

2"3*41*1399*2663

1127671864

2"3*11*61*83*2531

1245926216

2"3*19*8196883

1213138984

2"3*67*2263319

C8 Flammenkamp

1990 Brodie ? 10D

1276254780

2/2*3*5*1973*10781

2299401444

2/2*3*991*193357

3071310364

2/2*767827591

2303482780

2M2*5*67*211*8147

2629903076

2/2*23*131*218213

2209210588

2/2*1372*17*192239

2223459332

2/2*131*4243243

1697298124

2/2*907*467833

C9 Flammenkamp 1990 9D/10D

805984760

2/3*5*7*1579*1823

1268997640

2/3*5*17*61*30593

1803863720

2"3*5*103*367*1193

2308845400

2/\3*572*11544227

3059220620

2/2*5*2347*65173

3367978564

2/2*841994641

2525983930

2*5*17*367*40487

2301481286

2*13*19*4658869

1611969514

2*805984757

C28 Poulet

1918 5D/6D

14316

272*3*1193

19116

2/2*374*59

31704

2"3*3*1321

47616

279*3*31

83328

277*3*7*31

177792

2"7*3*463

295488

276*375*19

629072

2"4*39317

589786

2*294893

294896

2M4*7*2633
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358336| 276*11*509

418904| 2"3*52363

366556| 272*91639

274924| 272*13*17*311

275444 | 272*13*5297

243760| 27M4*5*11*277

376736] 275*61*193

381028 272*95257

285778| 2*43*3323

152990| 2*5*15299

122410| 2*5*12241

97946| 2*48973

48976| 2"4*3061

45946 | 2*22973

22976| 276*359

22744 | 273*2843

19916| 272*13*383

17716| 272*43*103

This list is exhaustive for known social numberseveh
C>4

4.14 GOLDEN RATIO & FIBONACCI SEQUENCE:

Relationship:
a+b a
a b7

a+b b 1
=14+-=1+—,
a a (@

Vb

‘P:—Q

¢ =1.6180339874989484804586834856381177@309179808

L|l::IHL-I-I AT + ';:'31”_1-

Infinite Series:

T+

kp=v'1+\/1+w,.f"1+~.f
13 & (=1)E (20 4 1))

’ 3 noo (n+ 2}!'”!4i.?n.+3j -
Continued Fractions:
1
p=[L111,...]=1+ 1
1
i 1
14+ —

1+
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—(0:1,1,1,...] =0+

|
+ 1

1+
1+
Trigonometric Expressions:
=1+ 2sin(r/10) = 1 + 2sin 18°

©
1

p = 5 csc c(w/10) = EGSCISD

@ = 2cos(m/5) = 2cos 36°

¢ = 2sin(37/10) = 2sin 54°.

Fibonacci Sequence:

_P"-1=9)" _¢"-(-p)"
ETE T
1+45) (1-45Y
o555 {57
1 F{n-{—l) -
"1—1.’1;3 ]‘I) o
ZIF ) — F(n+1)| = .
' Fin+a)
n300 F(n) R

4.15 FERMAT'S LAST THEOREM:
a" +b" #c" forintegersa,b& c andn>2

Proposed by Fermat in 1637 as an extension of Riapis’s explanation of the case when n=2.
Case when n=3 was proved by Euler (1770)

Case when n=4 was proved by Fermat

Case when n=5 was proved by Legendre and Diri¢h&35)

Case when n=7 was proved by Gabriel Lamé (1840)

General case when n>2 was proved by Andrew Wilg@84)L The proof is too long to be
written here. Seéttp://www.cs.berkeley.edu/~anindya/fermat.pdf

4.16 BOOLEAN ALGEBRA:

Axioms:

Axiom Dual Name
B=0if B#1 B=1if B#0 Binary Field
0=1 1=0 NoT
0:0=0 1+1=1 AND/OR
le1=1 0+0=0 AND/OR
Oe1=10=0 0+1=1+0=1 AND/OR
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Theorems of one variable:

Theorem Dual Name

Be1=B B+0=B Identity
B«0=0 B+1=1 Null Element
BeB=B B+B=B Idempotency
B=B Involution
BeB=0 B+B=1 Complements
Theorems of several variables:

Theorem Dual Name
BeC=C+B B+C=C+B Commutativity
(B-C)- D=Be(Ce D) (B+C)+D :B+(C+D) Associativity
(B+C)+(B*D)=B+(C+D) (B+C)+(B+D)=B+(C+D) | Distributivity
B+(B+C)=B B+(B+C)=B Covering
(Be C)+(B° Cl=8B (B+C)- (B+C) Combining
(BeC)+(B*D)+(C*D)=B+C+B+D | (B-C)+(B+D)+(C*D)=B Consesnus
B *B,e :(_1+§2+ ) W:(E,Ez,) De Morgan’s
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PART 5: COUNTING TECHNIQUES & PROBABILITY

51 2D
Triangle Number T = n(n2+1)
n2 :Tn +Tn—1
Square Number T, =n?
Pentagonal Number T = ”(32‘1)
52 3D
3 2
Tetrahedral Number T, :wfsﬂn
3 2
Square Pyramid Number T = %Gn”‘
5.3 PERMUTATIONS
Permutations: =nl
i i n!
Permutations (with repeats): =
( peats (groupAix(groupB)...
5.4 COMBINATIONS
I
Ordered Combinations: -__m
(n-p)
. . n n!
Unordered Combinations: :( j:
p) p(n-p)
Ordered Repeated Combinations:=n”
-1)
Unordered Repeated Combinations::w
pix(n-1)
Grouping: L CalY CRLSU I T
| LV n, ) nininl.n!

5,5 MISCELLANEOUS:
Total Number of Rectangles and Squares from a a x tectangle:

Z:Ta XTb

Number of Interpreters: =T,
Max number of pizza pieces: = @ +1
Max pieces of a crescent: = @ +1
3
+
Max pieces of cheese: _C*e +1

6
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1(31 +1)
2
Different arrangement of dominos: = 2" x

Cards in a card house: =

a- MOD[b}
a_ 1 a

Unit Fractions: B = b +
INT[} +1 b(INT[b} +1j
a a

Angle between two hands of a clockf = 55m—-30h

Winning Lines in Noughts and Crosses:™ 2a+1)

Bad Restaurant Spread: =P

1-5s

_ 1[(1+4B) _(1-4B)
Fibonacci Sequence= \/g[( 2 j (T]J

ABBREVIATIONS (5.1, 5.2, 5.3, 5.4, 5.5)
a=side ‘a’

b=side ‘b’

c=cuts

d=double dominos

h=hours

L=Languages

|=layers

m=minutes

n=ri" term

n=n number
P=Premium/Starting Quantity
p=number you pick
r=number of roles/turns
s=spread factor

T=Term

0=the angle

5.6 FACTORIAL:

Definition: n=nx(n-1)x(n-2)x...x2x1
Table of Factorials:
0! | 1 (by definition)
1 |1 11! | 39916800
21 |2 12! | 479001600
31 |6 13! | 6227020800
41 | 24 14! | 87178291200
51 | 120 15! | 1307674368000
6! | 720 16! | 20922789888000
7! | 5040 17! | 355687428096000
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8! | 40320 18! | 6402373705728000
9! | 362880 19! | 121645100408832000
10! | 3628800 20! | 2432902008176640000
1
. . n+= N N
Approximation: n=+2mrxn 2xe™" (within 1% for n>10)

5.7 THE DAY OF THE WEEK:

This only works after 1753

-woor(s e+ S]]k

d=day

m=month

y=year

SQUARE BRAKETS MEAN INTEGER DIVISION
INT=Keep the integer

MOD=Keep the remainder

5.8 BASIC PROBABILITY:

Axiom’s of Probability:
1. P(Q) =1for the eventspac@

2. ( )D [0,1] for any event A.

3. If Aand A, are disjoint, therP(Al U A2 (A_L + P(A2
Generally, if A are mutually disjoint, therP(U A] = Z P )

i=1

AOB=BOA
AnB=Bn A
(ADB)OC=A0(BOC)
(AnB)nC=An(BnC)
(ADB)nC=(AnC)d(BnC)
(AnB)OC=(AOC)n(BOC)
| :{1 if pointisdJD

® |0 if pointisCD

Commutative Laws:
Associative Laws:

Distributive Laws:

Indicator Function:

5.9 VENN DIAGRAMS:

Complementary Events: 1- P(A) = P(A)
Null Set: P(®)=0
Totality: P(A) —;P(Al B)P(B)
P(A) =P(A|B,)P(B,) +P(A|B,)P(B,) +...
where B, n B; = ®for i # j
P(A) = P(An B)+P(An B
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Conditional Probability:

Union:
Independent Events:

Mutually Exclusive:

Subsets:
Baye’s Theorem:

Event's Space:

P(A|B)= P(Qg B)

P(An B)=P(B)P(A|B)= P(A)P(B| A) (Multiplication Law)
P(ATB)=P(A)+P(B)- P(An B) (Addition Law)

P(An B)=P(A)P(B

P(AD B)=P(A)+ P(B)- P(A)P(B)

P(B|A)=P(B)

P(A n A n...n A)=P(A)P(A,).P(A)

P(AnB)=0

it A Bthen P(A)< P(B)

P(A[B)P(B) _ P(A[B)P(B)

PEIA=""5n P(A|B)P(B)+ P(A|B)P(B)

P(A)= P(AN B)

5.11 BASIC STATISTICAL OPERATIOI\_|S:

Variance:

Arithmetic Mean:

Geometric Mean:
Harmonic Mean:

Standardized Score:

Confidence Interval:
Quantile:

V=0
b-u4 a b u 2
Xi
H==
nS
bp_r_b_ - jab
H—a a H
b-u b _ 2
——=—= U=
U—a a 1/a+1/b
Z:Xi_:u
o

The ' of quantile of the distribution F is defined tothe value ¥such that
F(x,)=por P(X<x,)=p
— -1
Ox,=F"(p)
%o.251S the lower quartile

Xo.5iS the median
Xo.751S the upper quartile

5.12 DISCRETE RANDOM VARIABLES:

Standard Deviation:

Expected Value:

> -

n

S

ag =
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EX]= Y P(X)xx
E[aX +b] =aE X]+b

Variance:

vt

> (x -
nS

v=(E[x-Ex]P
v=E[x] - (E[M)
var[aX +b] =a® var[X]

Probability Mass Function: P(x) = f(x) = P(X =X)

Cumulative Distribution Function: F(x) =P(X < x)
F(x+0)=F(x)

5.13 COMMON DRVs:

Bernoulli Trial:

Definition: 1 trial, 1 probability that is eithéail or success
Example: Probability of getting a 6 from one ila die
Outcomes: s, ={o1}
x=1

Probability: P (X) = P

1-p x=0
Expected Value: E[X]=p
Variance: Var[X]=p-p°= p(l— p)
Binomial Trial:
Definition: Repeated Bernoulli Trials
Example: Probability of getting x 6s from n ratita die
Outcomes: Sy ={ 0,],2,3...n}

n -
probabilly: P, (x):( j[ﬂp)x - )™

X
Expected Value: E[X]=np
Variance: Var[ X] = np(l— p)

n=number to choose from
p=probability of x occurring
x=number of favorable results

Poisson Distribution:

Definition: The limit of the binomial distributibasn — o, p — 0
Example: Probability of getting x 6s from n rotiba die
Outcomes: Sy :{ 0,],2,3...n}

. A -
Probability: P (x)= — € A =np

X

Expected Value: E[X]=np=4
Variance: VarfX]=np=4
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Geometric Binomial Trial:

Definition:
Example:
Outcomes:

Probability:

Expected Value:

Variance:

Negative Binomial Trial:
Definition:

Example:

Probability:

Expected Value:

Variance:

Hypergeometric Trial:
Definition:
Example:

Probability:

Expected Value:

n = number of balls
r = number of black balls

Number of Bernoulli Trials to gef'Buccess.
Probability of getting the first 6s framolls of a die

s, ={ 0123..}
P, (x)= p{t- p)*
E[X]=1

p

Var[ X] _1-p

2

Y

Number to % get to n successes.
Probability of getting the first n 6srfr x rolls of a die

X_l X _ n—x
R (0= )
p

Var[ X] = M

2

Number of choosing k out of m pickeiin n possiblities without replacement
An urn with black balls and other coloubatls. Finding the probability of
getting m black balls out of n without replacement.

) ()w
o

m = number of balls drawn from urn without replaesin
k = number of black balls drawn from urn

5.14 CONTINUOUS RANDOM VARIABLES:
Probability Density Function: = f(x)

Cumulative Distribution Function:

Interval Probability:

If j f(Qdx=1& f(X)=0for—w<x<w

=F(x) =P(X 5x)=ff(x)dx

— 00

P(a< X <b) =F(b) - F(a) :f f(Xdx
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Expected Value: E(x) = jxx f(xXdx

E(909) = [ 9(x (X

Variance: Var(X) = E(X?) - (E(X))?

5.15 COMMON CRVs:

Uniform Distribution:

Declaration: X ~Uniform(a,b)
PDF: f(X)=<p-a asxsb
0 otherwise
f(x)
1/(b-a)
a b X
) 0
coF: F(x)= [ f(x)dx =1
i b-a
1

T T 14
a b X
a+b
Expected Value: = >
. _(b-a)
Variance: =
12

Exponential Distribution:

X ~ Exponenti&(A)
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0 x<O
PDF: f(X)=9.
Ae x=0
f(x)
0 x
f 0 x<0
CDF: F(x) = j f(XQdx= .
2 1-e x=0
1
Expected Value: =—
A
. 1
Variance: = ?
Normal Distribution:
Declaration: X ~ Normal(u,o?)
X_
Standardized Z Score: Z = H
g
U xp ) -1
1 S 1 2
PDF: f(x)=—Fr—e? 7/ = e?
o2t o~ 27T
1 T T T
iy
09 [oromsmn 1 L
0.8 /’ Yoo
/
0.7 ezt "‘," \
o
05p- e /‘" ,,\,\
04p oot /// ' e
/ \\
i e f . -
- / SR
Vi
0.1 f e / -
A \\
94 -3 -2 -1 0 1 2 3 4
CDF: CD(Z) (The integration is provided within statistic tak)

Expected Value:

Variance:

5.16 BIVARIABL

Probability:

= H
o2

E DISCRETE:
P(X=xY=y)= f(xy)

P(X<xY<y)=) f(xy)over all values of x & y
Page 81 of 330




Marginal Distribution:

Expected Value:

Independence:

Covariance:

fe (x)=>" F(%.y)
f,(y)=> f(xy)

E[X] =Y xx f, (%)
E[Y]=ZX‘,3/><1‘Y(3/)
E[X,Y]LZZxxyxfx,Y(x,y)
f(xy)= f:(Xy)fo(Y)

Cov=E[X,Y]-E[X]xE[Y]

5.17 BIVARIABLE CONTINUOUS:

Conditions:

Probability:

Marginal Distribution:

frv(xy)z0 TI ¢ (x y)dxdy=1

P(X<xY<y)=F,,(xy)= ﬁfmx, y)dxdy
P(X <X) =P(X <x,—0 <Y <) = jﬁ fy (Xdx

P(Y<y)=P(-°°<X<°°,Y<y)=ffy(y)dy

Where the domain is:

D ={(xy): xO(ab). yd(a(x). B(x))}

b B
_[ fxv Xdedy _[ .[fXY XvY)dde

(x)
(x)
Where the domain is:

D={(xy):x ((),5§X))yD(c,d)}

_[ fxv X, y)dxdy= _[_[fxv X,y )dxdy
¢ y(x)

Where the domain is the event space:

_[ _[fxv x,ydydx _[ ijY X1y)dXdy 1

a a(x) ¢ y(x)

b
x) =j fyv (X y)dywhere a & b are bounds of y
a
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b
f, (y) =.[ f v (X Y)dX where a & b are bounds of x

Measure:
me¢D) = .[D fyy (x, y)dxdywhere fyv (xy)=1

mes{D) = J.D dxdy(In this case, mes(D) is the area of D)

Expected Value:

E[X]=Tx><fx(x)dx

—00

E[Y]= [yxf,(ydy

E[X,Y]= [ [xxyx fy (xy)dxdy

—00—00

Independence: f(xy)=f, (X)xf,(y)
f
Conditional: fry (XY) = xy (X Y)
f, (y)

foy (X1Y) = fx(le: y)
P(XOAJY =y)=[ f,(x|Y = y)dx

Covariance: Cov=FE[X,Y]-E[X]xHY]
_ Cov X,Y)

Correlation Coefficient: Pxy
’ JX UY

Bivariate Unifrom Distribution:

fx,Y(x,y):kxlD(x,y):{k if (x,y)UD

0 if (x,y)iD
y x
Fx,Y(Xv Y) = _[ _[ fyv (% y)dxdy

J'D dxdy megD)

Multivariate Uniform Distribution:

fxl,xz,...(xlixzv--) = kxlo(Xl,Xz,...) ={

k if (x,%,,..)0D
0 if (x,%,,..)0D

Fxl,xz,...(xy sz--) = _[D fxl,xz,...(xysz--)jxidxz---
1
megD)

Bivariate Normal Distribution:
-1 ((X',Ux )2+(Y‘ﬂv )Z_ZP(X',UX Ny-s)

1 xe[z(l—pz)k % o Tx0y J]

foolxy)=
X,Y( ) 2w, 0, ,—1—,02

where 11, , 14, 00 & 0,0, >0& p0(-11)
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Note that the curves if] “where f, , (% y) =k are circles if p = O and
elipses if o # Oprovidedo, = O, . The centre is at the poinﬁyX ,,uY)

5.18 FUNCTIONS OF RANDOM VARIABLES:

Sums (Discrete):
Z=X+Y
Z=2ziff X=XY=2z-X

f,(z)=P(z :z):ZX:P(X = XY:Z—X):Zx:fx,y(XZ—X)

If X & Y are independent: (ie: the convolution df, (x)& f,(x))

fZ(Z):; fX,Y(X,Z—X)=; fx(x)fY(Z_X)

Sums (Continuous):
Z=X+Y
Z < ziff (X,Y)is in the regi0|{X+ y< Z}

F, (Z) = P(Z < Z) = J. I fX,Y(X1 y)dydx

—00 —00

fz(z):d—g ——TTfXY (x y)dydx= I (Ifxy ddex IfXY %z~ X)dx

—oooo

If X & Y are independent: (ie: the convolution dfx( )& f,(x))

IfXY X z— X)dx= If o (z— ¥dx

Quotients (Discrete):
Z=YIX
Z =ziff X=xY =2zx

f,(z2)=P(2=2)=>P(X = xY=2¢=) f,,(%2¥

X

X
If X & Y are independent:

fZ(Z):; fX‘Y(X,Z—X)=; fX(X)fY(ZX)

Quotients (Continuous):
Z=YIX
Z < ziff (X,Y)isin the regiofy/x < 7z}
If Xx>0,theny<zx.If X<O,theny > zx. Thus,

© ZX

F(2)=P(z<2)= '['[fXY )gydydx+.”f” x, y)dydx

—00 ZX
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0 ZX

f,(2)= 5 J.J.fXY dde+_J.J.fXY X, y)dydx

—00 ZX

= Tdi(j frv(X Yddex+I U frov(X ydyjdx: J.—Xfx,Y(XZX)dX+TXfx,Y(sz)dx
- — 0

,(2)= _|.|x|fx,Y(xzx)dx

If X & Y are independent:

,(2)= j|>4fxxf zx)dx

Maximum:
Assuming thatX,, X,,..., X are independant random variables with cdf F anditef
Z =max{X,, X,,....X,)
Z<ziff X <zOi
F(2)=P(z<2)=P(X, <2 X,<2..X, <2)=P(X, < 2)xP(X, < 2)x..x P(X, < 2)

(2)= < (F @) =R 1,2

Minimum:
Assuming thatX,, X,,..., X, are independant random variables with cdf F anditieh
Z =min(X,, X,,....X,)
Z > ziff X, >zU0i
F(2)=P(z<2)=1-P(z>2)=1-P(X, > 2, X, > z,...,. X, > 2)
=1-P(X, > 2xP(X, > 2. xP(X, > 2)=1-(1-F, (2

f,(2)= < - (- R (D))= nla- R (D) 1)

Order Statistics:

Assuming thatX,, X,,..., X, are independant random variables with cdf F anditieh

Sorting Xi in non decreasing order:
The K" order statistic of a statistical sample is eqaats K" smallest value.
Particularly: X(l) = min(Xl, Xy X ) and X max(x Xopeens Xn)
Letl<k <n. The eventx < X(k) <X+ dXOCcurs if:

1. k-1 observations are less than

2. one observation is in the intervéx, X+ dX]

3. n-Kobservations are greater thant+ dx
The probability of any particular arrangment ofthype is:

= £ (x)F(x)(1-F(x))™ dx

fK(k)=Wgn_k) F(X)F (- F ()
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5.19 TRANSFORMATION OF THE JOINT DENSITY:

Bivariate Functions:
Let X and Y have joint densityf , (xy)
Letg,:0° - 0&g,:0° - 0O
U= gl(x’Y)&V = gz(x’Y)
Assuming thatg, & g, can be inverted. There exil : [0° — 0 & h,: 0% - [ so that
X =h{U,V)&Y=h(U,V)

Multivariate Functions:
Let X,,...,X, have joint densityf, (x,..,X, )

Letg,: 0" - O
Y= 6/(X; X,)
Assuming thatg, can be inverted. There exilgt : 0" — [ so that
xi = h(Yl """ Yn)
Jacobian:
_agl( 09,
—(xy) ZE(x)
[ ox dy _ 99, 99, (y ) 9% 99,
A= g S| b e )< Bl
| Ox oy
() . ()]
X X,
J(x, y): ag... 6gm
—(x) ... —*X
_&() &({

There is an assumption that the derivateves aristhat J(X, y) Z00xy

Joint Density:

L ()= (v ()
o Uh?ﬁn@?ﬂ ( )
N 10 1 1 A e h (X, X,
R A CYEWe WY )
ABBREVIATIONS
o = Standard Deviation
i = mean

ns = number of scores

p = probability of favourable result
Vv = variance

X; = Individual x score

x = mean of the x scores
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Zz = Standardized Score
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PART 6: STATISTICAL ANALYSIS

6.1 GENERAL PRINCIPLES:

v =Y
Y. = Yir Y. =7
i=1 j=1 ] N
Yi. = 2.Yi ’y_. =
j=1 n1
— T _ y,j
Yi=2Yi Y=
i=1 a
Mean Square Value of x: MS, = S
df (x)
F-Statistic of x: F= MS,
MSE

F-Statistic of the Null Hypothesis: F, = SSREATME{“T+(a_1) ~Frina
SSrror™ (N - a)

P-Value: p=P(F>F,)

Relative Efficiency: Multiplication of CRD observations that need todagried out to
ignore the effect of a block (or similar).

6.2 CONTINUOUS REPLICATE DESIGN (CRD):

Populations Observations Total Mean
Yu Y2 e ¥Yinl Vi W
2 Yo L Lt You2 Y2 Z
a Ya Yoo o | e Yana Ya 1_.,
Treatments: =a
Factors: =1
Replications per treatment:=n

Total Treatments: N=n.=n+n,+..+n,

Mathematical Model:

1=12,....a
Yi =M T & ’{J =12,.n
i=12...,a
Yi ~N(u+r,,0°)

a: number of levels of the factor,
n; :is the number of observations on tliédvel of the factor,
yj iis the if" observation and
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gj :random experlmental error, normally independeditgributed with mean
0 and variance®
a
Z,Ui

w: overall mearr =
a
w;: treatment mean

o a
7 i" treatment effece y;, —y where » 7, =0
i1
Test for Treatment Effect:
Hyt=t=.=10
H,: at least one t;1s different from zero.

ANOVA:
Source of Variation Degrees of Freedom Sum of Sques
2
Treatment t-1 SSfREATl\/lENT Zn (y| ) (z):] j yW
=1
a n —\2
Error n-1 SSkrror= ZZ(yij - Yi.) =SS — SSrearment
i=1 j=1
=33y, -y F= v
Total -t S§ = Zz Yy 7Y, ZZ Yi
i=1 j=1 i=1 j=1 N
6.3 RANDOMISED BLOCK DESIGN (RBD):
Treatment Observations Total
level
1 Vi1 Via Yiz Vis Vi
2 Y ¥ ¥a3 ¥4 Y2
3 Vi NED) NEE Va4 Vi
Treatments: =a
Factors: =1
Replications per treatment:=b
Total Treatments: =N=ab
Mathematical Model:
— e i=12,..,a
Yi =M T &, i=12,..b
Y S i=12...a
y” /1 | ] lJ ’ j = 1121--.,ni

a: number of levels of the factor,

b :is the number of blocks

y; :is the if" observation and

gj :random experlmental error, normally independeditgributed with mean
0 and variance®

w: overall mean

Page 89 of 330




71 i treatment effect

B;: j" block effect
Test for Treatment Effect:

Hy1=1=..=1=0

H,: at least one t;1s different from zero.
Test for Block Effect:

Hy: By=By=-..= B=0

H,: at least one B, 1s different from zero.

Relative Efficiency: RExgp cro = MSEero _ (b—-1MSy o + Ha—-L)MSE

MSE,q, (ba-1)MSE

ANOVA:
Source of | Degrees of Sum of Squares
Variation Freedom

a —\ 1( & 2
Treatment a-1 SSreatvent = bz (y7I - y“) = B(Z yi.zj _yW

i=1 i=1

2

b _ 1 b
Block b-1 SSiock = aZ(yj— y--)2 :E(Z y.in_yW
i=1 i=1

a b — — —\
Error (@-1)(b-1) | SSrror= ZZ(yij e A y..) =S8 — SSgearvent™ SSiocks

i=1 j=1
a b Y\ a b 2
Total ab-1 S§ = Z (yi]. - y_) = (zz Y, 2] _yW
i=1 j=1 i=1 j=1
6.4 LATIN SQUARE DESIGN (LSD):
a=4 design 1 2 3 4
1 Y111 Y21 Y331 Yan
2 Y12 Y322 Y32 Y142
3 Ya1s Yaos Yiss Yaus
4 Yare Yi2a Yass Yaas
Treatments: —a
Factors: =1
Replications per treatment:=a
Total Treatments: =N =a?
Mathematical Model:
i=12,....a
Yik =My &) = 12,....a
k=12,...,a
i=12,...,.a
Vi SHFT Bty tE )T 12,..a
k=12,....a

a: number of levels of the factor,
Yik -is the inh observation and
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Test for Treatment Effect:

gk -random experimental error, normally independeditjributed with
mean 0 and varianeg

p. overall mean

in treatment effect
BJ " row effect
yi: K" column effect

Hy1=1=..=1=0

H,: at least one T;1s different from zero.

Relative Efficiency: RE, so/cro = MSEorp _ MSrous* Moo s + (2 -MSE
MSE o, (a+1)MSE
ANOVA:
Source of | Degrees of Sum of Squares
Variation Freedom
L f— —\
Treatment a-1 SSreatvENT = az (yi,, -y )
i=1
(v, -v.)
Rows a-1 Sﬁeows =a y] - y
i=1
L f— —\
Columns a-1 SSoLumns = aZ( kT y)
i=1
a a a - —\2
Error | a2 -3a+2 SSrror= ZZZ(y.Jk Y. =Y, =Y. *2y)
i=1 j=1k=1
a a a —\
Total a?-1 S§ = ZZZ(yijk - y)
i=L j=1k=1
6.5 ANALYSIS OF COVARIANCE:

Mathematical Model:

i=12,..
Vi SH+T, +,8(x —x)+£
j=12,..
a: number of levels of the factor,
n; :is the number of observations on tfiédvel of the factor,
y; :is the if" observation and
gj :random experlmental error, normally independeditgributed with mean
0 and variance®
p. overaII mean
i" treatment effect

[3 Imear regressmn coefficient indicating depermjeaf y; on %
X :is the ii" covariate

Assumptions:
. Treatment do not influence the covariate
o} May be obvious from the nature of the covariates.
o} Test through ANOVA on Covariates.
. The regression coefficiefitis the same for all treatments
o] Perform analysis of variance on covariates
. The relationship between the response y and cdearis linear.
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o} For each treatment fit a linear regression moddlassess its quality
6.6 RESPONSE SURFACE METHODOLOGY:

Definition:  Creating a design such that it will optimise tesponse
1% order:

v=p0+Bx+0.x,+..+B.x,+¢&
2" order:

F k
v=[5+ Zﬁ:‘r T Z-/Bfrf_ + Z ﬁé"xfx.s" e
i=1 i=1 1<

Common Designs
» Designs for first order model
0 2 level factorial designs + some centre points
» Designs for second order model

o0 2 level factorial designs + some centre pointsialaxns (central composite designs)
o0 3 levels designs; 2 level factorial designs andmmglete block designs (Box-Behnken designs)

» Latin Hypercube Designs
o0 Space filling Multilevel designs

Criterion for determining the optimatility of a design:

X Matrix is determined as the coefficientsfoin whatever order studied.
. 5 oy -1
D-optimality |[(X)]

A-optimality  Trace(XX) ']
G-optimality  NV[i(x)]

_—

a
V-optimality - Prediction
variance at a set of points

6.7 FACTORIAL OF THE FORM 2 ™

General Definition: A 2" consists of n factors each studied at 2 levels.

Contrasts for a Z design:

M, = ab-b+a-1I ‘M, = ab-a+b-1I ‘M, = ab-a-b+lI
2n 2n 2n
Sum of Squares for a 2design:
b-b+a-1) (ab-a+b-1) (ab-a-b+1)?
S :(a ;S = ;S =
> 22n 3 2%n e 22n

S$REATMENT: S% + S% + S%B

Hypothesis for a CRD Z design:

Test for interaction effect of factor AB:
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H,: ab,=0 Vi, j=1.2
H,: ab, # 0 for at least one1, ]

And only if the interaction is not significant:

Test for Main effect of factor A: Test for Maiffect of factor B:
Hy: a,=0 Vi=1,2 H,: b=0vi=1.2
H,: a, =0 for at least one 1 H, : b #0 for at least one1

Hypothesis for a RBD 2 design:

Test for block effect:

H,: B=0 for all k
H_: at least one By 0

Test for interaction effect of factor AB:

H,: ab;=0 for all (i.j)
H,: at least one ab,7# 0

Test for Main effect of factor A: Test for Maiffect of factor B:
H,: a,=a,=0 H,: b,=b,=0
H,: at least one a,# 0 H,: at least one a,# 0

6.8 GENERAL FACTORIAL:

General Definition: Factor A at x levels, Factor B atgdevels, Factor C atodevels, etc.
Order: Xp X Xg X X X...

Degrees of freedom for Main Effects:
df(A) = x4 - 1
df(B) =% — 1
df(C) =% -1
etc.

Degrees of freedom for Higher Order Effects:
df(AB)= df(A) df(B) etc.
df(ABC)= df(A) df(B) df(C) etc.

6.9 ANOVA ASSUMPTIONS:

Assumptions:

*  Normality
0 ANOVA applied to the absolute deviation of a resgofrom the mean
0 Plot of observed values against expected valueigedr plot will imply normality
» Constant Variance
o Plot of residual agains predicted values => Rangtwhwith no vertical funnelling structure
will imply constant variance
0 Levene’s Test
* Independence
o Plot of residuals in time sequence => Random plbtimply independence
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Levene’s Test:
dij :‘yij _‘//i‘{

Wherey; =

0 Mean of observations at thBlevel
o Or Median of observations at tH&level
o Or 10% trimmed mean of observations at thieiel.

i=12...,.a
1=12,...,n,

6.10 CONTRASTS:

a
Linear Contrast; | :alﬂl"'az/-lz"'---"'anﬂn;zai =0
i=1
Estimated Mean of Contrast: EQ)=> au
i=1
A A a az
Estimated Variance of Contrast: v(l) = SZZ—'Where §is MSE of corresponding
= n

. _ED) &
F of Contrast: f=ttr="—
vi) @39
Zn

Orthogonal Contrasts: if Zai,[?i =0

6.11 POST ANOVA MULTIPLE COMPARISONS:

When the null hypothesis is rejected and the optinneatment combination needs to be found,

Bonderroni Method:
e Let m be the number of different treatments perfm

a
» Perform each individual test at level of significan—

m
« Difference of the contrast is significant if F(I)Critical Value of F using new level of significanc

Fisher’s Least Significant Difference:

/ 1 1 —— 1 1
* LS[)U - t” /2'dfTREATMENT!deRRORS F + n_ - ta 12,dfrreatment dferroR MSE F + n_
i j L ]

» Difference is significant n‘? —W‘ >LSD

Tukey’s W Procedure:
— — MSE
- Difference is significant i11yi -, ‘2 q, (t,v),|——
' ' n
e (is a conservative statistic read from the tables

Scheffe’'s Method:

. S:m (a_l)Fa,dfldfz

* ais the number of treatments; dfa-1, df = degrees of freedom for MSE
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« Difference is significant i«

A A

E(l)

>S
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PART 7: PI

7.1 AREA:
2
Circle: A:nrzzm _cd
4 4
Cyclic Quadrilateral: J(s—a)(s-b)(s-c)(s-d)
Area of a sector (degrees) A= Q x7r?
36C

Area of a sector (radians) A= % r?é

r’( Q .
Area of a segment (degreesh=—| —— x7—sin
gment (degreesh 2(180 Qj

W 2
Area of an annulus: A= /7(r22 - rl"‘)z ,{Ej

Ellipse: A=§Iw= mr,

7.2 VOLUME:
Cylinder: V =7*h
Sphere: \Y; =%7‘[3

Cap of a Sphere:V :%nh(?ﬁl2 + h2)

Cone: \Y; :%nzh

Ice-cream & Cone: V :%nz(h +2r)

Doughnut: V= 277°r,r,% = %(b +a)(b-a)’

2

Sausage: V= duld [I —V—VJ
4 3

Ellipsoid: \Y =g/r1r2r3

7.3 SURFACE AREA:

Sphere: SA=4rr?

Hemisphere: SA=3mr?

Doughnut:  SA= 47,1, = 1*(b? - a?)
Sausage: SA= 7wl

Cone: SA:n(r+\/r2+h2)
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7.4  MISELANIOUS:

Length of arc (degrees) I =&x =gxn
36C 18C
Length of chord (degrees) | =2r xsm( j 2yr?
1+ 3(r1 - )22
+
Perimeter of an ellipse P=rlr, +r, (nrr) =
10+ |4~ A7)
(r+r,)
76 PL
711=3.14159268589793238626433832950288...
C
mT=—
d
. , ] k.8 K (7]
Archimedes’ Bounds: 2nsin o <m<2'nsin — %
o 2
John Wallis: I—T:ngxﬂxfxgxgxﬁxgx 42n
2 1 3 355779 d4n° -1
. a1 1( 1 1x3 1 1x3%x6 1
Isaac Newton: —=—+= + + +
6 2 2\3x2°) 2x4(5x2°) 2x4x6\7x2’
James Gregory: £=1—l+l 1+1 1 —+ = 1t 1 .
4 3 5 7 9 11 13 15
. /4 1 1 1
Schulz von Strassnitzky: — =arctan— |+arctan— |+arctan =
4 2 5 8
John Machin: - garctan = 1 —arcta 1
4 5 239
Leonard Euler: i=%+i2+i2+i2+...
6 1° 2° 3 4
n_3,5,7,11 13 17 19 23 29 31
474 481212 16 20 24 28 32"
where the numerators are the odd primes; each déeraior is the
multiple of four nearest to the numerator.
. 111111111111
m=l+—+-+—-—-—++ _+ -+ —+ -+
2 3 45 6 7 8 9 10 11 12 13
If the denominator is a prime of the form 4m -hk $ign is positive;
if the denominator is 2 or a prime of the form 4m ithe sign is
negative; for composite numbers, the sign is ethwproduct of the
signs of its factors.
DG
. n . n
Jozef Hoene-Wronski: n= lim 4n((1+|) —(-i)

n - o I

2_+2 y2+V2 2442442
T 2 2 2

Franciscus Vieta:
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Integrals:
o

/ sech(z)dz = 7

“F
/v’l —x?dx =
-1
1 de -
ST —a?
[ dr
K 14+ a2
f e dr = /7

sin(x) dr—
— :rl
L 4 4
/Iil :;:) d:t:—%—?r
0 T
Infinite Series: -
> k! > 2%kl w
g(mﬂg §(2L+1) 2
{9 (—=1)"(6k)!1(13591409 + 545140134k)

P (3k)1(k!)3640320%++3/2 T
22 & (4k)H1103 + 26390k) 1
0801 ~—, (K1)43964 T
ﬁi ((4k)1)2(6k)! (127169 1070 131 2 )_
65 2 ORHI(12k)I(2k)) \12k + 1 12K+ 5 12k+47 @ 12k + 11
> 1 4 2 11 )_
En 16 \8k+1 8k+4 8k+5 8k+6
1 (-0 2° 1, 2 2° 2? 2? 1
24 2| 4n+1 4n+3 10n+1 10n+3 10n+5 10n+7 Tlon+9

See also: Zeta Function withitart 17
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Continued Fractions:

T=3+

ﬁ+ £2

7.7 CIRCLE GEOMETRY:

. . . . a’ +b?
Radius of Circumscribed Circle for Rectangles: r :T
Radius of Circumscribed Circle for Squares: r =2

V2
Radius of Circumscribed Circle for Triangles: r = ?
2sin A

Radius of Circumscribed Circle for Quadrilaterals:
1. \/(ab+ cd)(ac+ bd)(ad + bc)

r==

4\ (s-a)(s-b)(s-c)(s-d)
Radius of Inscribed Circle for Squares: r :%
Radius of Inscribed Circle for Triangles: r :é
Radius of Circumscribed Circle: r -2
. (180]
2sin —
n
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a
2tar(180j
n
7.8 ABBREVIATIONS (7.1,7.2,7.3,7.4,7.5, 7.6,7):
A=Angle ‘A’
A=Area
a=side ‘a’
B=Angle ‘B’
b=side ‘b’
B=Angle ‘B’
c=side ‘c’
C=circumference
d=diameter
d=side ‘d’
h=shortest length from the center to the chord
r=radius
rn=radius 1 ¢ <r,)
r,=radius 2 ¢, <r,)
r=radius 3
|=length
n=number of sides
P=perimeter
Q=central angle
s=semi-perimeter
w=width
w=length of chord fromyr

Radius of Inscribed Circle: r=

7.9 CRESCENT GEOMETRY:
Area of a lunar crescent: :%md

Area of an eclipse crescent:

_1(w2+|2—b2j . _1(w2+|2—b2j
2mecos | ———— SINZ COS| ——
o, 2wl 2wl

A=w’| T- +
360 2
2 .12 _ 2 2 .12 _ 2
ZH(cos‘l(W +2| I b D sinz(cos‘l(w +2| I b D
W W
-b? - +
360 2
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7.10 ABBREVIATIONS (7.9):

A=Area

b=radius of black circle

c=width of the crescent

d=diameter

|=distance between the centres of the circles
w=radius of white circle
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PART 8: APPLIED FIELDS:

8.1 MOVEMENT:

Stopping distance: g=_"Y
—-2a
V2
Centripetal acceleration: a=—
r
Centripetal force: F.= mazﬁ
r
Dropping time : t= /Z_h
g
Force: F-__ma ~
2\2
c
o 1
Kinetic Energy: E, :Emvz
- , (using)?
Maximum height of a cannon: h=+——
g
Pendulum swing time: t= 271\/I
g
Potential Energy: E, =mgh
Range of a cannon: s=t(ucosh) = 2using (ucosh)
g
Time in flight of a cannon: t= 2usin@
g
Universal Gravitation: F=G mlrznz

r

ABBREVIATIONS (8.1):

a=acceleration (negative if retarding)
c=speed of light§x10°ms™)
E=Kinetic Energy

E,=potential energy

F=force

g=gravitational acceleratior9.81 on Earth)
G=gravitational constant $67x10™
h=height

I=length of a pendulum

m=mass

m;=mass 1

my,=mass 2
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r=radius

r=distance between two points
s=distance

t=time

u=initial speed

v=final speed

0=the angle

8.2 CLASSICAL MECHANICS:

Newton’s Laws:

First law: If an object experiences no net fordent its velocity is constant; the object is eitherest (if its
velocity is zero), or it moves in a straight linélwconstant speed (if its velocity is nonzero).

d
Y F=0= d—::{].

Second law: The acceleration a of a body is paralie directly proportional to the net force F agtion the
body, is in the direction of the net force, andinsersely proportional to the mass m of the bodg,, i
F =ma.

dp d(mv)

F=9="&
J = F di.
O N
J = Ap = mAv.
P dm B dv
+u dt m dt
F = ma.

Third law: When two bodies interact by exertingc®ron each other, these forces (termed the actidrttze
reaction) are equal in magnitude, but oppositernection.

Z Fu.b = - Z FE:.H

Inertia:
p = mut
p=p+pe

= Nt + Mais.

Ap = FAt.
ta

Ap= [ F(t.
t

dps " dps

i~ dt’

d

— -+ e | = U
o P14 p2)
Mty + Mallp = M + Mot

i 2 1 2

o o
%?THHI + %ngua = 5??11111 + 5?113132 .
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v

Uz
Pz

Py
p:

(M —ma
e (m. +mg) u1+(

Mz — My
=|—|u
my + meo

= mu,
= muv,
= mu..

Moments of Inertia:

L= 1,
i

2ms

my + Mo

( 2??‘11
i my + mo

Li = Iom + Md’
I, < I; + I
Description Diagram Formulae
Two point massesvl
andm, with reduced 2
masstand separated I =mr
by a distancex.
Rod of lengthL and
massm _ Mm 2 = pa?
(Axis of rotation at the T I
end of the rod) M+m
A
T
Rod of lengthL and ml?
massm Ien 4=
3
2
Thin circular hoop of o mL
radiusr and massn Ioentcr - 12
H 5
o I. =mr"
Thin circular hoop of mrg
radiusr and massn S — L =1 =
L i = T 9
s -
o™ e
Thin, solid disk of T T
radiusr and massn = mr?
. e — —_
P ’ L=1hL=
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Thin cylindrical shell I = mr®
with open ends, of
radiusr and massn
i mir?
Solid cylinder of \““-———|———~”/ f—, = 9
radiusr, heighth and '
massm : 2 2
I s =t I,=1I,=—=m (31' + & )
_,i,/' 12
M -
FA
A L:lm(r?—kr?)
A | D =79 1 2
Thick-walled : : : 1 5 5 )
cylindrical tube with Lo j'_,c = fy = —m [3 (?'E + 7y ) +h ]
open ends, of inner PR 12
radiusr, outer radius h : ! or when defining the normalized thicknegs t/r and letting
r,, lengthh and massn N r=ry i
> 2 2
: : [. =mr (1 — Iy + =ty )
then 2
Sphere (hollow) of '2??1?‘2
radiusr and massn I = 3
Ball (solid) of radius 2mr?
and massn I = 3
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Right circular cone
with radiusr, heighth
and massn

fr

L = |

3

I. = Tk
3 2
Ir:Iy = E?H (I-{—hg

Torus of tube radiua,
cross-sectional radiug
b and mass.

1 2 2

Aboutadiameterg (4{1 + 5b ) m
3

—bz) m

2
About the vertical axis® 4

Ellipsoid (solid) of
semiaxes, b, andc
with axis of rotatiora
and massn

Thin rectangular plate
of heighth and of
width w and massn
(Axis of rotation at the
end of the plate)

Thin rectangular plate
of heighth and of
width w and massn

Solid cuboid of height
h, widthw, and depth
d, and massn

P m(b® + )
“ 5%
;o mh®  muw?
c =3 T
;o m(h? + w?)
‘ 12
A
n T T
1 2 2
Iw:ﬁm(h +d’)
1 .
Iy = Em (h? + wz)
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Solid cuboid of height
D, width W, and length
L, and mass with the

longest diagonal as the

axis.

m (W2D? + L[2D? + [2W?)
G {LE + I_;I.:‘Q + D'.!}

Plane polygon with
verticespl, PE, PS,
P Aand

massitiuniformly

distributed on its
interior, rotating about|
an axis perpendicular
to the plane and
passing through the
origin.

==

Z ||Pn+1 X Pn”{( n+l " n+1) + {—'E;n.+1 : !':;”J + (ﬁn N —ﬁn))

n=1

6

-1 —
Z ||Pn+1 X P,,H
n=1

Infinite disk with mass
normally distributed

on two axes around the

axis of rotation

(i.e.
ple,y) = sz €|
Where :P{-r* y)is

the mass-density as a
function of x and y).

<

I =m(a’ +b°)

Velocity and Speed:

AP
Vave = o
& AP dP
VA Ar T TP T B e aek
ds
V| =|P| =

f)_/Adt At + V.

2

v + r* + t‘
Acceleration:
-\
AVE At
AV  dV : .- N -
AT A A T TV TR TR Ak

Trajectory (Displacement):
t

P(f.}zf V(t}dtz/{At+Vu)dt=%At2+Vgt+PE.
0
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V +V,

P(t) =Py + ( 5 t.
(P—Py)- At = (V — V) - V—;Vﬂt |
Kinetic Energy: '
Ey = tmd?
P2
Be=on i
EL.:/F dx:fv-d(?nv}:/d(m; ) = m;
MV?
Ey=E; +

vidm (rw)?dm  w? [ , w?

Centripetal Force:

F =ma.= ﬂ
F :mﬂfl'i.i ?
F = mr =y
Circular Moti%n: | |
™ v
W =2nf = Bl

_ 2mr
1 Tt = W
3:2?1'—. = wt
T
v?
a = T
dw  d*f
= —— = —
dt dt?, or
i
o= —
T,
_ T
o = 7
Angular Momentum:
L=]w.
L=rxmv
L=rxp
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Torque
dL  dr dp
T_E._ﬁxpﬁ—er—U—}-le—l x F
T =rFsinf _
_dL d(fw) Idw _
e R T
|7| = (moment arm)(force).
Work:

2
11':[ - do.
o i1

Laws of Conservationj
il
— (P -H’Jz) = {.

Momentum: dt

Energy: Z En = Z Eour

Force: D Fuer =0= ) Fpp =) Fopy, > FL =) Fe, > ecm=>"acm

ABBREVIATIONS (8.2)
a=acceleration
Ex=Kinetic Energy
E,=rotational kinetic energy
F=force

I=mass moment of inertia
J=impulse

L=angular momentum
m=mass

P=path

p=momentum

t=time

v=velocity

W=work

1=torque

8.3 RELATIVISTIC EQUATIONS:
Kinetic Energy:

2
mc*
E, = S
v1- (v/c)?
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Momentum:

mu
P = -
1‘ 1 — (l'::'ln'_ﬁ}?
Time Dilation:
, At
At’ = . » o
1,{;“ — i"'_f{f"

Length Contraction:
—_—
L —_ L[} - 1 — .

Relativistic Mass:
2

o = g C :
-2

o
8.4 ACCOUNTING:
Profit: p=s-c
Profit margin: m="Px 100

C
Simple Interest: =P(L+tr)
Compound Interest: =P@L+r)
Continuous Interest: = P¢€"
ABBREVIATIONS (8.4):
c=cost
I=interest
m=profit margin (%)
p=profit
P=premium
r=rate
s=sale price
t=time
8.5 MACROECONOMICS:
GDP: y=AE=AD=C+1+G +NX
y = Summation of all product quantities multgaliby cost
RGDP: RGDP = Summation of all product quantities muiéiglby base year cost
NGDP: NGDP = Summation of all product quantities muléglby current year cost
Growth: Growth= RGDRyrrent ~ RGDRase x100
RGDFI%ASE

Net Exports: NX=X-M

Working Age Population: WAP = Labor Force + Not in Labor Force
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Labor Force: LF = Employed + Unemployed
Unemployment: UE = Frictional + Structural + Cyclical
Natural Unemployment:  NUE = Frictional + Structural

Unemployment Rate: AUE% = %xmo

Employment Rate: AE% :E x100

Participation Rate: AP% = LF x100= UE+E x100
WAF WAF
CPI: CPI = Indexed Average Price of all Goods and 8esv
; ; CPlcyrrent = CPlgase
Inflation Rate: Inflation Rate = x100
CPIBASE

ABBREVIATIONS (8.5)
AD=Aggregate Demand
AE=Aggregate Expenditure
C=Consumption
CPI=Consumer Price Index
E=Employed

G=Government

I=Investment

LF=Labor Force

M=Imports

NGDP=Nominal GDP
NUE=Natural Unemployment
NX=Net Export
P=Participation

RGDP=Real GDP (Price is adjusted to base year)
UE=Unemployed
WAP=Working Age Population
X=Exports

Y=GDP
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PART 9: TRIGONOMETRY

9.1 CONVERSIONS:

IDegreedl 30° | 60° | 120° | 150° | 210° | 240° | 300° | 330° |

_ ™ ™ 27 % T 4 b 117w

Radiang| = - — — — — - i
6 3 3 6 6 3 ] 6

Grads 33 66% 1334 1664 233/ 2667 3334 366

grad grad grad grad grad grad grad grad

| |
[Degreed| 45° | 90° | 135° | 180° | 225° | 270° | 315° | 360° |

_ ™ ™ 3T o 3T Tm
Radiang| — o — — — —

1 |2 |7 | " |7 |3 |7 |°*
| Grads || 50 grad]100 grad| 150 grad| 200 grad| 250 grad| 300 grad| 350 grad| 400 grad

9.2 BASIC RULES:

tang = sind
cosl
Sin Rule: .a _ .b _ .c or smA: sinB _ sinC
sinA sinB sinC a b C
b2 + Cz - 8.2 2 2 2
Cos Rule: cosA:Tor a® =b“ +c” —2bccosA
C
Tan Rule:

tan228 g

tan %H a+b

tan% a—rc

A+C .
tandE= a4 ¢

tan =—— b—r¢c
tan 22< b4 ¢

Auxiliary Angle:
asinz tbeosr=Rsin (zxa), O<a<y

b
where 7% = a® + §* , tanom = —
a

Pythagoras Theorem: a®+b*=c?
Periodicy:
sin(n7)=0,n0Z

codnm)=(-1)",n0Z
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9.3 RECIPROCAL FUNCTIONS

9.4 BASIC IDENTITES:

Pythagorean Identity: cos” # +sin’ 6 = 1

sin(—#) = —sin 6
cos(—0) = +cosd
tan(—f) = —tand
cse(—f) = —escf
sec(—#) = +secf
cot(—f) = —cotd
sin(§ — #) = + cosd
cos(5 — f) = +sind
tan(3 — #) = 4 cotd
csc(3 — 0) = 4 secd
sec(y — @) = + csct
cot(f — @) =+ tan#
sin(m — @) = +sin @
cos(m — ) = — cost
tan(m —6) = — tan#
cse(m — ) = +escd
sec(m —f) = —sec
cot(m —0) = — cotf

9.5 IDENTITIES BETWEEN RELATIONSHIPS:

1

N 1D _, tang) _ _sed(9)-1
sin(9) =+1-cos(8) =+ 1.t|-tan2(9)_cs:&6’)__ sedd)

1+cot?(6)
co(@

~—"

= 207 = _yJesé(9)-1
codf) = t\1-sin? (@) =+ = e 1

1+ tan?(6) sec(e
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1 1 k
arctan— | = arcta +arcta
X x+k x? +kx+1

9.6 ADDITION FORMULAE:

Sine: sin(a £+ 3) =sina cos 3 + cosasin 3
Cosine: cos(a + 3) = cosexcos 3 F sinarsin 3
t + tan |
tan(a+ 3) = ana a,n_ﬁf
Tangent: 1 F tan o tan 3
Arcsine: arcsin o + arcsin 3 = arcsin(ay/1 — 3% £ _3@)
Arccosine: arccoso + arccos 3 = arccos(a8 F /(1 — a?)(1 — 32))

o+ 3
l1Fasf

arctan o + arctan 3 = arctan (
Arctangent:

9.7 DOUBLE ANGLE FORMULAE:
Sine: . .
sin 260 = 2sin # cosf!

_ 2tant
14+ tan?@

Generally,

sin(nx)=j®cog (x)sin™ (x)sm@(n-k)nj

k=0
Cosine:
cos20 = cos’ f — sin’ 6
= 2costh — 1
=1— 2sin’#
1 —tan®@
1+ tan?6

Generally,

cognx) = Zn:(mcoé‘ (x)sin™* (x)co{% (n- k)ﬂj

k=0
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Tangent:

2tanf
tan 26 = 1—tar?d
Generally.
nin ) (1
& (x)sin™ ( ~k j
. sinf) _ kzz(;(kjco (x)sin™(x)sin 2(n )
codnx) &(n e 1
kZ::; ) cos(x)sin (x)cos{2 (n- k)n]
Cot: )
cot“f — 1
Cﬂt-gg = m
9.8 TRIPLE ANGLE FORMULAE:
Sine:
sin 36 = 3sin f — 4sin®#
Cosine:
cos 30 = 4cos® f — 3cosb
Tangent:
tan 30 — Jtanfd — tan®#
A = T 3 tan? 6
Cot: ,
Jcot ) — cot* f
cot3d = R o’ 8
9.9 HALF ANGLE FORMULAE:
Sine:
i 1 —cos#
L /1 —cost
sin 5 5
Cosine:
i 1+ cos#
St 1;'—
COS 5 5
Tangent:
tan 5 = ¢scf — cot f
1 — cos#
= V 1+ cos#
__ sind
" 1+ cos#
B 1 — cosf@
~ sinf
Cot:
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i
cot 5 = csct 4+ cotd

1 + cos#
— T
1 — cost

__ sind
"1 —cos#
B 1+ cos#
~ sinf
9.10 POWER REDUCTION:
Sine:
1-— 26
sine = i
. 7 3sin% — sin 36
sin” # = 1
. 4 3 — 4cos26 4 cos46
sin” # =
e 105in6"—855'1n33—|—5in53
sin” # =
16
If nis even:
n_q
- n i ]. it 2 - V(B k) T . A
sin" # = ?(’3’) + o ;(—U 3 (R) cos((n — 2k)#)
If nis odd:
n—1
2 = n—1 n
g 2 1y k) : _ 9
sin” # o ;}( 1) (A) sin ((n — 2k)#)
Cosine: : 2
cos? g — L €80
cos? ) — Jcost! —4|— cos 36
4 3 + 4 cos26 + cos4l
cos 0 = 3
. 10 cosf + 5 cos 36 + cos b
cos f =
16
If nis even:
2 °F n
cos" B = on ; (R) cos ((n — 2k)8)
If nis odd:
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24
, _1 n 2 n Al OIA
cos 3_;(f,)+2—”_ (ﬂ) cos ((n — 2k)9)

Sine & Cosine:
1 — cos4f

. 9 9
sin” fcos 0 =

3 sin%ﬁ' — sin 6#

sin® 6 cos® § =

32
3 — 4dcosdf + cos&f

. 4 4

sin” fcos 0 = | 198 |

10sin 28 — Hsin 68 4 sin 108
H12

sin” 6 cos” § =

9.11 PRODUCT TO SUM:
cos(f — ) + cos(f + )

cost cosp = >
sin # sin p = cos(f — ¢) ; cos(f + )
sin 0 cos p — sin(6 + ) J; sin(f — )
cosfsinp = sin( + ) — sin(0 — )

2
9.12 SUM TO PRODUCT:
. . == 0 F
smﬂ':l:smtpz?sm( Ek)cﬂs( :Ft‘u)

2 2
cosf + cosp = 2005(8-5@) COs (3;@9)
cosfl — cosp = —2sin (3—;@)5.“_1 (3;@9)

9.13 HYPERBOLIC EXPRESSIONS:

T —z
. g — e
sinhey = ——
Hyperbolic sine: 2
et +e
coshr = ——
Hyperbolic cosine: 2
sinh = %(E‘T — E_-T) e2r 1
tanhx = - =2 — T
Hyperbolic tangent: coshx g(f + e ) 4T |
coshz  L(e"+e™) ¥ 41
cothaz = — =2 —
Hyperbolic cotangent: sinh x g(f’ — € ) e2r _ 1
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s e e B e B R e N e e

1 2

sechr = = — —
Hyperbolic secant: coshx et 4+ e
1 2
cschr = — = — —
Hyperbolic cosecant: sinh x er — e

9.14 HYPERBOLIC RELATIONS:
cosh’z — sinh*z = 1

sinh(—z) = —sinhz
cosh(—z) = coshz
tanh(—z) = — tanhx
coth(—z) = — cothz
sech(—z) =sechz
csch(—x) = —cscha

arsech x = arcosh—

arcsch r = arsinh—
T

arcotha = artanh—
T

9.15 MACHIN-LIKE FORMULAE:

Form: v
g = ; a, arctan é

Formulae:
=4 arct.a,rll 5 arctarll %
= arctan § + arctan 5 1
=2 ﬂrct-an? — arctm?
= 2arctan 3 + arctan = ;
= Harctan = + 2arctan 5 1 1 1
= 12arctan — + 32 arctan e 5 arctan 239 + 12 arctan 110%43
= 44 arctan £ + Tarctan 739 12 arctan 632 + 24 arctan 12913
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% =183 arctan % + 32arctan ﬁ — 68 arctan 58132 + 12arctan 110443
— 12 amtaﬂflS-lllS? — 100 arctan 6326318 1
g =183 arct.a.nﬁ + 32arctan 1093 ~ G arctan ) + 12arctan 113021
1
— 100arct — 12arct 12 arct
O GR6aTs 33366019650 o 43500522992503626063
Identities:
Tr+y
arctanr 4+ arctany = arctan
l —zyfor xy <1
arctanr — arctany = arctan .
1+ xyfor vy > —1
o o€ ad + bc ac _
arctan - + arctan d - e T actor bd ,
(oa tan & — ot ad —bc  ac
arctan - — arctan - = arctan bd + actor bd > —1'

9.16 SPHERICAL TRIANGLE IDENTITIES:

sin(;(A— B)] ) tar(; (a- b)j
sin@ (A+ B)j i tar(;cj

2
=

12}
>
/|

NIR[NP-
—_
<))
+
o
N
N—
o
o
/_:n-\\
[ =
o
N—

Cco

2 i
; (A+ B)] tar(; c]
co{; (a- b)j tar(; (A+ B)j

cos{1 (a+ b)] cot(1 c]

2 2

9.17 ABBREVIATIONS (9.1-9.16)
A=Angle ‘A’

Page 119 of 330




a=side ‘a’
B=Angle ‘B’
b=side ‘b’
B=Angle ‘B’
c=side ‘c’
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PART 10: EXPONENTIALS & LOGARITHIMS

10.1

10.2

10.3

FUNDAMENTAL THEORY:

") — 4 ifx >0
e=2.7182818345904523860287471826624977%247093700
In(e*) = .

z 1
Inx = —dt

1 1

r=50 < log,xr=a

EXPONENTIAL IDENTITIES:
Xaxb - Xa+b
X_ = Xa—b
X
x*y? = (xy)?
(Xa b — Xab — (Xb )a
xg =8/x?

L1
X =—a

X

LOG IDENTITIES:
log,{1) =0
loge(b) =1

log,(zy) = log,(x) + log,(y)
logs (3 ) log,(x) — log,(y)
log,(2%) = dlog, ()

log,
log, & = og, b
k
log, (¢/z) = lesutz)
logsv) — .L_.logr,{x]

clog,(z) + d logy(y) = logs(zy")
bo8:!¥) — 3 hecause antilog,(log,(z)) = =
log, {b* )— r because logb(antﬂogb(tj} =

log(log(¢ \)_) log(log(c) —|— log(d)
log(log(+/c)) = log(log(c)) — log(d)

log,(a+ ¢) = log, a + log, (1 + g
log,{a — ¢) = log, a + log, (1 — E)
i1

log{log(z)) _
xteEs = log(x)
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flogﬂ:t:d;r = z(log,x — log,e) + C
In{a x 10") =Ina + nln 10.

10.4 LAWS FOR LOG TABLES:

Ty = ploss(z) glogy (y) _ plogplz)+logyly) log,(zy) = logb[:blﬂgb{:':)‘l‘lugb{y]) = log,(x)+log, (y)
z¥ = (B ) = o) = Jogy () = ylog, ()

€T _ 1,
log, (;) = log,(zy™") = log,(x) + log,(y™") = log,(z) — log,(y)

1
)= E log()

n:|_|.

log,(Vz) = log,(x

10.5 COMPLEX NUMBERS:
log(z) = In|z| + iarg(z) = In(r) + i (0 + 27k)
Log(z;) + Log(z;) = Log(z1z2) (mod 2m1)
Log(z1) — Log(z2) = Log(z1/2;) (mod 27¢)
2,72 = -2 Log(=1)

Log (z,™) = z, Log{z;) (mod 2m)

10.6 LIMITS INVOLVING LOGARITHMIC TERMS

111’%';1+ log,z = - ifa>1
EE log, =00 ifa<l
jﬂlﬂgﬂf—m ifa>1
lim log, = -0 fa<l1
L= 00

lim z"log,z =0 ifb>0
—0t

J:11_’n:31(:Flﬂrgﬂr—[] ifb >0
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PART 11: COMPLEX NUMBERS

11.1 GENERAL:

Fundamental: iZ=-1
Standard Form: z=a+bi
Polar Form: z=rcisd=r(cosd +isinb)
Argument: argz)= 8, wheretand = b
a

Modulus: modz) =r =|4 =|a+bi| =va® +b’
Conjugate: z=a-hi
Exponential: z=r@"
De Moivre’s Formula:

z=rcisé

L1 ,{9+ 2knj, k=0,1,...,(n-1)
z" =rnci
n

Euler’s Identity: €7+1=0 (Special Case when n=2)

n-1 27K

Ze“ =0 (Generally)
k=0

11.2 OPERATIONS:

Addition: (a+bi)+(c+di)=(a+c)+(b+d)i
Subtraction: (a+bi)-(c+di)=(a-c)+(b-d)i.
Multiplication: (a+bi)(c +di)=ac+bci +adi +bdi* =(ac-bd) +(bc+ad)i.
o (a+bi) _ (a+bi)(c-di) _ ac+bci-adi +bd _( act bdj ( bc-adj.
Division: == , == _ — = |t 5 I
(c+d|)_ (c+di)(c-di) (c+di)(c-di) c +d c-+d
Sum of Squares: a® + b (a+ bi)(a — bi)
11.3 IDENTITIES:
Exponential: ' cos(fl) + isin(0)
- 1 2 2 - -
Logarithmic: log(z + 7y) = 2 In(2” +y°) +arg(z +1y),
E,:1:'.'1: _ E—t'.'z:
_ _ sin(x) = :
Trigonometric: 21
E.'E.‘I! _I_ E—'E.'I!
cos(x) = 5
eiT — g sin(x
tan(z) = —— — = (z)
i(eir + e~iz)  cos(x)

sin(a+ bi) = sin(a)cosh(b) + cos(a)sinh(b)i
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Hyperbolic:

cos(a + bi) = cos(a)cosh(b) — sin(a)sinh(b)i

e’ =cosr +1 sinx

e = COST — 1 sin

coshiz = ;(e™ +e ™) = cosx
sinhiz = (™ — e ™) = isinx
tanhir = 1tanx

coshx = cosix

sinhx = —1sinix

tanhx = —i tanix
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PART 12: DIFFERENTIATION

For Differential Equations, see Functions

12.1 GENERAL RULES:

Plus Or Minus:
Y= Ty £ 9p9 £ hyy
y'= Tt Ehy
Product Rule:
y = Uuv
y'=uv+uv
Quotient Rule:
u
y=—
v
,_uv-uv
==
Power Rule:
y= (f(x))n
y'=n(fog)*x £y
Chain Rule:
dy_dy, du dv
dx du dv dx
Blob Rule:
=ef
y'= f'(x)xef(x)
Base A Log:
y=log, f
fl
— (x)
y =
fog xIn(a)
Natural Log:
y= aln(f(x))
fl
y': aX—(x)
Fio
Exponential (X):
y=k*
y'=Inkxk*
First Principles:
from—f
f'(x): ||m ( (x+h) (x)j
h( -0 h
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Angle of intersection between two curves:
Two curvesy = f(X) & y = f,(X) intersect atx,

a=tan"1( £ (%) = 1, (%) }
1+ £, (%)% ', (%)

12.2 EXPONETIAL FUNCTIONS:

d T =

§E =e”.

Eﬁz = (Ina)a”.

12.3 LOGARITHMIC FUNCTIONS:

d 1 1

Elnx_g_lxlne x>0
glﬂgbx ) Ilcliﬂin(:t) ” [llﬂb?E 110 (e)
az 1o%(@) = g n(b)  zn(b) g:f;

12.4 TRIGONOMETRIC FUNCTIONS:

(sin(z)) = GGSI;I)

(CGS(I)TZ_S.IHEI% f (@) + sin’(a) 1
y_ (sin(z)\ _ cos(z) +sin’(x) _ = el(s
(tan(z)) = (cos(m)) cos?(x) cos?(x) (@)

‘3‘?5(1’)) _ —sin’(z) —cos’(z) _ —(1 + cot?(x)) = — esc2(x)

sin®(x)

(
(sec(x)y’:( ! ),,: sin(@) _ 1 sin(@) _ o (2) tan(a)
(

cos(x) f 0052(:(1:)) cos(:t:)'cﬂs(:t)( |
o () sl b eost@) ) cot(a
(ese(z)) = sin(:t%) ~ sin®(x) sin(x) sin(x) (@) cot(z)
(arcsin(z)) = i
;-1
(arccos(z)) = \/11_71:2
(arctan(zx)) = 21
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-1
X2 +1
1

(arccot(x)) =

(arcseck)) =

(arcesc))'=

12.5 HYPERBOLIC FUNCTIONS:

d
% sinhx = coshzx
T coshr = sinh

—tanhz = 1 — tanh” & = sech’z = 1/ cosh® x

i

% cothz =1 — coth’ 2 = —csch®z = —1/sinh®x
% cschr = —cothz eschx
d; sechx = —tanhx sechx
i’F (sinh_1 :1:) = L
dét 241

. 1y
% (CﬂSh I) = ?

. 1y
I (t-anh :1:) -

-1
(arccoth(x)) = 5
(arcsech(x))'= 2_1 -
X2 =X

(arccsch(x)) = 1

VX +x?
12.5 PARTIAL DIFFERENTIATION:

First Principles:

ar. dl flx, b)) fla+h,b) — fla.b)

—(a.b) = | ime = lim

|
o dr R h
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ar . dl fla,y)) o fla, b+ h) — fla,b)
(a.b) = ———|,= = lim
adu i h—0 h

af e+ how)— flx,y)
— = lim
dr k=0 h

af o flemoy+h)— fle )
— = lim
gy k=0 h

Gradient:

Total Differential:

. o 9 f of
df = fo(z,y)de + f,(z,y) dy = ——dz + ——dy
T s & au

Chain Rule:

Case 1. Suppose F'= F(u,v) and v = u(x.y), v = v(x,y). Then F is also a function of

x and y and @

OF 9Fgu 9F gv 2 ~_
dr  Judr vz du dt

A F aF ot SF dv
9r _9~rou 0Fov

U du gy avauy

dFF @Fdu OFdv 9 N i 9
dt ~— du dt + v dit i'i_tf_,..»-"'f h“»,,,_{:ii'
(Note the ‘full” derivative here) ’;f\l @
K/H i
g T 7
dt Sy e dt
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Case 3. F=F(u), u=ulz.y). Then F is a function of r and y and

o F - dF gu
gr dupzx
a F 5 dF gu
gy dudy

Implicit Differentiation:

Consider z = F(x, y) where we as- @
smme the w is a funetion of @, ie J - >
t . ' — e o
y = y(r). Then z is ultimately a 5 ~ B
‘. ) - -_‘_.._.—- -.\_MC ﬂ'
function of » only and the chain rule ot "

tells us @

d: aF §Fdy
= ——.
dr dx  Hydr

Therefore,

dy _UF ar _F_,

- ozl 3y~ F
Higher Order Derivatives:
o (1) - o _,
dgx\ax )] — 0 2T A
o (afy _ &F_,
dy\dw) — oy w
2 (af) _ 91 _;
dx\ou) — dzou "
o (af\ _ O _,
gu\azr) = oyor 7
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PART 13: INTEGRATION

13.1 GENERAL RULES:

[ il feol'ax= [t +C

Power Rule: n[+1 ]
n f n+1
_ AL
af iy [fdx=atll—+c
By Parts: '|'udv= uv—jvdu
f(x)
Constants: Ikdt =kf (Xx)
0
13.2 RATIONAL FUNCTIONS:
ar b n+1
f(cm: +b)dr = % +C (forn # —1)
c c
faa:—|—bd$ = Eln|a;r,—|—b| +C

aln+ 1)z —b
az(n+1)(n+ 2)

f:t:(aa: + b)"dx = (az+ b)) +C (forn & {—1,-2})

T
fﬂ$+bd$ E—E;n|a$—|—b|1—|—c
T
fa:r,——|—b)d 2oz +0) T @l U +C
(1—?1):1:—6
f .[1;1:_|_b ﬂz(ﬂ—l)(ﬂ—g)gax—l—b)ﬂ—l—i_c (for n & {1,2})
f bzln(|aa:—|—b|} ar® — 2bx o
—|— a? T D2 +C
I 1 b?
f = — | ax — 2bln |ax + b| — +C
T+ b a’ ar + b
i 1 2% B
1 b — C
fa:t+b (H|M+ |+ x+b  2(ax+ b)? i
1 (az+b)*™" Qb(a;r,—l—b)?_“ b (az +b)'™"
ER - C f 1,23
faa:er 3( (n—3) i (n—2) (n—1) T (forn ¢ {1,2,3})
1 ar + b
= _—_] '
f a:t:—l—b) b n T ‘_'_
1 ar + b
f a:t:—i—b bx 52 i - “'_
1 1 2. lax+b
f:t:g aa:-|-b)9 a(bg(a$+b)+a.b?$ = 11 = D+
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1 1
f—d&: = — a,rc‘t.a,nE +

2% + a? a a
/ 1 q —LarctanhZ = -In 2 ﬂ_'_—z +C  (for |z| <|a|)
T =
x? — a? —LarccothZ = 1 -In = +C  (for |z| > [a)
Fora 7 0
1 ﬁ arctan v,i“'r—tz? +C (for 4ac - b* > 0)
LT N e L —4ic
/md&: = —ﬁ a,rcta,nh}li’ +C= \sz —In gmi§+£?—jm + O (for dac - b* <0)
_@+C , ] (for dac — b* = 0)
x x
=1 b+ - o [
./aa:?—l—b:r,-l—cd 2a ln|‘a¢t +b I+|€‘ ) Q%m aa:2+igxt+ O (ford #>0)
ml‘lﬂ:l?—l—:t-l—t‘-l— iz arctan === + U or 4ac — b* >
IR e m % In jaz® + bz + ¢ — 2on—m = arctanh St +C  (for 4ac — b* < 0)
ar? +br +c - Qﬁng o VB —dac : 2
2 In |az® 4 bx + ¢| — aaestsy TC (for dac — b* = 0)
1 B 2az + b (2n-3)2a 1
f (az? + bx + c)“dx ~ (n—1)(4ac - b?)(az? + bz + c)“—1+ (n— 1)(4ac — B?) f (az? + br + c)“—ldx-l_c
T b + 2c b(2n - 3) 1
/ o= - / do+C
(az? + bz + c)n (n—1)(dac— B2)(az? + bz + )1 (n—1)(dac— 1) J (az?+ ba + c)n-!
2

/ 1 iz = —In|——2 —Ef L tc
rlaz® +bx +¢)  2¢ |ax?+br+c| 2c) ax?+bx+ec

e T 5o P - o - 252

13.3 TRIGONOMETRIC FUNCTIONS (SINE):

arctan

sin I —C08

+C (for [by] # |ba])

sinbyxsinbyx dr =

fsina:r dr = - cosaxr + C
fsinzaa: da:—x. sinQaa:—kC-I 1 sinax cosax + C'
2 4a 2 2a
fsin” ar dr = — & AreO8ar T ! fsin""“_2 ar dx (for n > 0)
THL T
f arde =% — % g2 L os2ar 4 C
rsin” ar dr = 1 1 sin 2axr — 32 cos 2ar +
5 . o a3 x? 1
f:t sin” ax da::E— 12 848 sin 2axr — @0052@:4—1?
f sin((by — bo)x)  sin((by + by)x)

2(by —by)  2(by +by)
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d 1
f ; T o —In t.an%‘—l—ﬂ*
sin ax € 2
dx COS AT n—2 dzx
f = — 5 (for n > 1)
sin"ar a(l—n)sin" ax n-—1J sin" “ax
sinar T Ccosax
f:r,sma;r,da:: T — +
@ n *n
f:t:“ sinax dr = ——-cosaz + — 2" cosax dx (for n > 0)
a R WO S 6
f2 22 sin? —— dg = — (nm ; ) (forn = 2,4,6...)
2 (1 24n2w
sin ax > (ax)?n+
dr = 1" '
f Pl S )y @+ 1) *
sin ax sin ax Cos u:m:
[
" (n—1)z"t n-1J 27!
dzx B 1t (aa: ?T) C
1+sinar a an 2 :Fri +
T dx —Itan(m: ?T)_I_ 2 In CGE(HJ: ?T)‘_l_
1+sinar a 4 a? 2 4
f T dr oz t(?r a:t:) 21 ,(?T a;t:) c
1l—sina:1:_a.m' 1" 2) T2 ‘—'_ ?
sin ax dx gy lt (?T aa:) C
1 +sinar I—I_a. an 4:|:2 te
13.4 TRIGONOMETRIC FUNCTIONS (COSINE):
fcﬂsaa: dr = Esina:r, +
fCDS ar dr = E—|— —sin 2ax + C = E—|— — sin ax cos axr + C
nria 2‘1 2a
fcﬂs“ ar dp = 22 W sinaz |, n - fCﬂSﬂ'_E ar dx (for n > 0)
na . n
fIC-:ZIS wr dp — cos;m: T sin ax LC
:%3 x? “ 1
f:r,gc{ns2 ar d:r,:E—k (4.51 8.:13) 51n2a;1:—|—4—t:052a:1:—|—f*
fitﬂ cosar dr = L shar - " 1sin ax dr
i1 i1
cos ax s . (ax)*
dr =1 -1 *"—
f —dz 11|a:1:|—|—§1( ) k(2]
COS AT COS AT sin ax
dr = — f £ 1
f o (n—1)a"! n—1J gr-! dr (forn7 1)
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dx 1 ar
f = —In t-an(——l——)‘-l—c
cosar a A2 4
f dr sin ax +n—2 dx
costar a(n—1)cos"tar n-—1J cos" 2ax
dz B l‘t ax c
1+ cosar a at 2 T
1 ar
f— = ——cot—+C
1 — cosax a 2
it:‘t I[m:—|—21n c{:nsm: +
1 4+ cosazx 2 2
T dx B :1: taa: 2 I lsi ar c
1—cﬂsaa:__am 2—|—a2n51n2 te
cosar dr 1
—::t——t-an——|—C
1 +cosax a 2
cos azr dr 1 ax
— = —gx——cot—+C
1 — cosax a.I(Q ) in( )
sin(a; — as)xr sin(ay; + ay)x
COS (1T COSoT dr = +
f ! 2 2([1-1 —H-g) 2([1-1—|—£I-g)

13.5 TRIGONOMETRIC FUNCTIONS (TANGENT):

1 1
ft-ana:r, dr = —Eln | cosaz| +C = Eln | secax| + C
o .

f‘t-a,l'lﬂ' (axr d$ — m

tan™ ! ar — /t.an“‘_z ar dr

d 1 .
f * (p:r,—|—gln |gsin ax+p cos ax|)+C
i1

qtana:t:—i—lp P+ ¢°

f —In|sinazx| +C
tan g&: a

f =S4y nls |+ C
tanaa:—|—1 =5 T g, ismar +cosar] + L

I .
ftanaa: —1~ 2 +1E In|sinar — cosazx| 4+ C

tanax dr T ) | 4 |—|—C
_ — — — In|sin ax 4+ cosaxr
tanar + 1 2 2a

T
2

f tanax dzx B
tanar — 1

13.6 TRIGONOMETRIC FUNCTIONS (SECANT):

2—ln|51naa: —cosazx| +C

1
fsec ardr = Eln |sec ax + tanax| + C

fsecz rdr = tanx + C'
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n—1 : —_9
fsec“ ardy = == HrIRAr 1 sec" % axdr (for n # 1)
a(n —1) n—1
n sec" Zrtanc n—2 -
fsec rdr = + sec’ ~xdx
q n—1 n—1
T T
fsec:t:—l— 1 _I_tani—l_c
f dr o
secx—l__I_CGIQ—I_'

13.7 TRIGONOMETRIC FUNCTIONS (COTANGENT):

1
fcot-cm: dr = Eln|sina¢t| +C
fcﬂt“ ar dr = ——1) cot" tax — fcﬂt“ ?ax dx (for n # 1)
n_
f ftanaa: dx
l—i—cﬂtaa: ~J tanar +1

f B f tan axr dx
1 — cotax tanar — 1
13.8 TRIGONOMETRIC FUNCTIONS (SINE & COSINE):

d
L tan(aﬁii)‘—i—ﬂ*

In 3

cosar + sin ax a\/_

dx

-

cﬂsaa: :I:sm ax)? 2{1 9q an (a&: * 4) +c

1 ( sinx — cosx dx
(

_2n—2 f
cosx + sinz)n—1 (n—2) (cosx + sin )™ 2

(cosx +sinz)® n—1

1
f cosar dx :£+—ln|sinaa:—|—ccnsaa:|—|—0

cosar + 5111 axr 2 2a

cos ar dx r 1
= - — —In|sinar — cosax| +C
COS ax —5111 ar 2 2a
sinax dr T ,
= - — —In[sinaz + cosazx| + C
cos QT +51n ar 2 2a
sinax dx T ,
= —— — — In|sinar — cosaz| +C
cosar — sin axr 2 2a
f cosar dr lt 2H$+11 ; ‘+C
. = —— tan’ = + — In [tan —
sinaz(1 +cosazx)  4a 2 2a
cosar dx 1 ,ar 1
. = ——cot ———lntan——|—C
sinax(1 — cos ax) da 2 2a
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f sin ar dx 1 cot? (aa: n ?T)
cosaz(l +sinax) 4a  \2 4
T

dx

f sin ar
cosaxr(l —sinax) 4da

: 2
sin axrcosar dr = —— cos ax + C'

2a

cos((ay — ag)x) B

cos((ay + as)x)

ina o dr = — C for |a
fsm a1 cos axx dx 12([11 —a) 2(ar + a2) + (for |a4| # |a
fsin“ az cosar dr = ————sin" " ar 4+ C (for n # —1)
a(n+1)
. 1
fsm az cos™ axr dr = —————— cos" " lax 4 C (for n # —1)
a(n+ 1)
o o sin"tarcos™ M ax n—-1 . o
f sin” ar cos™ ar dr = — sin"" “arcos™ ax dx
a(n +m) n+m
also
o o sin"arcos™ taxr m—1 p . _
f sin” ax cos™ axr dr = sin” ax cos™ “ ax dx
a(n +m) n-+m
dx 1
f : = —In [tanax| + C
sinaxr cosar  a { e
f : * = —|—f : (for n # 1)
sinarcos® ar  a(n — 1)cos"lax sin azx cos" 2 ax
dx 1 dx
f . ) - = :n—1 f : _—2 (fﬂl‘ n ?E 1)
sin” ax cosax a(n — 1)sin" " ax sin" " “ax cos ax
sinax dx 1
= C f 1
f cos™ ax a(n — 1) cos"tax T (for n 7 1)
sin” ar dx 1 . 1 T ax
f = ——sinar + —In t-an(——i——)‘—i—(ff
cosax a a 4 2
f sin’ az dx _ sin ax 1 f dx (for n # 1)
cos™ ax a(n — 13 cos" tar n-—1J cos"?ax
sin” ax dr sin" " ar sin" % az dzx
f—:———i—f (for n # 1)
cos ax a(n —1) cosax
sin" ax dx sin" ! ax n—m+2 [sin”ar dr
f = — f (for m # 1)
cos™ ax a(m—1)cos™tar m—1 cos™ 2 ax
also:
sin" ax dx sin" ! ax n—1 ysin" ?ar dr
f— = _ + (for m # n)
cos™ ax aln —m)cos™ltar n—m cos™ ax
also: ) )
in" ax d in"~ -1 n" “ar d
f sin” az dr _ sin" " ax n sin" " “ ax dx (for m # 1)
cos™ ax a(m—1)cos™tar m—1 cos™ 2 ax
cos ar dr 1
— = - : C f 1
f sin” ax a(n —1)sin" ! az + (for n.7 1)
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cos® ax dx 1 ar
— = —|cosar+In|tan —| | + C
sin ax a 2
cos® ar dx 1 COSar dx
— = — + | —— (for n # 1)
sin™ ax n—1 \asin" " ax) sin" “ax
f cos™ ar dx cos” ! ax n—1im — 2 f cos™ ar dx (F 21
- = _ or 1M
sin™ ax a(m —1)sin™ tar m-—1 sin™ % ax
als
cos™ ar dr cos™ lax n—1 fcos" 2ax dx
— = ——+ — (for m # n)
sin™ ax aln —m)sin™ ax n—m sin™ ax
also:
f cos” ax dx cos™ ! ax n—1 cos" 2 ax dx (f 4 1)
= i _ or 1M
sin™ ax a(m —1)sin™ taxr m—1 sin™ % ax

13.9 TRIGONOMETRIC FUNCTIONS (SINE & TANGENT):

1
sin ax tan ar dr = —(In | sec ar + tan ax| — sinazx) + C

tan” ax d 1
f = ;1;1: ~ = tan” ' (azx) + C (for n # 1)

sin® ax a(n —1)

13.10 TRIGONOMETRIC FUNCTIONS (COSINE & TANGENT):

tan™ ax d 1
f e tan" " ax + C (for n # —1)

cos’ ax a(n +1)

13.11 TRIGONOMETRIC FUNCTIONS (SINE & COTANGENT):

: = t
sin” ax a(n+1) o

t"ax d 1
f o e "ax 4+ C (for n # —1)

13.12 TRIGONOMETRIC FUNCTIONS (COSINE & COTANGENT):

f cot™ ax dx B 1

1-n
cofar  al—n) tan’ " ar + C (for n # 1)

13.13 TRIGONOMETRIC FUNCTIONS (ARCSINE):

farcsin:t: dr = xaresina + V1 — a2+ C
T T
farcsm— dr = rarcsin— + va? —x2 +C
i1

(1

oI o
f:r,arcsm—da:: 271 arcsm——i— wag—xz—i—C
f1
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3 2
f:t:z arcsm— d:{: = % arcsin E + HTHV —x2 4+ C
f 1 "1 — 22 — nz™ laresinz
n+1 n—1

2_
2"V1 - 2% —n2™ 'arccosz 220
1 +n [ 2" “arccosz dx

1 -2 :
r arcsinz dr = (;t:“+ arcsinr + -|—nf;t:“’ arcsing dr

2
/cos zarcsinz dr = | 2™ Tarccosz +

13.14 TRIGONOMETRIC FUNCTIONS (ARCCOSINE):
/arccasx dr = rarccost — v 1 —x2 4+ C
/arccﬂs— dr = Iarccos— —vaz—x24+C

a
2 a
:tarccas—d:t—(?— 4)3,1‘0:305—— —Va?—-2?+C
x? xr  x?4 2d?
/:1: arccﬂs—dx—?arccos——%v —224+C
13.15 TRIGONOMETRIC FUNCTIONS (ARCTANGENT):
1
farct-a,n:t dr = z arctanz — 5 In(1+2*) 4+ C
x T, a x?
farct-a.n (E}dx = rarctan(—) — = n( 2} +C
| a’ +x arct 2) _ gz
f:r,arctan(i)da:: (@ +27) 5 n(,) C
a
3 2 3
f:t:z arct-an(f)da: = % arctan (I) — % + L In(a* + 2%) + C
% i+l @ pntl
fitﬂ arct-a.n(a)da: =T arctan ( a. ~a f p dr, n# -1

13.16 TRIGONOMETRIC FUNCTIONS (ARCCOSECANT):

2

x? +C

2
/arccscE dx ZIB,I'CCSCE—I—EIIH(E(U'I— H—E—l— 1))+ C
‘1 il (1 I

T T2 T ar a2
T arcesc — dr = — arcesc— + — 1——2—|—C
a 2 (a 2 T

/arccscx dr = rarccscx + In |z +
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13.17 TRIGONOMETRIC FUNCTIONS (ARCSECANT):

2

T4+ +

2

/arcsecx dr = x arcsecr — In
T

/arcsecE dzr ::r,a,rcsecE + i11'1 ‘:1: 4+ /x? — 1‘ +
(1

a alz|

1
T arcsecx dr = 3 (:1:2 arcsecr — v 1 — 1) +

a2l - 14 (1= (:::”"1 arcsecz + (1 -n) / " aresecy d:c)

1
1" arcsect dr = — | 2" arcsecz —
n+1

|

!

n

13.18 TRIGONOMETRIC FUNCTIONS (ARCCOTANGENT):
1 2

arccotx dr = rarccotz + 5 In(1+z%)+C

arccot = dz = x arceot — + % In(a® 4+ 2%) +C
(L (1

2 2
T a4+ x T ar
rarccot — dr = arccot — 4+ — 4+ C
a 2 a 2
3 2 3
T T Tr ar a
x® arccot — do = — arccot — + —— — —1In(a® + 2°) + C
a 3 a 6 6

T Iﬂ-+1 T a Iﬂ+1
x" arccot — dx = arccot — + dr, mn# —1
a n+1 a n+1) a2422

13.19 EXPONETIAL FUNCTIONS

— e —

B

— <-...__;-...___=<-:_ﬁ ——
c ( mﬁ'_}
&
I
®l
8
|
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" n—1 T

C dr= (—;1 1+c/ i_ldx) (for n # 1)

/Em Inz dz = —e® In |z| — Ei(cz)
C
/E”‘T sinbr dr = ;F—bz(csin bxr — bcosbzx)
/Em cosbr dx = C:—|— 7 (icosb:t + bsin bx)
/Em sin" z dx = w(csinx — ncosx) + n{n—1) e sin" %z dx
c? + n21 c? +n?
.-C.T- n— . _ 1
e cos" x dr = w(c cosT + nsinx) + n{n—1) e cos" 2z dz
c? + n? c? +n?
/IEC‘TE e 1 Loa?
: =€
/E’ il —erf(+/c
'i (erf is the Error function)
R
/IE’ T = QCE’
1 2 102 1
—(z—p)* /20
e dr = 1+ erf=
/ o\ 2m 2 ( f:f\/_ )
n—1 2
1 e” .
/m? dr = * (Z Coj W) + (2n — 1)c2n_g/ o dr wvalid for n > 0,
=0
_1-3-5---(25-1)  (2j)!
wherecgi N 2i+1 N gl 2%+t .
f:t:z'-m dr = i (=D + 1)n_1f(n+ l,-Inz)+ i (-1)"apul(n+1,-Inz)  (forz >0)
T n=>0 ﬂ, | n=m+1 |
1 if n =0,
— if m=1,
where }—1 ;."21 JAmp—jlm—1—1 Otherwise

/ : iz = = In (ﬂr"‘“’ + b)
de = - — —
ae® + b b bA whenb=0, A0 andae™ +b >0,

1 1 - 1 _
/ Ez-lnﬂ+{1—;1:]-lnb dr = / (E) bdr = / a® - bl—_-z: dr = a—b
0 g \b 0 Ina—Inb

for@ >0, b>0, a# b which is the logarithmic mean

i 1
/ e “dr =—
0 f1
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4

4

|
8

:“"--f"“'--fé"“--éé"'--,

- 1
o 2
/ a"e = dg = %fi_ﬁ%—' = (n = 2k, k integer,a > 0)
0 ﬂi:‘l-FT (n =2k + 1, k integer,a > [])(” i

the double factorial)
Iin41) ~_1a>0
e T dr = ﬂ’:+1 (ﬂ.‘. o )
T (n=0,1,2,...,a >0)

g

4

e “sinbrdr =
a? + b?

e “eoshrdx =

g
[
=)
ol

=
y]

“sinbrdr = ———= (a>0)

8
]
3
=
]
|
o~

mCﬂSbI dI: m ([I-} U)

e” 9 = 2rlp(x) B _ o
(lo is the modified Bessel function of the first kind)

2
_zcosﬂ+ysinﬂda — 211, ( 2 2)
L € Tig | yT*+ Y

13.20 LOGARITHMIC FUNCTIONS

[ ]
=

S én'"‘“-aé"“-aé“‘--éé““--, =
mt\.‘l
£)
v
=

fln(:t:} dr =z In(z) —x + C,
flnaa: dr=xlnhar — x

/lﬂgﬂ rdr = z(log,r —log, e) + C
b) 1 b) —
fln(ax—|—b} e (ax + b) n(a;t:—l— ) — (ax)

f(ln:t:)l2 dr = ztt(ln:t:)2 —2rlnx+ 2z

f(ln:t:)“ a:—:tzz 1)~ &k' (Inx)*
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dx >, (In :1:)#"

— =In|lnz|+nz+ Z

Inx b
dx T dx
= _ f 1
f (Inz)m (n—1) ln:t:)n""'—1 n— 1 (Inz)n—1 (forn # 1)
f:t:m Inx do = 2™*! e _ ! (for m # —1)
B m+1 (m+1)2
2™ (Inz)" doe = () m f:tm(lnx)“_lda: (for m # —1)
(Inz)" d 0 }m+1|_ 1 m+1
nx)" dr n)"
fl Id —l ntl (forn # —1)
HII i (HQi) (for n # 0)
fln:r,d;r,__ Inx B 1 (for m 2 1)
am  (m—1)zm1 (m 1)2:-::""”'—1
n m n—1
f{lnx) dv _ (Inz) f ln:t:) dx (for m # 1)
xm (m — 1):1:’”’*— -1
™ dx xmHl m—|— 1 md&:
- f 1
f[ln )" (n—1)(Inz)n-1 T n—1J (lnz)*-1 (forn #1)

d
f - = In|lnz|

Ilé'lI o0 1.!.,1 k
f * = In |In z| + Z 1);" ) (In2)

" Inx = k- k!
dx 1
/3 (nzy" ~~ {n= 1)) (forn 7 1)
fln (2’ + a®)dz =axIn(2* + a } —2:1:—|—2a.t-a,n_1§

1

2,2, 2
2_|_ﬂzln:1: +a)d¢t—4ln (x° + a”)

sin(lnz) do = (sm(ln x) — cos(lnx))

fcas(ln:t: dr = (5111(111:1:)4—005(1111:))
ff' rhhzr—x— —) der=¢€¢"(rlnz —x —Inxz)

flz( ln:t:)da:—ln—f
eT \x €

f(ll‘lit}z dr = (Inz)* ' + (In(Inz))(Inx)*

fm(l 1 )d B et
© Inz zhlzx = Inx

13.21 HYPERBOLIC FUNCTIONS
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1
fsinh ardr = —coshaxr + C

fcosh ardr = Esinh ar + C
fsinhg ar dr = — sinh 2axr — z +
4i1. 2
fﬁ:{nsh2 ar dr = 1a sinh 2ax + % +
~ tanh
ft-anhg ardr = — anﬂ -
fsinh“ az dr = — sinh™ ' az coshaz— ! fsinh"""_2 ax dx (for n > 0)
an n
. . 2 .
fsmh“ ar dr = ni D) sinh" ! az cosha:t:—ni fsmh""“rz ardr  (forn <0, n# —1)
aln n
fCDShﬂ' az dv = — sinh az cosh™™! az+ ! fﬁ:{nshﬂ'_2 ax dx (for n > 0)
an n
. 2
fﬂﬂﬂhﬂ ax dr = — sinh az cosh™! az— 2T fcﬂsh‘"""2 axdr  (forn <0, n#-1)
. 1 a(n+1) n +
T ax
fsinh ar  a n t-anh?‘ +C
f Id;r, :lln casha&:—l LC
sinh ax a sinh ax
dxr 1 sinh ax
=—In|——— 4+ C
fsinh ar a i coshaxr + 1‘ +
dx 1 coshar — 1
=—In|——| 4+ C
./sinh ax a " coshar + 1‘ +
dx 2 o
f = —arctane” +
Cﬂsé]mﬂx “ cosh ax n—2 dx
: = = - forn # 1
fsmh“ axr a(n— 1)sinh® 'az n—1J sinh" *ax ( #1)
dx sinh ax n—2 dx
= forn # 1
f cosh"ar  a(n —1) cosh" ‘ar n—1J cosh" ax ( #1)
f cosh” ax B cosh® ax n—1 cosh™ 2 aa:d (f £ )
sinh™ ax = a(n —m)sinh™ tar n-—m sinh™ ax v ormzn
f cosh” ax cosh™t! ax n—m-+2 f cosh” ax g (f 2 1)
—dr = — T orT 1M
sinh™ ax a(m — 1)5'1nh""“'_1 ax m— 1 sinh™ 2 ax
f cosh” ax cosh™ ! ax n—1 cosh” 2 ax g (f 2 1)
= — : , T or M
sinh™ ax a(m —1)sinh™ 'azx m—1J sinh™ ?ax
fsinhm ar sinh™ ! ax m—1 sinh™ 2 aa:d (f £ )
cosh™ ax = a(m — n) cosh" 'ax +ﬂ —m cosh™ ax v ormzn
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f sinh™ ax sinh™*! ax m—n-—+ 2 f sinh™ ax Iy (fﬂr n £ 1)

cosh™az  a(n — 1)cosh® ! ' n-1 cosh" ?azx

f sinh™ ax sinh™ ! ax +m —1 fsinh™? aa:d (f y 1)
—_—lr = — M or 1t
cosh™ ax a(n —1) cosh® tar n—1J cosh" 2ax

1
f:t:sinh ardr = EI cosh ar — a—gsinh ar + C

1 1
f:-::cosh ar dr = —xsinh ar — — coshar + C'

i1 (1
2 h 2 2 .
f:l:2 coshar dr = —&EM + (I— + —) sinh axr + ¢

a a a2

1
ft.a,nh ardr = —In |coshaz| + C
fcot-hcm: dr = Eln | sinhax| + C

ft-anh“ ax dr = “atn 1) tanh™!az + f‘t-a,nh"""_2 ax dz (for n # 1)

fccnt-h“ ardr = —ﬁ coth® ax + fﬂﬂt-hﬂ_z ax dx (for n # 1)

fsinh ax sinh bx dr = [ﬂlﬁ(a sinh bz cosh ax—b cosh bz sinh az)+C (for a® # b*)
fcﬂsh ax coshbx dr = R (@sinh ax coshba—b sinh ba cosh ax)4+-C (for a® # b%)
fcﬂsh ax sinh br dr = > i 7 (@sinh ax sinh bx—b coshax coshbxr)+C (for a® # %)
fsmh(a:r,—l—b} sin(cx+d) dr = > i > cosh(ax+b) sin(c:r,—l—a’.)—H2 -I— > sinh(ax+b) cos(cz+d)+C
fsinh(aa:-l—b} cos(cx+d) dx = > i > cosh(az+b) cos(c:t:+d}-|—a2 > sinh(az+b) sin(cx+d)+C
fcﬂsh(a:t:—l—b}sin(c;t—l—d} dzx = > Z > Sll‘lh(ﬂ:l?—l—b}ﬂil‘l(f:t-l—d}—ag > cosh(ax+b) cos(ca+d)+C
fcash(ax-l—b) cos(cz+d) dr = > -I- " sinh(ax+b) cos(c:t:{-d)-l—az > cosh(az+b) sin(cx+d)+C

13.22 INVERSE HYPERBOLIC FUNCTIONS

/arsinh z dxr = x arsinh T vali+ a4+ C

(L 1

/arcosh Y dr =rarcoshl — 22 — @2 +C
(r 1
T T a 5 9
artanh —dr = rartanh — + 5 In|a* — 2|+ C (for |z| < |a|)
(r (1
T T a 5 o
arcoth —dx = zarcoth — 5 In|z* —a’|+C (for |z| > |a|)
fl L
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a—=r

x x T atz
arsech - dxr = z arsech - —aarctan——— + C (for x € (0, a))

T ¢ + a?
+v’a 7 .

(for x € (0, a))

(L i

/arcsch z dxr = x arcsch z +aln

13.23 ABSOLUTE VALUE FUNCTIONS

(az + b)"+?2
b)"| dx =
/|(HI+ )"l dx a(n + 1) |ax + b|

f|sin ar| dr = _? |sinazx| cotax + C

+C [nis odd, and n # —1]

f|casa¢t| dr = - |cos ax| tanax + C

t _1
[ ttanaz| dz = an(az) [~ In |cosaz]]
a |tan az|
1 ¢ .
f|CEcaa:| dr = I |CSGH$—|._ cot ax|sin ax L C
a|sin az|
In [secax + tan az| cos ax
f|sec ar| dr = L c
a|cosax|
t In |si
f|gﬂt,m;| dr = an(az)|In [sin az|] LC
a |tan az|

13.24 SUMMARY TABLE
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f'(u)

(fu)™!
7w e

n+1

du = In|f(u)] +C, / (Fa)" fu)du=

fsin-uduz —cosu+ C, /cosuduzsinu+0. fsecgudu: tanu + C

[tanudu=ln|secu|+0, /tanhuduzln(coshu)+c

/-cotudu = In|sinu| + C, fmthudu =In|sinhu| + C

fsmudu=ln|secu+tanu|+0, /sechudu=tan‘l|sinhu|+0

fcosecuduz]nlcosecu—co'r,u|+C, fcosechudu:ln|tanh%|+0

u—a
u+ta

+C

f du__ 1,
a2 —u? 2a =

du 1
+G,. fﬁﬂz—az_ﬁln

fidu =sin™! (E)+C /___du —lt -3 (E)—i—c
vaz—u? @ ’ d+ a " \a

du 1 _qf(u
e = e (5) +C

du ooy [ —
fﬁ—smh (E)'FC—‘lIllu-!—V‘U. +EI|+C

1)

d
/ﬁ=cosh_] (E)+C:ln|u+\/u2—agl+0

a+ va® — u?
—_— |+
U

du L o (% 1
fum_ aSELh (;)+C—~Eln

13.25 SQUARE ROOT PROOFS
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J\/ a® +x?dx
Let x = atand dx= ased &6 - tanf ==

a
= J'\/a2 +(atand)® xasec &8
= J\/ a®+a’tan’@xasec &4

= [{a® +a*(se¢ §-1) xased &g

:.|'x/a2 +a’sed §-a’ xased &6
= .[\/mxaseé &6

= J'asecﬂx asec &g
:J'azseéé?de

=a2J'sec19><sec2 6do

u=sed,dv=sec &4
du=seddtan&g,v =tané

O az.[seé 6dé = seddx tand - I tandxseddtan&dd
azjseé 6d6 = seddtand - '[ tan” fsectld

azjseé 6do = secﬁtané?—.[(sec,2 6- Isedld
azjseé 6de = seo9tan9—jsec°’ 6 -seddld
azjseé 6do = seo9tan9—jsec” 6d¢9+fseo§d9
2azjse€ 6d6 = seddtanb + jseoSUé?

J'seé 6dé = 2—22(5e09tan0 + I seoédé?)

J'seé 6dé = lelz(seoé?tanH +Injsecd + tand]) +C

2+ 2 2+ 2
: I/idi[—\/ S il +§J+c
2a a a a a
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I\/ﬂdx

Let x =asinfdJ dx=acosdé - siné?:g
ZI\/mxacosedH
=Imxacoséd0

= J'\/a2 —az(l— cos H)Xacoséde

:I\/az —a’ +a’cos @ xacosald
:I\/mxacosede
=Iacos€xacos6de

:Iaz cos &g

:azjcos2 ao

=a’| —1+C(;S(20)d0

aZ
=5 [1+coq26)d6

1
r\)|9’,\,
Y
+
%28
>
(N
(@]

o
8
+
@)

Page 147 of 330




J'\/ x? —a%dx
Let x =asedd] dx=aseddtan@d - sedd = X

a
= [(ase®)’ -a® xasedtan&l6
= I Ja?sed f-a’ xaseddtan@ld

= I Ja?(L+tar? 6)- a? xaseddtanadd

= J'\/a2 +a’tan’ 8- a® xasedtandld
= J' Ja?tar? @ x asecddtan&dd

= I atangdxaseddtan&léd

= I a’ tan’ fsecld

=a’ I tan” fsecld

=a’ I (sec2 ) —1)se06b|9

= azfseé 6-seddd

=a’ qseé a6 - Isecﬁdﬁ)

= az((z—;z (secttand + Insecd + tan6|)j ~(Injsecd+ tan¢9|)j +C

= %(Sefﬁtan@ +Injsecd + tand]) - a2(Injsecd + tan6?|)+ C

2 _ .2 2 _ /
=1 X, VX' ~a +In =+ XX a In +
2\ a a a a
— 2 _ 42 2 _ .2
:lxx\/x a’ 1I xTmal X NxT-at .
2 2 a a a a
2 _ /2 2 _ 42
=1xx\/x2 a +(1 azjln§+ X -a’|,
2 a a
13.26 CARTESIAN APPLICATIONS
b
Area under the curve: A:I fodXx
b
Volume: Vv =J'A
b b
Volume about x axis: V, = [y[dx= nj[f(x)]zdx
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d
Volume about y axis: Vv, = IT.[ [x]zdy

b
Surface Area about x axis: SA= 2nj fo/ 1+ f ' S dX

b 2
Length wrt x-ordinates: L= I 1+(?j dx
X

Length wrt y-ordinates: L= I 1+(ng dy(Where the function is continually increasing)
y

Length parametrically: L= J' \/[dt} [ jdt

Line Integral of a Scalar Field:
L= L f(x,y,2)ds= m; f(x.y,.2,)A0s

wherex = x(t),y = y(t),z=z(t),a<t<b
2 2 2
ds= %j H[ D) (b2 dt
dt dt dt

L= f(xy2ds= jf(x V.2 )\/(‘;’t‘) (%} +(%) dt

Line Integral of a Vector Field:
W=[ F(x%2)+T(xy2ds
wherex = x(t),y = y(t),z=z(t),a<t<b
C=r(t)=xM®)i+y)j+ztk

@
T(t)= )]

ds:\/(%j +($’j (dzj dt =[r'(t)dt
dt) (dt) (d

= [, F (%2 T(xy 9ds= j:[F(rm-%]h'(mdt: [Fe®er

Area of a Surface:

m n

A=[[, (xy3ds= lim > > f(R)AS,

i=1 j=1

A=[[, (xy3ds=[[ f(xyg(xy))\/[azj (g—ij +1dA

Where D is the projection of the surface Shan(,y) plane

13.27 HIGHER ORDER INTEGRATION
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Properties of Double Integrals:

Jfu@n o= ff soniaz [f o
//R kf(x y)dA = k./\/nf(;r’ y)dA

/ / f(z,y)dA < / / glz,y)dA If f(z,y) < g(x,y) on R
JJR JJR

// flz,y)dA < // flz,y)dA If f(zr,y) > 0on R and S C R
JS JJR

Volume using Double Integrals:

v:jjR f( % y)dA

If f(, y) is continuous on the rectangle (FulsnTheorem)
R={(x,y)|as x<hcsy< d}, then

v =[[ 10 o= [ 10cy)aay

If f(x, y) is continuous on the region

R={(xy)|lasx<b,g,(x) < y< g,(X)}

V= j jR f( % y)dA:ngj(X)f(x y)dydx

a g(x)

Yy =galx)
\

If f(x, y) is continuous on the region

R={(xy)|g,(y) < x< g,(y),c< y<d}
b h(y)

V=[], feyA=] [ f(xy)dxdx
a h(y)
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}’Ju
d _____
x=hy(y) R x=hy(y)
(————
0] %

If a function is continuous on a polar region

R={(r.0)|]asr<b,a<8< f}

Vv =“R f(x y)A=ﬁf (rcosd,rsin@)rdrd@

Volume using Triple Integrals:

V=JI[ txu20v

If f(x,y,z) is continuous on the rectangular boxilfini’s Theorem)
B={(xy,z)|lasx<bc<y<d,r<z<s},then
sdb

v=mB f(xyz)dv=”j f(x v, z)dxdydz

rca

If f(x,y,z) is represented as a projection

B={(x¥,2)|(x Y)OD,u;(xy) < Z<u,(x y)}, then
V=[If foyav=J( [0 1y 2dz)oa

u(xy)
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"*-.| Z=u(x,y
o o 14X y)
— 1|
/I\ T —

o D |J' | o

If f(x,y,z) is continuous on the region

B={(xy,z)lasx<bg,(X) < y<g,(X),u(xy)<z<u,(xy)}

— _ b9 pw(xy)
v _”L f(xy2dv _LL(X, 4 (xy) f(x y, z)dzdydx
A N
Z2=ulx,y)
0
/ﬁ\J\‘
b _ | A
xx YT AR Y

If a function is continuous within the cylindricabordinate system

B={(.0,2)|a<0<Bh(8)<r<h,(8).u(xy)<zsu,(xy)}
V=[[[ fxyadv= [P0 (1 cosd rsing, 2)rdzdrd

h(8) Ju; € cod rsind)

24 Z=Uy(x,y)
I
N T
[N \
‘ "l % |
| z=uy(x,y) |
r=nm@) ol | \: : |
R
= D
x 0=« |
r=h,(8)

If a function is continuous within the sphericabedinate system
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B={(0.0.6)|6,<6<8,,1(6)<¢<h,(6),0,(.6) < p< 9, (9.6)}
f(x y,2) = f(psingcosf, psingsing, pcosg) = f,(0,¢,6)

v=[[[ (xy2dv :L:I: D12t (0,0,6) p° singrlpdgrld

(0) Ya:(p.6)

Z Z=Uy(x,y)
/

| 0= 1 3
=0\ | D
r=hy(8)

Centre of Mass:
Of a laminate:

= {[.o 0n

x= [ xxp(x A

y==[[ yxp(x A

Of a general solid:

m=[[[ p(xy2dv

([ EETELY

X
y==[[Lyxp(xyav
2= ([ 2xp(x y9av

13.28 WORKING IN DIFFERENT COORDINATE SYSTEMS:

Cartesian: dA=dxdy
Polar: dA=rdrdé
Cylindrical: dV =rdzdrdé
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Spherical: dV = p?singpd gl @

Cartesian to Polar:

r 2 - X2 + y2
(2D)
tand = Y
X
Polar to Cartesian:
X=rCcosf
. (2D)
y=rsingd
Cartesian to Cylindrical:
r2 = X2 + y2
y

tand == (3D)
X
2=2
Cylindrical to Cartesian:
X=rcosd
y =rsiné (3D)

2=2
¥

P(r,8) =P(x,y)

0 x X

Spherical to Cartesian:
X = psingcosd

y = psingsing (3D)
z= pcosy

P(p, 8, ¢)
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PART 14: FUNCTIONS

14.1 ODD & EVEN FUNCTIONS:

Definitions:

Composite Functions:
Odd + Odd = Odd
Odd * Even = Neither
Even + Even = Even

Odd x Odd = Even
Odd / Odd = Even
Even x Even = Even
Even / Even = Even

Even of Odd = Even
Even of Even = Even
Even of Neither = Neither
Odd of Odd = Odd

Odd of Even = Even

Odd of Neither = Neither

Basic Integration:

If (x) is odd: jf(x)dxzo

If f(x) is even: j f(x)dx=2j f(X)dx
0

-a

14.2 MULTIVARIABLE FUNCTIONS:

Himit <x,y">5”<o,o>(f<x’w): (xmlxl)rp(o,0>(f“’“x)): (xI)IEn(O)(f(*”‘X))
. . . _ _ 2
Discriminant: Doy = ZuZyy (zxy)
Critical Points: z=1,,
z, =0
Solve for:
z,=0
1 If the critical pointx,,yo) is a local maximum, then
D(XO!yO) >=0

fxx(XOvyO) <=0 andfyy(X&yO) <=0
O If D(x0.yo) > 0, and either
fXX(XoyyO) < 0 Orfyy(xoyyo) < 0
then the critical poingx,,yo) is a local maximum.
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1 If the critical pointxo,yo) is a local minimum, then
D(Xo,Yo) >= 0

fux(Xo,Yo) >= 0 andfyy(xo,yo) >= 0
If D(x0,y0) > 0, and either

(|

fXX(XoyyO) >0 Orfyy(xoyyo) >0

then the critical poingx,yo) is a local minimum.

1 If the critical pointxo,y,) is a saddle point, then
D(Xo,Yo) <=0

D(XO,YO) < Ol

then the critical poingx,,yo) is a saddle point.

14.3 FIRST ORDER, FIRST DEGREE, DIFFERENTIAL EQUATI ONS:

Separable
dy _ f(x)

dx  g(y)
g(yYdy= f(Qdx

[a(ydy=[ f(dx

Linear:
d
i P(x)xy=Q(x)
dx

1(x) = ej () dx
1

=19 (%) xQ(¥dx)

Homogeneous
f(Ax Ay) = f(xy)
ﬂ = f(X, y) = F(X]
dx X

Let V(X) :X,Dﬂ:v+ xil
X
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Dv+x$/: F(v)
dx

dv
X—=F(v)-Vv
O (v)
dv. _dx
F(v)-v X
J' dv =J‘9(
F(v)-v < x
Exact:
d
d_i/: f(xy) > M (% ydx+N(x ydy=0
If: M, =N,
When: F, =M & F, =N
Therefore,

E :f'\" (X, y)dx = (x,y) + g(y)

Fy =5 @ 0)=0, +g(y) =N
Og(y) =...
so: F(xy)=®(xy)+g(y) =C

Bernoulli Form:

dy - n
o P(x)y = Q(x)y
Let:

V= yl—n

dv
0—=(1-

3= Ly

dy_ y" v

dx 1-ndx

y" dv —O(x)y"
O n dx+ P(x)y =Q(x)y

1 dv

= Indx +P(x)y"" =Q(x)

:‘S—Z +(1-n)P(xv = (L-n)Q(x)

This is a linear T ODE

o dy
dx
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TR (9xv=Qu(0)

I(x) = ej RO
V= I(x)XQZ(x)dx)

|( X)
([I(X)XQZ(x)dx):(l\7/ e dx(jefl' M- n)Q(x)dx)

v
o W_(\7/I(x)

14.4 SECOND ORDE, FIRST DEGREE, DIFFERENTIAL EQUATI ONS:

d’y ,  dy, _
Whereadxz +b&+cy— f(x)
ay"+by+cy = f(x)

Greg's Lemma:

(D-a)(Hxe™)= p(xe”

Homogeneous
ay''+by+cy=0

= anf +bm+c=0

_—b++b*-4ac

2a
There are three possible outcomes:
1) m,m,where m, #m, =y, = Ae™ + Be™ S :{e'“x,e”bx}
2) m,,m,wherem, =m, =y, =(A+Bx)e™ S={e™, xe™}
ym,=atf =y, =e™(AcodBx)+Bsin(Ax)) S={e™ coqx),e™ sin(Bx)}

Undetermined Coefficients
ay'+by+cy= f(x), where f(X)is in the form of

1) A polynomial
2) asin(kx)
3) ae

NB: Multiplication is OK: eg: f(X) = 3x’€"

Step 1: Solve for the homogeneous caay '+by+cy =0
Uy, =cy, ¢y,
s={y,. v}

Step 2: Determine the spanning set
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1) A polynomial =Y, TAX FAXTHAXHA T :{ X", }
2) arsin(kx) =y, = Asin(kx) + Bcoskx) T :{cos(kx) sin(kx)}
3) ae" =y, = Ag" T :{ }

NB: Multiplication is OK: eg:
f(x) = 3xX%e*
y, = (Ae*)BxX* +Cx2 + Dx+E)
y, =(e)Bx +Cx2 + Dx+E)

Step 3: Determine the form ofywith arbitary coefficients

Case 1:WhenSNT =@
Then y is a linear combination of the elements of T

Case 22WhenSNnT Z® (ie: y is part of y)
Multiply each element in T by x to get a new setfid then recheck i5 N T'= ® . This is
now a case 1, otherwise repeat the process &ntil T'= @

Step 4: Determine the coefficients of py substitutingyp ,y'p ,y"p back into the orginal differential

equation and comparing the coefficients wift{x)

Then,
y:yh+yp1+yp2+yp3+

If the intital values are given, go on to solve ttee constants within the homogeneous part.

Variation of Parameters

d?y , dy
+b—=+cy= f(X) _ . o
Where dx? dx and the method of undetermined coefficients issnitable.

y"+by+cy = f(X)

Step 1: Solve for the homogeneous caay '+by+cy =0
UYy =0y, tGY,
Step 2: Assume that there is a solution of the differdréguation of the form:
Y =V, (XU, (X) + V5 (U, (X) = U, + VU,
Such thatv;"(X)u,(X) +V,' (Xu,(X) =v,"'u, +Vv,'u, =0
Therefore,
y =V, + VU,
Y=V Vil Y, U, VUL = VU VLU
YIS VU TRV U Y, U, VU,
Substituting into the differential equation:
f (X) = (V1U1II+V1'U1'+V2'U2'+V2U2”) + dVlU1'+V2U2I) + dvlul + V2u2)
f(x)=u,"v, +buy'v, +cuy, +u,"v, +bu,'v, +cu,v, + u,'v,"+u,'v,’
f(X) = (ul“+bu_’l'+cul)vl + (uzll+bu2l+cu2 )VZ + ullvll+u2'V2'
f(x)=u,"v,'+u,'v,’
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As u,'"+bu '+cuy =0& u,"'+bu,'+cu, =0
We know thatu,v,"+u,v,'= 0and u,'v,'+u,'v,"'= f(x)

Step 3:
Solving the equations above by Cramer’s Rule.
u U v | O
u'ou vy - f(x)
{0 uz}
Lo LT~ (X,
' ul u2 W(ul’UZ)
ulI u2'
o i)
v.'= U’ f(X) — f(x)ul
’ u U W(ul,uz)
ul' u2'
Step 4:
‘[ 0 uz}
f(X) Uz' - f()()u
= 'dx = = 2
Vl(X) J.Vl § J. ul u2 § J. (ul’UZ)
ull u2I
o i)
u,' f(X) f()()u
= | v, dx= | 5= dx= Lod
b=l 0 e )™
ull uZI
Y = Gy (X) + U, (X)
Yo =Vi(Quy(X) +V,(X)u,(X)
y=yh+yp
Euler Type
Of the form: ax’y"+bxy+cy=0,x>0

Characteristic Equation: a(r )(r —1)+b(r)+ c=0orr? +Mr + y=0
There are three possible outcomes: ? a

1) r,r,wherer, 21, =Yy, =Cx*+C,x?,x>0

2)r,,f,wherer, =r, =y, =C,x" +C,x"In(x),x>0

3)r,=azxf =y, = x“(AcodBIn(x))+ Bsin(BIn(x))), x>0

Reduction of Order
Of the form: f,(X)y"+1,(X)y+f;(X)y = Owhere a solution is knowty; = g(X)
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y=uxg(x)

Oy=v(xg(x) +UXg'(x)

O y"=v'(¥g(x) +Vv(X¥g'(x) +V(X)g'(x) + Ux)g" ()
Oy"=v'(X¥g(x) +2v'(¥)g'(x) + (X)g"(X)

Therefore, let

Substituting Yields:

£,V (N 9(X) + 27 () g (X) + UX)g" (X)) + T,V (X G(X) + AR (X)) + F,(x)((Xg(x))=0
This should cancel down to only includé& V"

£,V (0 g(X) +2v'(x)g'(x) + f,()(V()g(x) =0

Therefore, let u=v'&u'=v"

£ (U9 +2u(x)g' (%) + F,(X)(u(dg(x) =0
£00U () g(X)+2f,(HU() g (¥) + f,(Ju(x)g(x) =0
u'(9( £,()9(x) +u)(2f,(0g' (9 + f,(9(3) =0
U _ —(2£,099' (%) +f,()g(x)

ug  (099(x)
U0 g j—(2f1(x)g'(x) +1,00909) 4.,
u(x) (f,09(%)
_ ~(2H(0g 9+ F,(9g(¥)
B e (T B
2 £03 A3+ H(I9() 4,
u(x) =e (£(¥9(3)
2 (3 99+ (I 9) 4,
V() =e (£(99()
(2109 93+ HOII) g
v(X) = J‘e (£(x9(%) dx
(240 g+ (I a0) g

y:je (£(¥902) dex g(x)

General solution is of the formy = C Yy, +C,Y,
Note: Constants can be combined into a single aahsbd simplify working if required.

Power Series Solutions:

Y, o)WY _
P(x) 2 + Q) +R(X)y =0
P(x)y"+Q(x)y+R(x)y =0

Case 1: About an Ordinary Point

Where P(XO) # Oand analytic atX,

Assumey = Zan(x— xo)”,y'= Z nan(X_ Xo)n_l, y'= Z n(n _1)an(x_ Xo)n_2
n=0 n=1

Substitute into the differential equation.
Adjust the indicies in terms oX"
Obtain a recurance relation & in terms ofa, & a,

Where about a pointX,
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Expressa, in terms ofa, & @,
y=2a,(x-%) =ay+ay,
n=0

Case 2: About a Regular Singular Point

Where P(x,) =0, lim ((x = %) Sggj exists andlim ((x - %) E(X)j exists.

For convienance, taking abod, = 0
Q) _
(()) xp(x) = Z P X"
2 RIX
ﬂ Xq(x) = ZCLX

This is convergent oh(l <R

x2y+x{xp(x))y+{q(x))y = 0

Xy ey + X+ P+ )y (g, + axr g+ )y =0
As nearX, =0, X - 0, the equation behaves like
X2y||+XpOy|+be = O

This is an Euler form.

Indicial Equationt (r —1)+ p,r +q,= 0, Thusr =r,r, |, =

Therefore,y = X' (aO +a X+ a,x’ +...)= D ax™"for a, #0,x>0

From the indicial equation, there are three déifieforms of the general solution.
Form 1: {rl - r2} D{Z}

r 00

e (x =)

n=0

=[x=x|* 3 by (x =)’
n=0

y=cy, tGy,

Form2: 1, =T,
Y =% (1+ian r1><”j
n=1
Yo=Y In(x)+ X" (1"' ibn rlxn]
n=1

y=cy, tGy,

Where the coefficients of the series are founduiystituting into the differential equation.

Form 3: {I‘1 - rz} D{Z}
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y, = X" (1+ > a, rlx”j
n=1

y, =ay, In(x)+ X" (1+ibn rzx“j
n=1

y=¢cy, + Gy,

Where the coefficients of the series are foundubsstuting into the differential equation.

Case 3: About an Irregular Singular Point

Where P(x,) =0, Iximo((x - xo)%jdoes not exist oulximo((x - %) %} does not exist.

14.5 ORDINARY DIFFERENTIAL EQUATIONS USING MATRICES :

Derivation of Methods:
X1(t) = a, % (t) + % (t) +...+ a3, (t)
X.Z(t) = a21xl(t) + a22x2(t) +...+ aZan(t) . X' (t) - AX(t) = X' - AX

X n(t) = 8% (1) + 8, %, (1) +...% 8, %, (1)

X'1(t)
where A= [a,.j ],g(= X2(t) aon
X n(t)
UX=¢gX +CX, +...+ G X,
G

C
x=[x % [ x,]

Cn
X(t) = o(t)c
Fundamental Matrix:
Vet ov,e” LLov et
At At At
V,. €7 V€7 .. Ve
General Solution: X(t)=d(t)c=| # 2 T
v.et ov.e? Lov et
Particular Solution: c=07(t,)X,
Homogeneous Solution:
) X = AX
General Solution: - -
)_( - eA'(g - PeJtP_lg
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Particular Solution:

Inhomogeneous Solution:

General Solution:

Particular Solution:

n™ Order linear, constant coefficient ODE:
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More generally, given an n-th order linear, constant coeflicient ODE,
Y 4 a1y + apy™ P+t agy” + ey’ +agy = 0,

we may put

I =Y, ra = y’.‘ Iy = y”r ceey Ip1 = y(n_g).‘ Ip = y(n_l)r
so that
i1 = y =9
iy = (¥) =9" =3
i = () =y" ==
i'n—l = In
and finally,
Tp = {y(n_l))j
— y(n)
= —a.n_ly(“_L)— a.n_gy(n_g) — o —ay" — a1y — aoy
= —dpl] — 1Ty —dodg — ... —ldp_9ly_1 — p_10Ty

i.e. we get a linear system x = Aax, where

[0 1 0 0 0 0 7
0 0 1 o - 0 0
0 0 0 1 - 0 0
A= g : g . S :
0 0 0 o .1 0
0 0 0 o - 0 1
L —p —ap —dp —ag -0 —pg —dp |

Clearly, A has a special structure and it is said to be in companion form. Note that the
characteristic equation of A is given by

—-A 1 0 0 0 0
0 —A 1 0 0 0
0 0 —A 1 0 0
det(A—X)=| : : ot : =0.
0 0 0 0 . 1 0
0 0 0 0 - =X 1
—ag —ap —as —az - —dpg —ap1—A

Taking a cofactor expansion along the first column, this becomes

-A 1 o - 0 0
0 -2 1 - 0 0 L I
A1 0 0
—A + (=1)%ag .o =0,
0 0 0o - =X 1 0 0 --- =X 1
—ay —ag —@3 - —Qpp —lp1—A ~

= (1" A" A2 4asAtar)
Using an induction argement, we can show that
(—1)" ()\“ +an A a2 4+ N )+ ag) =0,

i A4 an A" an oA 2 A tap = 0,

which is identical to the characteristic equation of the original ODE!
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14.6 APPLICATIONS OF FUNCTIONS

Terminology:
f:R—=R 1-D function or scalar function

f:R— R vector function
f:R=R scalar field function

f: R = R® vector field function

Gradient Vector of a Scalar Field:
of of of \_of. of . of
rad[ f r2)] =0f 12)=| —,—,— |[=—i+—j+—Kk
grad[ f(x y; 2)] (XY,2) (6x oy azj FoLArwl Rarwts
Directional Derivatives:
For a function f(X Y;z) and unit vectotd =u,i +U, j + u3K,|u| =1, the directional derivative of f

at the pointP, = (XO, Yo Zo)in the domain of the function and in the directigs:

f (% +huy, y, +huy, z) +huy) = (%, Y, 2,)
h

D, f (X0 ¥0:20) = lr!T)
D, f(X¥o0.2) =0f(x ¥, 2)* u
Optimising the Directional Derivative:

« The function (X Y,2) increase most rapidly at any point P in its doniaithe direction of the
gradient vectot]f (P) . The directional derivative in this direction|@f (P)| . Therefore, the gradient

Of always points in the direction of the most rapidréase of the function, which is referred to as the

steepest ascent direction. Thus, if we want to mepd a function, it is important to move in the
gradient direction.

+ The function f(X Y,2) decreases most rapidly at any point P in its darirathe negative direction of
the gradient vectddlf (P) . The directional derivative in this direction—is}Df (P)| . Therefore, the

antigradient— (Jf always points in the direction of the most rapidréase of the function, which is

referred to as the steepest descent direction., Thwe want to minimize a function, it is importzio
move in the negative gradient direction.

+ The rate of change is zero in the direction perjuenar to [If (P)

14.7 ANALYTIC FUNCTIONS

If functions are analytic at a poing:x
Analytic + Analytic = Analytic
Analytic x Analytic = Analytic
Analytic / Analytic = Analytic
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PART 15: MATRICIES
15.1 BASIC PRINICPLES:

Size=ix j, I=row, j=column
A= lanJ

15.2 BASIC OPERTAIONS:

Addition: A+B=la, +b |
Subtraction: A-B=la, —h |
Scalar Multiple: kA= kg, |
Transpose: [AT = A
; T 1 0
€g: L2 E = |2 -6
0 —6 7 _
3 i

(A+B+C+..) =A" +B" +C" +...
(ABCD.)" =..D"CTBTAT

by
: _ b,
Scalar Product: asb= [a1 a, a, ] b,
Symmetry: AT =A
Cramer’'s Rule:
Ax=B
_det(d) where Ai = column i replaced by B
' det(A)
Least Squares Solution
In the form AX =D, 1(=(ATA)_1ATI_J
For a linear approximation: y+nLX=b

For a quadratic approximation: I, + X+ r2X2 =b
Etc.
When columns are not Linearly Independext= A'b =VS'U b

15.3 SQUARE MATRIX:
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(dy 0 0O
0 dy 0O
Diagonal: 2 0 0 das
i 0 0
log lpp 0
Lower Triangle Matrix: :531 I3y l33
Uy U1z Uqg
0 ugp ups
Upper Triangle Matrix: L 0 0 gz

15.4 DETERMINATE:

2x2. det@®) =ad-bc

3x3. det @) =aei+ bfg+cdh-afh- bdi - ceg

nxn:  det @) = a,C,, +a,,Cp, +a,Cy, =33, C; =3 ayMiy x(- 1))
j=1 =1

Rules.

1. If A has a row or a column of zeros, det (A) = 0.

_ B
TR
€.q. . J|=0and|0 0 0O |[=0.
1 0 -3 4 03 1
30 0 1 -

2. Multiply any one row of A by a scalar £ to obtain A". Then
det (A") = kdet (A)

(makes sense when you consider taking a cofactor expansion along that row) e.g.
‘ 1 3

1 2 =5 and

= 15, as expected

9
-1 2

3. Interchange any two rows in A to obtain A’. Then
det (A") = —det (A)

13 1

€.g. ‘ 9 _q ‘ = —15 and = 15, as expected.

2 -1
13 1
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4. Add a multiple of one row in A to another to obtain A’. Then
det (A") = det (A)

1
-3

1

let A= s
cg A= —3 5| Ry— Ry+3Ry

g }. then det (A) = 14. Consider {

L3 , " — 12 e
~ { 0 14 ] = A" and det (A") = 14, as expected.

Note that Rules 2, 3 and 4 deal in particular with how elementary row operation affect the
determinant of a matriz. Rule 4 is particularly useful as it allows us to induce additional
zeros in a matrix to simplify the determinant calculation.

2 -1 3
Ex: Evaluate | 1 2 6
-3 5 1
2 —1 3| R;— Ry —2R; 0+t -5 -9 5 g
Soln 1 2 6 =11 2 6 :—‘ 1 19‘:—-1.
—3 5 1| Rs— Ra+3Rs 0t 11 19

5. If one row in A is a scalar multiple of another, then det (A) = 0. This makes sense,
since we can then apply an er.o. to get a zero row before applying Rule 1. e.q.

2 2 3 -1 - ~
3 1 _4 _7 |70 since Rg=—Ry.
1 6 2 1

6. det (A7) = det (A). This rule basically allows us to apply Rules 1-5 to columns as
well as rows.

2 1 0 -1 2t 1-

5 0 4 2 5 OF 3 2 e
Ex:| = . =0 =—| 7 0 1 |C3—0C3-2C
1 =3 0 4 |p ko an 700 0 1 0 1 9
0 0 -1 —2]| 8~ Hetsh 0 0t 1 —2 -t -
-5t 4 -6
=—| 7 0 1 |==(=(=1) - _16‘:—(—5+42)=—37.
ot —1- ot :

7. det (kb A) = k™ det (A) (This is simply an expanded version of Rule 2.)

[ 4]

. det({AB) = det{A)det (B) This is not an obvious rule, but a very important one

g B
which is used frequently in practice. e.g. let A = [ 23 } and B = [ b2 }

4 1 31
: - T T
Then det(A) = 2 —-12 = —10, det(B) = -1 -6 = -7, AB = { 1 9] and

det (AB) =63 — (=7) = 70 = det (A) det (B), as expected.
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9. An upper triangular matrix is square with all entries below the main diagonal equal
to zero. A lower triangular matrix is square with all entries above the main diagonal
equal to zero. Finally, the determinant of a lower triangular or upper triangular
matrix is the product of all the diagonal elements. For example,

123 Lo
i)|o 4 2 :m‘o ;‘:tlj(ijQ)—(0)(2]32(13(-1)(2]:8

00 2 .

‘)

L oo Jtoo 5 0
(i) | o=@ o o5 o l=@m| D | = (2)(1)(5)(4) = 40.

3 050 Lo 2 4

112 4

In particular, note that the identity matrix is both upper and lower triangular, so
det (I') = 1™ =1 for any order n.

10. A square maftrix A is invertible if and only if det (A4) # 0. This is the most important
rule of determinants.

From Rule 10, it follows that:

(i) det(A) = 0 shows that A is singular, <.e. A~ does not exist. Compare this with

the case of a scalar a. If a| =0 (i.e. if a =0), then a™! = % also does not exist.

det (A) # 0 shows that A is non-singular, i.e. A~ does exist.

(ii) Note that if A is non-singular, then AA~! = I. Hence,

ie. det (AA™Y) = det (1)
ie. det(A)det (A7Y) = 1
1
%o f (A
ie det (A7) det (A)
155 INVERSE
fa b]" 1 [d -b
2X2: =
c d ad-bc|-c a
fa b c]” . ei-fh ch-bi bf-ce
3x3: d e f =aei Th—bdi+bfa+ cdh—ce fg—di ai-cg cd-af
g h g gdh—eg bg-ah ae-bd
Minor: Mij = Determinate of Sub matrix which has deleted ramd column j
a b cf
A=|d e f
g h i
{b c|
M21=
h f]

Page 170 of 330




Cij = Mij x (-2)t*7)

Cofactor:
Adjoint Method for Inverse:
adj(A) =C'
S adj(A)
det(A)
1+t 20 1t
Ex: Find the adjoint of A= | —1— 0% 27 |,
T 17 0F
0 2 -1 2
. _ - _9 , = — —
SU111+C11—+‘1 O‘— 2. Cia ‘ 10
2 1 . 11| .
—10_1(-22 -l—l[]‘_ l.ng_—‘
1 1 1 2
N = — :—.. K = :2
G2 ‘—1 2 5 Cas +‘ 10
-2 2 -1
Hence, C' = 1 -1 1 and adj(A)=CT =
4 -3 2
Left Inverse:
CA=1
c=(aTA*AT

(when rows(A)>columns(A))

Right Inverse:
AC=1

c=A(aa)"

(when rows(A)<columns(A))

Pseudo inverse:
For any matrix A, dim(A) = nxm.

A" is the pseudo inverse. dim{()& mxn
A=USV' A" =VS'UT
dim(A) = mxn;dim(A") =nxm

AxA"x A=A

A" x Ax AT = A
(Ax At ) = Ax A’
(A xA] =A"xA

15.6 LINEAR TRANSFORMATION
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Axioms for a linear transformation:
If F (g +\_/) =F@u)+F(v) [Preserves Addition]
And  F(Au) =AF(u) [Preserves Scalar Multiplication]

Transition Matrix:
The matrix that represents the linear transforomati
T(V) =qT (V) +GT (V) +..+ G T(V,)
T(X) = AX
A=[T(e)|T(e,)|..IT(e;)] (With m columns and n rows)
(T:V - W, dim(V) =m,dim(W) =n)

Zero Transformation:
T(v) =0,0vev

Identity Transformation:
T(v) =v,OveV

15.7 COMMON TRANSITION MATRICIES

2] [ cosf sinf| [z]
Rotation (Clockwise): :y;: [— S 0 cos '5': LY
|  |cosf —sinf||x
Rotation (Anticlockwise): :y!__ :sm 6 cosd 1LY
Tl |8 []] [:1:]
| =
Scaling: :y__ L 0 SF _y
| |1 k||z
Shearing (parallel to x-axis): L ] :0 1: :y:
|l (1 0f|x
Shearing (parallel to y-axis): y! _k 1_ Y]
15.8 EIGENVALUES AND EIGENVECTORS
Definitions: All solutions  of Ax=Ax
Eigenvalues: All solutions ofA of det(A4l)=0
Eigenvectors: General solution of [Ad][X]=0 (ie: the nullspace)
Characteristic Polynomial: The functionp(A) =det(A-Al)

Result 1: Let A be annxn matriz and let p(A) be its characteristic polynomial. Suppose

that A is an etgenvalue of A with corresponding eigenvector x. Then:

(i) The leading coefficient of p(X) is (—1)".
(1) The constant term of p(A) is det{A).

(i) A* is an eigenvalue of A¥ with corresponding eigenvector .

_ 1
(iv) If A is invertible, then A\ # 0 and — is an eigenvalue of A™' with corresponding

A

eigenvectar @,
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Algebraic Multiplicity: The number of times a root is repeated for argive
eigenvalue.

Z of all algebraic multiplicity = degree of the
characteristic polynomial.
Geometric Multiplicity: The number of linearly independent eigenvectors get
from a given eigenvalue.
TV oV
T(X) = AX
The same process for an ordinary matrix is used.
Linearly Independence: The set of eigenvectors for distinct eigenvalges i
linearly independent.
Digitalization: For a nxn matrix with n distinct eigenvalues;niaonly
if there are n Linearly Independent Eigenvectors:
D=P'AP
WhereP =[P, |P, |...| P,],P,is an eigenvector.
A4, 0 0 .. O]
A 0 .. O
A

0
D=[0 0 A, .. O

Transformation:

SRR o
0 0 0 0 A

Result 7: If B = C YAC, then
(1) the eigenvalues of B are the same as those of A.

(1) each eigenvalue of A or B has the same algebraic and geometric multiplicity, re-
gardless of which matriz they correspond to.
(iii) if = is an eigenvector of A corresponding to an eigenvalue X, then C 'z is an
eigenvector of B corresponding to A.
Cayley-Hamilton Theorem: Every matrix satisfies its own polynomial:
P()=aA"+a,_A""...+al+a,=0
P(A)=a,A"+a, A" ..+aA+a,=0
Orthonormal Set: The orthonomal basis of a matrix A can be found
with P = [P1 [P, |...] Pn], the orthonormal set will be

B:{i,i,___i}
[RIIR) TR
A=[u |y, |..|u,] = QR

dim(A) =nxk,k<n
All columns are Linearly Independent

QR Factorisation:

Q=[v, |V, |...]v, ] by the Gram-Schmidt Process
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15.9 JORDAN FORMS

Generalised Diagonlisation:

Jordan Block:

Jordan Form:

Algebraic Multiplicity:

Geometric Multiplicity:

Generalised Chain:

_”ql” UV Uy Uy ukTvl_
0 ”qz" usTvz U4TV2 UkTV2
R= 0 0 ||q3" u4TV3 ukTVS
T
0 0 0 Ja| - ouv
0 0 0 0 . fal]
—”ql” UpeVp UzeVp gV, .. uk-vl_
0 ||q2|| U,*Vv, u,ev, .. UV,
o0 al uew e ouey
0 0 0 fal - u-v
0o 0 0 o . faf]
PAP=1J
A=PJP*
A 1 0 0 O]
0 1 .. 00
0 0 A 00
Jg =
0O 00 .. 41
10 00 0 1]
J, O 0
[ A
0O 0 .. J

The number of timek appears on main diagonal

The number of timek appears on main diagonal without
a 1 directly above it

={u_,u_,,....u,,u}, whereu,is an eigenvector

U, = (A=ANu,,

Uit :[A_/“ |Uk]

P= [P1 P, |...| P, |] for every eigenvector of A

Page 174 of 330




Powers:

A =pPJ“p™
J 0 ol [af o 0
Jk= 0 J, 0| _|o J,f 0
0 0 N 0 0 3.

15.12 SINGULAR VALUE DECOMPOSITION

Fundamentally: A=USV', Uand V are orthogonal
Size:
dim(A) =mxn
dimU)=mxm
dim(S) =mxn
dim(V)=nxn
Pseudo inverse: A" =VSU'
Procedure:
STEP 1: Find the symmetric matri&’ A. This has orthogonal diagonalisation.
STEP 2: Find a set of eigenvaluesN;A. These are all non-negative.
A=abcd..
STEP 3: Arrange eigenvalues in decreasing order
AL> A, > A, >
STEP 4: Find;
g, =\JA
Uo, >0,>0,>...
STEP 5: Find S
dim(S)=mxn
S 0 . . .
S= 0 0 where $ is a matrix with the diagonal equal o, 02,03,_,,and all other
elements 0.
STEP 6: Find a set of eigenvectorsAf A
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= Pu Py Py

STEP 7: Normalise each eigenvector
V. = Ap :_pi
1 I
[p]
STEP 8: Form V

V=[vl|v2|v3 |]

STEP 9: Generate first columns of u corresponttinmgon-zero eigenvalues
1
o,
STEP 10: Generate remaining columns of U suchitletin orthogonal square matrix.
X
X2
Xa+1 = O
Xa

(ie: X,,,belongs to the nullspace of the matrix that is nfapie the found vectors of x

arranged in rows.)

STEP 11: Normalise each vector of U
u = i this only needs to be done fixg, onwards
x|
STEP 12: Form U

U =[u,|u,|u,]..]
15.11 COMPLEX MATRICIS:

Conjugate Transpose:
A= AT
AY = A

Hermitian Matrix:  (Similar to Symmetric Matricis in the real case)
A square matrix such thaf AA
Eigenvalues of A are purely real
Eigenvectors from distinct eigenvalues are orthadjorhis leads to a unitary
digitalisation of the Hermitian matrix.
These are normal

Skew-Hermitian:
A square matrix such thaf AA
Eigenvalues of A are purely imaginary
Eigenvectors from distinct eigenvalues are athmal.
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Unitary Matrix:

Normal Matrix:

Diagonalisation:

Spectral Theorem:

If A is Skew-Hermitian, iA is normal afiA)” = iA” = (—i)(- A) =iA
These are normal

(Similar to Orthogonal Matricis in the real case)
A square matrix such that A=l
Columns of A form an orthonormal set of vectors
Rows of A from an orthonormal set of vectors

Where AA” = A"A
These will have unitary diagonalisation

All Hermition and Skew-Hermitian matricis are noing®"A = AA= AA")

For a nxn matrix with n distinct eigenvalues; itlaonly if there are n Linearly
Independent Eigenvectors:

D=PAP
Where P = [F’1 [P, ]...] Pn], P, is an eigenvector.
A 0 0 0]
0 4, O 0
D=0 0 A 0
0

0 0 0 0 A

If A is Hermitian, D = P"AP = P”AP as P are an orthonormal set of vectors.

For a nxn Normal matrix and eigenvectors form aharormal set
P=[RIR |..IR]
A=ARR +APP +..+APP

Therefore, A can be represented as a sum oftricisaall of rank 1.
Therefore, A can be approximated as a sum ofitineinant eigenvalues

15.12 NUMERICAL COMPUTATIONS:

Rayleigh Quotient:

R(x) =

x' Ax
T'T

if (A;v) is an eigenvalue/eigenvector pair&fthen

R(v) = = = A

v Av v (\w) v

:A?

v’ v v'v
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In particular, suppose that A is a symmetric matrix. Then we know that A can bq
orthogonally diagonalized, i.e. there exists an orthogonal matrix ) such that

QTAQ = D = diag(A\, Ao, ..., An)s
where A, Ao, ..., A, are the (real) eigenvalues of A. Now, without loss of generality,
suppose that A; is the largest of all the eigenvalues, i.e. A\ > \;, for all i = 2.3, ..., n.
S1
. So ’
Let @ be any vector in IR" and let s =Q'x = | ~ | € IR", so that © = Qs. Then
Sn
R(@) xTAx  sTQTAQs  sTDs  AsT 4 Aoss 4.+ A\,s2
€Tr) = = — = n r F .
xTx sTQT Qs sTs st+s2+... +s2

Since Aq is the largest eigenvalue,

)\15% + )\153 + ...+ )\15721

<
k(@) < st+si+.. .+ 2

i.e. R(x) < Ay, for all ® € IR".

i.e. For a real symmetric matrix, the mazimum value of Rayleigh’s quotient is equal to the
largest eigenvalue of A. This fact can sometimes be used to find the largest eigenvalue of a
real symmetric matrix. (Note that the above argument is not valid if A is not symmetric.)

1 -2 0
Ex 1: Find the largest eigenvalue of A= | —2 1 0 | and the corresponding eigen-
0 0 2
vector.
Iy
Soln: Let @ = | =3 |, then
T3
1 -2 0 Ty 1 — 219
Az =[ryxox3] | -2 1 0 xo | =[xy 20 23] | —221 + @0 | = 224wy 2o+ 224222,
D 0 2 T3 213
We have
.
R(x) — x" Ax
xTx

2?2 — dayzy + 23 + 223

af + 75 + 13
322 4 3235 — (222 + 4w + 22) + 223

’I‘? =+ :r.% =+ :c%
322 + 322 + 322 — 2(xy + 79)% — 22
af + 23 + 7}
(2(zy + 29)* + 23)
r} + x} + 3

3,

[

for all x1, x0 and x3. In other words, the maximum eigenvalue is A = 3. Note that
-1
R(x) =3 only if 23 =0 and z1 4+ 22 = 0, i.e. a corresponding eigenvector is & = 1

0
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Power method:
If A is a nxn matrix with Linearly Independent Eigectors, and distinct eigenvectors

arranged such thaMl| 2 |/12| 2.2 |/1n|and the set of eigenvectors a{yi,vz,...,vn}
Any vector “w” can be written as:
Wo = GV + GV, +...+ GV,
W, = Aw, = GAV, +C,AV, +...+C, AV, =Cc AV, +C AV, +...+C AV,
S S
_ _ s s s A, A
W, = Aw_ =cA v, +Cc A, v, +...+C AV, = A oV, +C, 1 V, +...+C, N A

1
<1, lim (iJ =0
A

S—o00

A

As
1

Ow, » cA’y,
Appling this with the Rayleigh Quotient:

1
W,
W= p{| s-lJ,/] = R(w,), W, can be any vector usuallyO
Ws—l

S

15.13 POWER SERIES:

2 3 k t
e =(I +A+i+i+...+i+...] =pPe'p™
21 3 ki
e 0 .. 0
2 3 k t Aot
e” :(l +D+D—+D—+...+D—+...J =0 & 0
20 3 ki
0 0 .. e"
e 0 .. 0
2 3 k t ot
e“=(l +J +‘]—+‘]—+...+‘]—+...j =0 € -0
21 3 k!
|0 O e
—e/]t te/lt thle/lt |
2 3 k t !
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PART 16: VECTORS

16.1 BASIC OPERATIONS:

a +b
Addition: a+tb=|a, +b,
a, + Db,
a, —by
Subtraction: a-b=|a,-b,
a, — b,
Equality: a=b<a=b,a, =b,a =b,
katlb=Ada+ub=k=A1=pu
kay
Scalar Multiplication: ka =| ka,
ka,
Parallel: a=kb - db
Magnitude: 8 =\(@,) +(2,) +(a,)
. " a
Unit Vector: a-= H
Zero Vector: A vector with no magnitude and no specific directio

Dot Product:

asb
Angle Between two Vectors: cosfd ===
8 b

glt_)l + §2t_)2 + §3t_)3

cosf =
(Va7 +a, +a," Jfyb.” +b," +b,7)
a
) a cos@)
Angle of a vector in 3D: a=|2|= cos(f)
B |§ cos(y)
8
8l
Perpendicular Test: asb=0
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A

Scalar Projection: aontob:P=a<b

Vector Projection: aontob P:(g-éjézw a b)o
Cross Product: ax b-(a b, - a,b,, a;b, —ab,, ab,-a,b,)
axb=|a|[b|(3inGh
[@xbf =|a| b/ (8ind
axb=-bxa
affoxc)=brlcxa)=crfaxb)
] ok
axb=deta a & =1(de{a2 aSD-i
b b b L oL
16.2 Lines
r=a+Ab, where ais a pointontheline,andbis a
vector parallel to the line
Xx=a, +Ab
y=a, +Ab
z=a, + b,
p=X"% _Y7a 7278
b b, b,
16.3 Planes
Generally:
Q-ﬁ?=0
ner=nea
ner =k
Wheren=(abc)&r =(xy,z): ax+by+cz=k

Tangent Plane:

We define the tangent plane at a pofrt ( Xor Yo Zy ) on a surface S given by the equation

f(X ¥, 2) = cas a plane which contains all tangent lines at@utees in S through P.

Therefore,

0=0f (X, Yo, 2) * PQ
=(£,(%: Yor 2),
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Normal Line:

The normal lineto S at P is the li
normal line is:

X

—X

ne passing tghoB and perpendicular to the tangent plan. Thatezpuof the

0 Y=—¥a I I

i [xn » Vo>Zp } f\(\o 2 Vo250 )

Note that

16.4 Closest Approach

Two Points:

Point and Line:

Point and Plane:

Two Skew Lines:

Solving for t:

16.5 Geometry

Area of a Triangle:

Area of a Parallelogram:
Area of a Parallelepiped:

16.6 Space Curves

Where:

.f.' [xl_'ll".vﬂ":('! )‘

1o

fe(zo, Yo, Zn) = a—i(m, Yo, Zo)
19

Fu(zos o, [0) = %(Im Yo, Zo)
-

fAzo, yo, 20) = .-—fl/;l‘m Yo, Zo)-
0z

d=[PQ

d =[PQxa

d=|PQ+n

4 =[po- 1 [P0 (axb)

[t () =ra ()] [v, -v,]=0
[a[b(t)]' [a\_/b] =0

A=|A|3><Aq
2
A=|ABx AC|

A=|AD- (ABx AC)

r(t) =x@®)i +y@)j + zk
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Velocity: vit)=r'(t)=x')i +y'(t)j + Z(t)k
Acceleration: a)=v@)=r"@®)=x"Q)i+y't)) +z'(k

Definition of “s”:

(’1‘

¥+ Ar

The length of the curve from r to A+

T :ﬂ = r'(t)
Unit Tangent: ds |r'(t)
T=1

Chain Rule: ﬂ :ﬂxd—s
dt ds dt

d

dr
dt

_lds_
—‘dj speed

As

Normal:

dT:o
ds

As T is tangent to the curvdlis normal

Te
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TN
o |
n |-
~

N =
dT
ds
Curvature: d—T = dT N =N
ds |ds
2| dT] PO xr O] _ M) < ac)
| [ref v’
Unit Binomial: B=TxN
Tortion: T= E
ds

ABBREVIATIONS

A = a scalar value

u = a scalar value

0 = the angle between the vectors
a= a vector

b= a vector

k = a scalar value

| = a scalar value

n=the normal vector

r

= the resultant vector
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PART 17: SERIES

17.1 MISCELLANEQOUS

General Form: S,=a ta,+ta,+ta, +..+a, =y a
=1
Infinite Form: S,=a+ta,+ta,ta, +..= )
n=1
Partial Sum of a Series: S=a+a,ta,+a,+.+a =)y a,
=1
2 3
0.99...=1: oﬁa:g(ijw(ij +9(ij +.=
10 10 10

17.2 TEST FOR CONVERGENCE AND DIVERGENCE

Test For Convergence: lim (S.) = L, if L exists, itis convergent

Nn-oo

Test For Divergence: lim (&) #0

Nn-oo

Geometric Series
iar“‘l{ Divergent|r| =1
~ Convergentr| <1

P Series

© 1 | Divergentp<1l
;F{Convergentp >1

The Sandwich Theorem
If there is a positive series so thag <b, <,

it lim (a,)=]im (c,) = L, then, |im (b,) = L

n-oo n-oo n-oo

Hence, ifa,, & C,are convergent), must also be convergent

The Integral Test
If a, = fif f, is continuous, positive and decreasing

If S, or J' f., is true, then the other is true
1
1 1
=—=f ===f
S T
Eg: o =1
O I f(x)dx=j—dx=[ln x]” =D.N.E.
X
1 1
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U a,is divergent

The Direct Comparison Test
If we want to testa,, and know the behaviour df, , where@, is a series with only non-negative terms

If b, is convergent and, < b, , thena, is also convergent

The Limit Comparison Test

If there is a convergent seri%“ C, . thenif|jm (i] <oo, thenz a, converges
C

n=1 n—co n n=1

If there is a divergent serie3_d, , then if |jm) (%} >0, then Y a, diverges
n=1

n=1 n-oo n

D’almbert’'s Ratio Comparison Test
FOR POSITIVE TERMS:

Converges: lim B |<q
e A,

Diverges: lim B |5q
e a,

Not enough information: lim By =1
e a,

The n" Root Test
For Y a, wherea, 20, then if |jm Q/a

n=1 n- o

Converges: limva, <1
n_oo

Diverges: limva, >1
Nooo

Not enough information: limva, =1

n-oo

Abel’'s Test:

0 0o
If Z a, is positive and decreasing, a@: C, is a convergent series.
n=1 n=1

Then Z a, X, converges

n=1

Negative Terms

If Z|an| converges, therﬁlan is said to be absolutely convergent
n=1 n=1

Alternating Series Test

This is the only test for an alternating seriethie formZ:an = Z (-D)" xb,

n=1 n=1
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Let b, be the sequence of positive numberdy]f, <b, and || b, =0, then the series is
N-oo

convergent.

Alternating Series Error
|Rn| |S Sn| 1> Where R is the error of the partial sum to th8 term.

17.3 ARITHMETIC PROGRESSION:

Definition: aa+d,a+2d,a+3d,...
Nth Term: =a+d(n-1)
Sum Of The First N Terms: Za—— (2a+d(n-1))

17.4 GEOMETRIC PROGRESSION:

Definition: a,ar,ar?,ar?,
Nth Term: —ar"?t
Sum Of The First N Terms: S,=Y.a= afl-r
a=1 1-r
Sum To Infinity: S. =lim (a(i:: )] = 11 (given|r|<1)
P,AQ,...
Geometric Mean: A r,g =r
P A
Déz%: A?=PQ= A=,/PQ
17.5 SUMMATION SERIES
Linear: 1+2+3+4+. .. Z a= n(n + 1)
a=1 2
Quadratic: 12+ 22+ F+4%+... Zna2 _ n(n+1)(2n+1)
a=1 6
n 2
Cubic: P+2°+3%+4%+... Ya®= ( n(n2+ 1)]
a=1

17.6 APPROXIMATION SERIES

Taylor Series

00 f XO
foo Za(x X)" = ”(x Xo)" = 8y + 8 (X—Xg) + 8, (X—X))? +ay(X—%)* +.
n=0
where,a_ = f )
T nl
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Maclaurun Series
Special case of the Taylor Series whege= 0

Linear Approximation:
1

foo = Loy Zan(x o)=Y f*°’(x %)" =8+ a(x = %)

n=0

Quadratic Approximation:
2

2
n f Xo
fro = Qu =D 8 (X=%)" =Y ( —— (x = %,)" = 8y + & (X~ X,) + 8, (X~ %,)?
n=0 -

n=0

Cubic Approximation:
3

fo =Con Zan(x o =3 _“°’(x %) =8+ 8 (X~ %) + (X~ %) + g (x = %)’

17.7 MONOTONE SERIES

Strictly Increasing: a,. >a, B 5q
a,
Non-Decreasing: a,za,
Strictly Decreasing: a,., <a, B o
a,
Non-Increasing: a, <a,
Convergence: A monotone sequence is convergent if it is boundad,hence the limit

exists whena,, — o

17.8 RIEMANN ZETA FUNCTION

Form: Z(n):ik—ln
k=1
. By, (27)%"
‘ . n4+1=anh
C‘.Zn'} - { 1} 2(2?1)’
Euler's Table:
> 1 1 1 g
=2 2)=) S =1+ +=+..=—
n=2 | {(2) 2L 9 6

4
@ 1 1 1 1 i
n=4 4)=> — =1+ —+—+—+..=—
<) ;k“ 16 81 256 90

1

| 1 1 i
n=6 6)=> —=1+—+ + +..=
<) ;kG 64 729 4096 945

n=8 | {(8)=
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n=10| ¢(10)=

770
9355¢

n=12| ¢(12)=

69177°

63851287

n=14| ¢(14)=

2
1824322

n=16| ¢(16)=

3617m°

32564156650

n=18| ¢(18)=

438677°

389792954012¢

n=20| ¢(20)=

174611
15313294629062"

n=22| ¢(22)=

1553667
134478569064312!

n=24| ¢(24)=

236364094

2019195716375652185

n=26| ¢(26)=

13158627°°
110944819603057812

AIternatlng Series:
]H
(2?1 + 1

k?n—}—l

M

A
Il
]

MH

k?n + 1

il
=

[Vﬂx

k?n—}—l

A
Il
=

il MH [ MH

2n + 1

Sl
5 o

Proof for n=2:

X
Taylor Series ExpansionSin(X) = Xx——+——-—+...

SRS TR N
_35?

1
1 1 1
=ﬁ+'_'+_'-’+

S G
—ﬁ‘ﬁ+y‘

_1_1+1__+
BRE 35 55 .

3 5 7

X X

3 9 7
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Polynomial Expansion: sSin(x) = X(X — T \X —4n2)(x -

sy [ _]( ).

7
(sm(x)j 1=

sin(x) = x(x - 72)(x + n)(x - 2n)(x+2))

an

X— X_ _5 X_ . 2
3 5 7 22
11 1
SIS 2
Comparing the Coefficient ofx 3 772 2 772 772 4 772
m 1.1 1
Gt
6 22 32 4

17.9 SUMMATIONS OF POLYNOMIAL EXPRESSIONS

T

len—l—l—m

»ion,

i—1 ! (Harmonic number)

L n+1—m)(n+m)

2 1=

i=m 2

TR n+ n(n+1)(2n+1) n® n® n
yi=)i= Z*" ; =3T3t
n : 3 2 n 12

o nfre+1) —i n®  on :

if4 _nn+1)2n+1)(3n*+3n-1) n’ N n? N n® n
=" 30 5 2 3 30

n yp+1 P

S = —(”_+ D™ 3 —B_"‘ (p) (n+ 1)pF+!

=0 p+ 1 k=1 P k+1\k WhereBJ;-denotesa Bernoulli
number

(Z s)g = 3 (® —im(m — 1))

i=1m i=m

n n = i)
D=2+
i=m i=m i=m

17.10 SUMMATIONS INVOLVING EXPONENTIAL TERMS

Wherex#1
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n—1 m

e
E:Il _r
i=m

l—x (m<n)

r o=
i=0 l—x (geometric series starting at 1)
n—1 T — n_ﬂ,__n_}_("__ 1)In+1

2 i = (1-z2)2

Y2 =2+ (n—2)2"

i= (special case when= 2)

ZiZQ_H—i_l

2:’1 1 i
(special case when= 1/2)

'iz

_— ="

k:ﬂkii

S

kgﬂﬂﬁ—ze

S 2y =
ZLF (z+2%)e

k=0 .

= 8z 2, L3\,.3
ZLE (z+32° + 2°)e
=k

Z‘“ﬁ (z 4+ 722 +62° + z9)e’
k=0

o0 nzk d == . 12#.,
>k “—zazil U—FR()

k=0
where n(z)|s the Touchard polynomials.

17.11 SUMMATIONS INVOLVING TRIGONOMETRIC TERMS

o0 {_l)h 2k+1
2 opyr e
o0 z‘ZF.,-I-l
— =sinh
;;;.(254‘1)' sinh z
) ( l)k 2k
;;Zn 201 = Cosz
v 2k
;;; (2“1 = coshz
0 k—1 702k 2k 2% —1
E —1)7 (27— 1)27 By = tan z,|z| < T
k=1 (2;".}' 2
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(22.‘; . 1)22A:B?kzi'k—1

= tanhz, |z| < il

! k 2£2“! 2k—1 2
2 — 2(2;':;’?&3 =cotz, |z| <7
k=0 “
® kR, ok
> 2k)) = cothz, |z| <7
= (— 1);;—1'(22;; — 2) By 2?1
> o0 =cscz, |z| <m
=0 —(22F — 2) Bpyz?1
Z 25! =cschz, |zl <7
k=ﬂ ’
X (=1) By 2% m
Z [)Ek)z'h =sec z,|z| < 3
k=0 )
- Egkz?k m
=sechz,|z| < =

; {2k)! 2

(Qk)FzzkH

— arcsin z, |2| < 1
;\222*(5') S0k 1 1) arcsin z, | 2| <

= (—1)k(2k)1220+1
2
(=

= arsinh z, [z| < 1

(k)2 (2K + 1)

] 1)& 2k+1
Y —i——— = arctanz,|z| < 1
= 2k+1
X L2k+1
% = artanhz, |z] <1
v oh+1

1) 1(2k)12% —s
ln2+2( 22)A+1;E(“})2 a (1+ 1+z9),]z| <1

Zsm(kﬁ') _ ?T—!E'![:I‘::5'({2?r
=k 2
= cos(k# 1
Y c““é ) _ —5In(2 - 2c0s6),0 € R
k=1
Zsm[(?k—}—l)ﬂ] —T 0<ch<n
= 2L+1 4
B,(z) = T 1:'1'“ z —cns (EHIC:E— —) <<
: I[Jr'|-+1

“ )
Zsm(aer}:Em sin{f 4+ 5*
k=l SIHE
— Tk T

sin — = cot —
— n 2n
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fn—1 n—1 ] 2 _
Zcq@(ﬁ'—kﬂ)—n csc?(nd) chgﬂl:n !

k=0 [;L_l n 3
o ke nt+10R7 - 11

ZCSC — = 15

17.12 INFINITE SUMMATIONS TO PI

1 > ((2n))3{42n + 5)
m = E Z= 7;! (n]J[:-163n+l

4 S (—1)"(4n)!(21460n 4 1123)
=7 4= Zu (;1!)4441?”“210““

| < (6n+1) (1 )

4 _
=7 TR ey

9 & (—1)"(4n))(260n + 23)
m = ‘? Z = ﬂZ:E] ( ][}44471182!1

: X (—1)"(4n)1(21460n + 1123)
BB Zoy

{”_!)444:18522:1

N|
|
Il
o

17.13 LIMITS INVOLVING TRIGONOMETRIC TERMS

lim sinz = sina

E=rd

lim cosx = cosa
T—a

. sinx

lim =
x—30 T

1 —=cosx

lim =0
r— T

I — COST 1
m = —
r= _’I".‘E ??
lim tan (7x + —) = Foo for anv integer n
I—*Tl 2
ABBREVIATIONS

a = the first term
d = A.P. difference
r = G.P. ratio

17.14 POWER SERIES EXPANSION

Exponentlal
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o0 zk

ﬂ;kftzze

= zzk 2y =

Zk Fz[z—l—z}e

k;ﬂ zk

Zka_—l (z 4+ 32% + 2%)e*

=0 N

o0 42};

>k x = (24722 +62° + z%)e"
k;ﬂ z;i.: d o0 k

. _ ' _.-n—lz — o=
EI\. F—EEE.{ F e TH(Z)

1 k-1 2! 2k
In2+ Z | 22}“1;5(“})22 - (1+ V1422 ) |2 <1
— (k!

Trigonometric:

IS IE IT
SIHI_I—g—l—E—F—l—
i 1)n2n+1
2. B+ 1)

—q e? xt o af
COsT _§+I_§+
ﬂ.?ﬂ.

_Z {2;1)!

L2n+11¢2n+1
tanax ;ﬂ ont1)!
B = (_l)n—IQEn(zﬂn_ l)BgﬂIzn_I
B ! (2n)!
1, 2 17 T
:I+§I —i—15 —i—315 Tt f0r|m|c‘:§.

B o0 (_1)n+12(22n 1 1)Bgﬂl‘
cCsCcrI = Z (2?1)'
n=>0

a1 T 31

G 360 51200 T

B LG B (_1,}"'5‘2“152”
e Z (2n)! _; (2n)!

1, 5, 6l 4
—1—}—51' +ﬂl' -{—mx + -, fDI'|I|{—.
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. 1)712211 Bgﬂ:ﬂ?ﬂ 1

— (2n)!
1 1 2
I T - S - B
- T3 Tt Tt ‘
o0 z‘Zﬁ:-I—l
—— =sinh
;;;. 2% 1) = sinh z
o0 ziﬁ:
;;-. o = coshz
o0 22.&: o 22.&: i 2k-1
Z b _ }Bﬂz = tanhz, |z| < T
k=1 (2'{‘) 2
52k %1
> 2 ?5_?;! = cothz, |z| <7
k=0 )
X (2% _ 2) By 2!
z 28] =cschz, |zl <7
k=0 )
- Eg_;;zgk m
=sechz, |z| < -
; (2] sech z, | z| 5
o0 (2k)'22k+1 B ‘
E TRk ) arcsin z, [z| <1
oa ( 1)‘“’(2#)?2%‘"1 B »
Z PRIk D) arsinh z, |z| < 1
k=0
] 1)k22k+1
Z ~——— — — =arctanz,|z| <1
= 2k+1
i S2k+1
= artanhz, 2] < 1
2k +1 '
k=0
> 6
oo i ) - Eﬁ,Ddﬂc:?ﬂ

=
I
—

Nk
L]
O
2
>
o
R

1
= —iln(Z— 2cosf8),0 € R

=
I
—
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isin[(?k—l—l)ﬂ] T 0<pen
= 2k+1 4
n!l =1 ™
B,(z) = —5— EZ—HCGS(Z?TLE——
2n— 1y kZI{iu 2
mn H n o 3 T
> sin(f + ka) = Si?’i{ —
b= 3
. wk T
Y sin— = cot —
— n 2n
n—1
Z csc? (!5' + ﬂ) = n?esc?(nd)
k=0 ”
n—1 2 _
Yes2 o -2 1
k=1 n 3
wlo,wk nt410n7-11
Y esct— =
- n 45
S 2% (k!)? W2 _

;;. E+1)(2k+ 1)

Exponential and Logarithm Series:

o= (1 (32 (3= (1= (3

= (arcsinz)’, [z] < 1

:X__J-
R4 X+1
2l g2 2% gt f >
111(1+I)=__E+3_I+3_ = o
1 —-0x+ 7
2 -1z +
32+ 3
-2
4%
4 -3z +
5 —dx A
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o g (22)?

1+ 3y+x) - {

3y + - '2 5(y+x) — ——
£ ?—(y+

Fourier Series:

£, (%) :%+iak costo +b, sinkx)

fw (X) = % +a, cos() +a, cos@x) +...+a, cosfix) +b, sin(x) +b, sin(2x) +...+ b, sin(nx)

17.15 Bernoulli Expansion:

Fundamentally: Kaokegke 4pk= A polynomialin n(n+1) k odd
' (2n+1) x A polynomialin n(n+1) k even
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Expansions:

1+2+3+...+n=%n(n+1)

1+2+3+...+n=1n2 +1n
2 2

oo e
1+2+3+...+n== B,n“+| |Bn
210 1

1?+22+3+..+n*=(2n +1)% n(n+1)

1P+22+3%+..+n? =ln3 +1n2 +1n
3 2 6

P47 4P+ 4’ =t 3 B,n® + 3 Bn® + 3 B,n
3L\ 0 1 2

P+2°+37+..+n°=(1+2+3+..+n)
PB+2°+3+..+n° :%(n(n +1))?

P+ +F+ +ni=tnteineelp

4 2 4
4 4 4 4
P+22+3+..+n° :%((OjBon“ +(1j Bn® +(2j82n2 +(3j83nj

1*+2*+3*+...+n* =(2n +1)%) n(n+1)(3n(n+1) -1)

1+2*+3*+...+n* =én5 +1n4 +ln3—in

30

5 5 5 5 5
1°+2°+3* +..+n :%((O]Boﬁ +(J Bn* +(2]an3 +(3]Bgn2 +(4]B4nj

142K +3< 4 4k :ﬁ[(k;]}Bonkﬂ+(k;:1j3_nk+l_l+(k;1j82nk+l_2+"'+(

List of Bernoulli Numbers:

n B(n)
0 1
1
1 —_
2
) 1
6
3 0
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k+1 ,
k1)

k+
k

o




| -1
3¢
5 0
6 1
42
7 0
1
8 _
3¢
9 0
0| 2
66
11 0
| _ 691
273(
13 0
7
14 -
6
15 0
6| 3617
51¢
17 0
Lo | 43867
79€
19 0
b0 | 174611
33¢
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PART 18: ELECTRICAL

18.1 FUNDAMENTAL THEORY

Charge:

Current:

Resistance:
Ohm’s Law:

Power:

Conservation of Power:

Electrical Energy:

Kirchoff's Voltage Law:

Kirchoff’'s Current Law:

Average Current:

RMS Current:

A to Y Conversion:

Q= 624x10"Coulombs
=49
dt
_o
A
V=IR
2
P=VI=I?2R=L
R
Z PCONSUMED = Z PDELIVERED
t
W:thzlszxt:det
0

The sum of the volt drops around a close loopjisakto zero.

dV=0

The sum of the currents entering any junctiorgisad to the sum of the
currents leaving that junction.

ZIIN :Zlom

1T
| e :?ll(t)dt

I ave = % x Area(under I(t))

R,R.

R, +Ry;+ R,
RARC

R, +R;+ R,
RARB

R, +R,+ R,
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RR, +RR + R,

R, = R
R = RR*RR*+RR,
R,
R = RR*RR+RR,
R,
18.2 COMPONENTS
Resistance in Series: R =R+R,+R,+
Resistance in Parallel: 1 = 1 +i +i +
RO R R R
Inductive Impedance: X, =jal =j2rfL
: .1 1
Capacitor Impedance: Xo=—j—=—-j——
P g e~V T onc
Capacitance in Series: 1 :i 1 +i
C, C C G
Capacitance in Parallel: C. =C, +C,+C, +

Voltage, Current & Power Summary:

Relation Resistor (R) Capacitor (C) Inductor (L)
. . di
v-i: v=1IR / idt+v(ty) v=L—
dt
dv
i-v: i=v/R i=C— —f idt+i(t)
dt
o v? | R .
p or w: p=i"R=— w=—-Cv w=—Lz
R 2 2
Seri R,=R +R, C Cic Lo=L +L
Series: o = I g = 5
q 1 2 q Cl + C2 q 1
RiR; LiL,
Parallel: R = Coq =C1 + G L. =
Ri+ R, L+ L,
At dc: Same Open circuit Short circuit
Circuit variable
that cannot
change abruptly:  Not applicable v i

18.3 THEVENIN'S THEOREM

Thevenin’s Theorem:
V;,, = Open Circuit Voltage between a & b
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R:, = Short Circuit any voltage source and Open Ciranit current source and calculdt,, as the resistance

V,
from a & b. With dependant sources, SC terminasbeand calculate the current in the wirkg(). R, =T+

ISC

(Vo)

Maximum Power Transfer Theorem: Puax :K ,whereR =Ry,
H

18.4 FIRST ORDER RC CIRCUIT
18.5 FIRST ORDER RL CIRCUIT

18.6 SECOND ORDER RLC SERIES CIRCUIT

R
MWW
+ g —C
Vir(® @
BEE
L
Calculation using KVL:
~Vg+V,+V, +V. =0
Vo +V, +V, =V,
Ri +L 3—' +V. =Vq
|
Circuit current:
- (s)V/
i=i,=C—=
¢ dt
S
dt dt
g RCdVC +LC dz\gc +V, =V
dt dt
LC dz\éc + RCdVC +V; =Vq
dt dt
dZVC +BdVC .|.ivC :&
dt?* L dt LC LC
Important Variables
Standard Format: s’+2as+w’ =0
Damping Factor: =E(Bj
ping : 2L
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Natural F : S=
atural Frequency. at
Undamped Natural Frequency: &) = (ij
p a y: LC
Damping Frequency: w, = %2 -a?
Mode Delta: A=q%- a)02
Ve V. (t)=TRANSIENFFINAL
Solving:
s? +Bs+i =0
L LC
s=-a+\a’-w’ =-a+A
Mode 1:
If: A>0, then:
s=-a+JA
V. (t) = TRANSIENT + FINAL
TRANSIENT = Ae™ + Be™
FINAL =V, (O) =V,
V. (1) = Ae™ + Be™ +V,
Finding A & B:
Ve(0) =V (0) =V,
UA+B+V =V, - A+B=V, -V
dv,
——< = Age* + Bse®
at S S
dVC(0) 1 ©) i) @) _lo_ pc 4
dt C C C C
D\fo -Vs=A+B
—2=As+B
c_ aThS
Mode 2:
If: A=0,then:
s=-a
V. (t) =TRANSIENT+ FINAL
TRANSIENT= (A+Bt)e™ = (A+Bt)e™
FINAL =V, (0O) =Vq
V. (t) = (A+Bt)e™ +V
Finding A & B:
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Ve(0) =V (0) =V,
0A+Vs =V, - A=V, -V,

d\:c = (A+ Bt)s€" + Be"

dve (07) _ic(@) _i,(0) _i,(0) _|

dt c T c T c ¢ fetB
V-V = A
. IEO =As+B
Mode 3:
If: A <0, and lettingc, =+/a@w,” —a® , then :
S=-a*jw,
V. (t) =TRANSIENT+ FINAL
TRANSIENT= (Acos,t) + Bsin(ayt) Je™
FINAL =V, (0) =V,
V. (t) = (Acosiw,t) + Bsin(w,t))e™ +V,
Finding A & B:

Ve (07) =V (07) =V,
OA+Vs =V, - A=V, -V
dV,
dt
0V, (0) _ic@) _i0) @) 1y _ g
dt C C C C
V-V =A

DI—":Ba)d -aA
C

= (- Aw, sin(wt) + B, cos@yt))e™ - a(Acosyt) + Bsin(wt))e™

w, —aA

Mode 4:
If: R=0, then:

a=0,w =w,
s=tjw =*jw
V. (t) =TRANSIENT+ FINAL
TRANSIENT= Acost) + Bsin(w,t)
FINAL =V, (O) =Vq
V. (t) = Acosjt) + Bsin(ayt) +Vg
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Finding A & B:
Ve (07) =V (07) =V,
UA+V =V, - A=V, -V,
dv.

C ——

e Aw, sin(awyt) + Bw, cost)

dV, (0") _ic(0") _i,(0") _i,(0) _|

_O:Ba)d
dt C C C C

Current through Inductor:
iL :iC :C%

dt
Plotting Modes:
Mode 1. Over Damped

i((r) A

Mode 2: Critically Damped
(1) A

0

R|— |

Mode 3: Sinusoidal Damped
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(1) A

A
0 ) \—/l

Mode 4: Not Damped
(Oscillates indefinitely)

18.7 SECOND ORDER RLC PARALLEL CIRCUIT

[
_':,
v R L ==C
Calculation using KCL:
ig= g +1i, *+ig
. \Y . dv
lg = —=—+1_ +C —
* R * dt
Node Voltage:

_, dip _

V =L—+=V
dt

d_V:LdZi'—
dt dt?

) Ldi . d?
Oig=—=—=+i +LC—

S Rdt * dt?

d? Ldi . .
LC—F+—=—F+i, =i

d® Rdt - °
d4, . 1di . 1. _ 1.

+— L4 = —i

d® RCdt LC" LC°®
Important Variables

Standard Format: s +2as+ @’ =0
. 11 1
Damping Factor: a=—| —
2\ RC
1
Undamped Natural Frequency: @) = || —
LC
Damping Frequency: w, = %2 -a?
Mode Delta: A=a* -’
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Solving:
s? +is+i =0
RC LC

s=-—a*a’-w’ =-a+JA

18.8 LAPLANCE TRANSFORMATIONS

Identities:
e 1
1. L{1} ==, s=0
Toos
2. L{e¥} = ! s> a
: = s>
o . n! .
3. L{t“‘}: ey g = ()
; ¥ : i b
4. L{sin(bt)} = T 57 0
B L{cos(bt)} = 3 j—bg s =0
o atent n! ~
6. L ‘{E‘f tf. } = m, = (1
. . b
7. L{e%sin(bt)} = s>a

(s —a)?+ b’

8. L{e cos(bt)} = o

9. L{f+g}=L{f}+L{g}

0. £{cf}=cL{f}

L1 L{ef()} (s) = L{f} (s —a)

12. L{f'}(s) = sL{f}(s) = f(0)

13. L{f"}(s) = s*L{f}(s) = sf(0) — f'(0)

4. L{f™M}(s) =s"L{f}(s) — "7 (0) — ... — fD(0)

5. L{"f(t)} (s) = (=1)"

d* o
dsnL{f}[SJ
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Properties:

Property f(t) F(s)
Linearity ay fi(t) +ax folt)  a Fi(s) +ay Fa(s)
Scaling fat) r (i)
o a
Time shift f(t —au(t —a) e “F(s)
Frequency shift e (1) F(s +a)
Time af sF(s) — f(07)
differentiation dt
“f ’F 0~ '(0”
s s°F(s) —sf(07) — f(07)
d? ,
d—j s'F(s) = s £(07) —sf'(07)
) —f"(07)
<7 s"F(s) = s"Hf(07) —s" 2 f7(07)
dt? L fl{n—l}l([)—)
! 1
Time 1ntegration f f(r)dt —F(s)
0 5
d
Frequency tf(t) 7 F(s)
differentiation s
t o
Frequency & f F(s)ds
integration ’ s
. . F
Time periodicity f(ty= f(t +nT) %
I €—5'
Initial value F(0%) lim s F(s)
F—= 00
Final value f(o0) 1in% s F(s)
Convolution fi(r) % fi(r) Fi(s)Fa(s)
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18.9 THREE PHASE -Y

1)
@
Line current

g

(’ff_?\}. Line voltage Plhiase current

Phase voltage

Line Voltage: V g =Vpuase X J3

V,
Phase Voltage: Vpase = —NE
J3
Line Current: I ne = Vpmase
Phase Current: e e

S= \/é XVine X T ine

S =3%Vouase* | priase

Power:

18.10 THREE PHASE — DELTA

Q
%7 Line current
T
Line voltage L)
Phase current
N O
Phase uoltag
Line Voltage: V, ,\e =Veuase
Phase Voltage: Vounse = Vine
Line Current: | ne = 'pHAsEX\/§
I
Phase Current: | — _LINE
PHASE \/é

S= \/é XVine X Tine

Power:

S=3XVppase* I ppiase
18.11 POWER
Instantaneous: P(t) =V (t)x1(t)
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Average:

Maximum Power:

Total Power:
Complex Power:

17 1
= ?I P(t)dt = EVMAXI MAX 005(5(/ -6, ) =Vrwsl rvs 005(5(/ -6, )
0

2

Puax = [;/;J whereZ =Z
H

= IRMSZR

S=P+jQ
where P = Average or Active Power (W) [positiveoad, negative = generator]
where Q = Reactive Power (VAr) [positive = induetjinegative = capacitive]

18.12 Electromagnetics

Definitions:
Magnetic Flux O} Strength of magnetic field Wb
Reluctance 0 Relative difficulty for flux to establish A-t/Wb
Permeability U Relative ease for flux to establish H/m
Magnetomotive Force [ Ability of coil to produce flux A-t
Flux density B Flux per unit area WH/or T
Magnetic Field Intensity H MMF per unit length -tAn
Permeability of free space: U, =4mrx107" Hm™
- . O NI
Magnetic Field Intensity: H :? :7
1
Reluctance: 0=—
LA
; O
Ohm’s Law: CD:E OR O=NI
Magnetic Force on a conductor: F =BI/
— e, -,
Electromagnetic Induction: EMF=-N t
EMF = Bw/
Magnetic Flux: ® =BA
Electric Field: E= F = v
q d
Magnetic force on a particle: F =qvB
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PART 19: GRAPH THEORY

19.1 FUNDAMENTAL EXPLANATIONS:

List of vertices:
List of edges:

Subgaphs:

Tree:

Degree of vertex:

Distance:
Diameter:

V ={v,,v,,v;,...}

E={e.&,8,.}

Any subgraph H such that
V(H)OV(G) & E(H) 0 E(G)

Any subgraph H wher®/ (H) =V (G) , there are no cycles and all
verticis are connected.

Number of edges leaving a vertex
Y. d(v) =2E(G)|
VIV (G)
d(u,v) =Shortest path between u & v

diam(G) = u&rr\g%){d(u,v)}

Total Edges in a simple bipartite graph:

Total Edges in K-regular graph:

19.2 FACTORISATION:

1 Factorisation:

1 Factors of aK | bipartite graph:

1 Factors of aK,, graph:

19.3 VERTEX COLOURING:

0y <OV
2

>.d() = d(y)
XOX Y

k(k -1)

CORLS

A spanning union of 1 Factors and only exists éréhare an even
number of vertices.

F = [112233,.]
F,= [122334,..]
F,= [132435..]
F=.

n
where all numbers are MOD(n)

F, ={(1),(20),(32n-2),...,(n,n+1)}
F ={(i,»),(i +12n-2+1),...,(i +n-1i +n}
For =...

Where all numbers are MOD(2n-1)
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Chromatic Number:
X(G) = 3if there are triangles or an odd cycle

X(G) = 2if is an even cycle
X(G) 2nifis K, is a subgraph of G
Union/Intersection:
fG=G UG, andG, n G, =K, then
o, 1) = PCuAPE,.1)
P(K,,A)

Edge Contraction:
P(G,1) =P(G-¢A)-P(Ge )
Common Chromatic Polynomials:
P(T,, A) = A(A-D)"*
P(C,A)=(A-1)"+(-D"(1-))
P(K,,A) =A(A=1)(A-2)...A —n+1)
= Where the highest power is the number of vertices
=  Where the lowest power is the number of components

*  Where the coefficient of thd'®highest power is the
number of edges.

19.4 EDGE COLOURING:

Common Chromatic Polynomials:
X'(G)2A(G)
X(Kpp)=n
X'(Cy) =2
X' (Cony) =3
X' (Kz)=2n-1
X'(Kyu) =2n+1
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