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Abstract

The definition of edge-adjacency can be generalized in multiple ways to hyper-
graphs, and extended from that, cycles and Hamilton cycles. One such generalization
of a Hamilton cycle is attributed to Kierstead and Katona. In a recent paper by Kuhl
and Schroeder, Hamilton cycle decompositions of complete r-partite r-uniform hyper-
graphs are discussed, a conjecture was made that the necessary numerical conditions
are sufficient, and was shown true for some cases. In this paper, the conjecture is
proved using constructions involving Hamming codes, comparisons between the two
constructions are made, and a classification of when they are equivalent is shown.

1 Introduction

Let G = G(V, E) be a graph whose vertex set V' has n vertices and an edge set E. A decom-
position of G is a partitioning of E. A Hamilton cycle decomposition of G is a decomposition
of G into Hamilton cycles. The existence of Hamilton cycle decompositions for K,, (n odd)
and K,, — F' (n even and F' a 1-factor) was classified in the late 19th century by Walecki [6].
Such decompositions are also known for bipartite graphs K, ,, (n even) and K, , — F' (n odd
and F' a bipartite 1-factor) [3].

Let G be an r-uniform hypergraph with V' = {wg,...,v,-1}. Berge [2] generalized the
definition of a Hamilton cycle H as a sequence of vertices and hyperedges

H = (vg, €1,V1,€2,V2...,05_1,€n, V),
where v; and v;_; are incident with e; (1 < i < n — 1), v, and vy are incident with e,,

and ey, es ..., e, are distinct hyperedges. A classification of complete 3-uniform hypergraphs
(also minus a 1-factor) was completed in 1994 by Verrall [9].
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Kierstead and Katona [4] introduced an alternative generalization of a Hamilton cycle; a
Hamilton cycle H is represented by a sequence of vertices of G

H = (UQ,’Ul, Ce ,Un_l,Uo)

where the hyperedge {v;, vit1,. .., Vipr—1} (indices taken modulo n) is an edge of H for each
i € Zy. Meszka and Rosa [7], along with Bailey and Stevens [1], investigated the existence
of a Hamilton cycle decomposition of the complete r-uniform hypergraph K for various
n and r using this of a Hamilton cycle. We will use this definition for the duration of the

paper.

Let K,Exm denote the complete balanced r-uniform r-partite graph, whose vertex set consists
of r parts, each having m vertices, and whose edge set consists of all subsets of vertices
containing exactly one vertex from each part. Thus KT(X)m has rm vertices and m’” edges,
so a necessary condition for the existence of a Hamilton cycle decomposition is r dividing
m" 1. In [5], this condition is shown to be sufficient for all applicable m when r is prime, r is
a product of distinct primes, or r = 4. Additionally, it is shown that such a decomposition
exists if r divides m, and it is conjectured that the necessary divisibility condition is sufficient.

In this paper, we briefly rehash some of the methods from [5] and prove the conjecture.

rm and partitions of
771, We strengthen the conjecture involving these partitions and reduce it to cases when
m is the largest square-free integer dividing r. In Section 3, we prove the conjecture when r
is a power of a prime, then prove the conjecture when r is any composite integer. In Section
4, we review the constructions used in [5] and show they are equivalent to the ones used in
this paper for certain cases.

In Section 2, we discuss a relationship between decompositions of K

2 Definitions and Background

Let 7 > 2 and m > 2 be given and let G = Kr;)m Let VO, V1 ... V™! denote the partite
sets of V(G), with V¥ = {0°,1°,...,(m — 1)*}. To each vertex of V*, we associate its value
to the corresponding element of the quotient ring Z,,; the use of the superscript indicates
a vertex and its absence indicates its value. For each i E Ly, We use a; 0,1, -, Gim—1 tO
be an ordering of the elements of Z,,, and hence a},,a},,...,a},, , is an ordering of the
vertices in V.

The edges of G are all r-subsets of V' containing a unique vertex from each V¢, and hence
|E(G)| = m". An r-tuple of Z! may be associated to each edge of G:

{00, v1,...,v/71} € B(G) +— (vo,v1,...,0,1) €Z"..



A Hamilton cycle H of G is necessarily of the form

_ 0 1 r—1
H = (agg,aip:---50 10,
0 r—1
@15 01,15 -5 Ap115 )
0 1 r—1 0
A0m—15 V1 m—1>- s Gr—1m—1- %0 )-

Throughout this paper, we use e; to mean a vector with 1 in the ¢th entry and zero everywhere
else. Additionally, we use [n] to denote the positive integers {1,...,n}. Now, we give a series
of definitions along with restating a version of a useful lemma from [5].

Definition 2.1. Let e = (zo,...,2,-1) € Z, represent an edge of G. Then the difference
type of e is an (r — 1)-tuple given by (z; — zg, ..., Tr_1 — Ty_o) € Z'1.

Definition 2.2. The Hamilton cycle H in (1) is cyclic if there exists a difference d € Zy,
such that a;; — a; 41 = d for each @ € Z, and j € Z,,. This is equivalent to a; ; = a,o — jd
for each i € Z, and j € Z,,. Thus d is a unit of Z,,. In [5], cyclic Hamilton cycles with d = 1
and d = —1 are both used. For this paper, all cyclic Hamilton cycles have d = 1.

Lemma 2.3 (from [5]). If H is a cyclic Hamilton cycle of G with d = 1, then there exists
a difference type x € Z'7' such that H is the union of all edges of the r difference types
{z,x+e, -, x+e_1}.

Definition 2.4. The set of difference types given in Lemma 2.3 is called a claw rooted at x.
Note that any claw of Z'! gives rise to a cyclic Hamilton cycle of Kf’;)m.

Example 2.5. Let r = 3, m =4, and C = (0°,1',32,3%,0%,2% 2° 3',12,1° 2% (02, 0°). This
Hamilton cycle is cyclic by our definition. The difference types of C are {(1,2),(2,2), (1,3)}.
This is the claw rooted at (1,2). Furthermore, this claw admits the Hamilton cycle C.

Definition 2.6. A set X C Z' ! is a root setif (a) |X| = m"~!/r, and for every x € X both
(b) z+e; ¢ X foreach i € [r — 1] and (c) v +¢; —e; ¢ X for all {i,5} C [r—1] (i < j).

Observe that condition (c) is equivalent to saying for all {z,2'} C X and {7,5} C [r — 1],
if v+ e = a’ +ej, then = 2/ and i = j. Thus, if X is a root set of ZI!, then X =

{{x,x+ey,...,x+e,1}: v € X} is a partition of Z'! into claws, and hence gives rise
(r)

rem- S0 one way to find a Hamilton cycle

to a (cyclic) Hamilton cycle decomposition of
(r)

rm is to find a root set for Z'~!. To this end, we seek to prove the

decomposition of
following:

Theorem 2.7. Let r > 2 and m > 2 be positive integers. Then Z!~1 has a root set if and

only if r | m™ L.

For a given r, let mgy be the largest square-free integer dividing r. Then r | m"~! implies
that mg | m. The following lemma shows that if Z!" ! has a root set, then so must Z .

From there on, we need only to show that an_ol has a root set, which is covered in Section 3.
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Lemma 2.8. Let r and m be positive integers with r > 2 and suppose Z'~1 has a root set.
Then Zg;ll also has a root set for any positive integer q.

Proof. Let ¢, be the bijective map from Z, X Z,, — Zgm defined as ¢y,(a,b) = m - a + b.
This can be extended to a map from Z; ' x Z; - — Z! ' component-wise. Observe that for
any a € Z, and b € Z,,, there exists a’ € Z, such that ¢,,,(a,b) +1 = ¢,,(a’, b+ 1), (namely,
a/ = a or a+1). Furthermore, for any a € Z;~', b € Z; ", and {i,j} C [r — 1] (i < j), there
exist {a’,a"} C Z{~" such that

Om(a,b) +e; = op(d,b+e;), and
(bm(av b) + e — € = ¢m<a”,b+ €; — €j).

Let X' be a root set of Z; " Define X C ZI- " as X = {¢m(u,x) : weZ™", ze€ X'}, We
now show that X is a root set:

(a) The cardinality of X is (m"!/r)-q¢"~' = (gm) ! /r.

(b) Assume that z +e; € X for some z € X and i € [r —1]. Then for some {v',u"} C Z]~*
and {2/,2"} C X', 2 = ¢, (v/,2’) and x4+ e; = ¢pp(u”,2"). So for some u € Z;~ ',
(U 2") = x4+ e; = (W, 2") + €, = Gp(u, 2’ + €;). Thus {2/, 2’ + ¢;} C X', which
contradicts X’ being a root set.

(c) Assume that z +e; —e; € X for some z € X, and {4,j} C [r — 1] (¢ < j). Then for
some {u',u"} CZ " and {2/,2"} C X', © = dp(v/,2) and z+e; —e; = ¢ (u”, 2").
So for some u € Zg_l, Om(u’, 2" =a4e;—e; = o (U, ") +e;—e; = o (u, 2’ +e;—e;).
Thus {2’,2" +e; — e;} C X', contradicting X’ being a root set. O

3 Constructions of Root Sets

We begin by describing the existence and properties of Hamming codes. See [8] for further
information.

Let p > 2 be prime and let ¢ > 1 be any positive integer. Let n = (p* — 1)/(p — 1). Then
there exists a subspace X C Z7 (a Hamming code) such that

e X is of dimension n —t = (p* — 1)/(p — 1) — ¢, and thus contains p"~* vectors.

e X is a perfect 1-error correcting code, which means that for any vector y € Zy, either
y € X or there is a unique x € X for which the Hamming distance d(z,y) (the number
of non-agreeing components in their vectors) is 1. Furthermore, d(x,z’) > 3 for all
{z,2/} C X (x #12').



3.1 The r = 2F case

First, we look at the case when m = 2 and r = 2%, i.e. we want a root set of Z%k_l. From
what we just established, we can find a Hamming code X with prime p = 2 and t = k.
We claim that X is a root set. Observe that n = 28 — 1 = r — 1 and X has dimension
n—t=2%—k—1, having 2251 = m"~! /r vectors. We need only show properties (b) and
(c) hold.

Let # € X and {i,j} C [2¥ — 1] (i # j). Since the Hamming distances d(x,z + ¢;) = 1 and
d(z,z +e; —e;) = 2 and are each less than 3, v +e; ¢ X and v +¢; —e; ¢ X.

Therefore, X is a root set of ng’l.

3.2 The r = p"* case

Let m = p be any prime and r = p*. Let t = k and n = (p* —1)/(p — 1). Let z € ZL ",
Define z, as the (p — 2) x n matrix obtained by reading the entries of z row by row. Let
Zy € Zy be the matrix product z, = [1 2--- p — 2] - z4. See Example 3.1.

Observe that (z + 2')y = 24 + 2 and (2 + 2)y = 2, + 2, for any 2,2’ € 772" Note that
¢ provides a 1-1 correspondence between the ordinates of z and the cells of z4. Let the ith
ordinate of z correspond with the (r;, ¢;) cell in z,. Then [e;], = 7€,

Example 3.1. Let p =5 and k = 2, making n = 6. Let z € ZL® be given as below.

z=[01234012340123401 2]

Then z4 and z, are

012340
Ze=1123 401 and z,=[12 3]-2=[34012 3].
234012
If ¢+ = 10, then
00000O0O
[ele=10 0010 0 and e, =1 2 3] -[e]e=[0 00 20 0].
00000O0O

Let X C Z7 be a Hamming code which has dimension n — ¢ = (p* —1)/(p — 1) — k. From
this set, we build a set X C ng‘l in the following way:

X={(z+z2,)xz:x€ X and z € Z](Dp’z)”}.



Lemma 3.2. X is a root set.

Proof. We need to show the three properties outlined in Definition 2.6.

(a)
(b)

The cardinality of X is p"* x p™P=2) = prp=1)—Fk — ppk_l_k =m"1/r.

Assume that T +e; € X for some T € X and i € [r — 1]. Then T = (z + 2,) X 2 and
T+4e = (24 2.) x 2 for some {z,2'} C X and {z,2'} C Zép%)n‘ %6

(x+2,) X z+e = (2 +2) x 2.

First, suppose ¢ > n. Then 2/ = z 4+ ¢;_,, and  + 2, = 2’ + z_. Let (r;,¢;) be the cell
of z4 corresponding to the (i — n) entry of z. Then 2, + r;e., = z,,. Therefore,

r=1'+2 — 2, =2+ (2, + riee,) — 2, = 2’ + rie...
So d(x,z") = 1, which contradicts X being a Hamming code. Then i < n. So z = 2/
(and hence z, = z;) and = + 2, + ¢; = 2’ + z,. Then = +¢; = 2/, which gives that
d(z,z') = 1, which again contradicts X being a Hamming code. Thus if € X, then
Assume that T + e; —e; € X for some T € X and {i,j} C [r — 1] (i < j). Then
T = (z+2,)xzand T+e;—e; = (2'+2)) x 2 for some {z,2'} C X and {2, 2’} C VA
So
(T4 2,) X z+e—e;= (2" +2,) x 2.
This argument is split into three cases:
Case 1. Suppose n < i < j. Then z+2, = 2'+ 2, and z2+¢,_, —e;_, = 2. Let (1, ¢;)
and (r;,c;) be the cells in z, which correspond to the (i —n) and (j — n) entries of z,
respectively. Then z, + rie., — rje., = 2! . Thus
v =242, — 2o = 3"+ (25 + 1i€c, — Tjec,) — 20 = X'+ TiEe, — TjEq, .
If ¢; = ¢;, then r; # rj, and d(x,2’) = 1, which contradicts X being a Hamming code.
If ¢; # ¢;, then d(z,2") = 2, which also contradicts X being a Hamming code.

Case 2. Suppose i < n < j. Then z + 2, +¢; =2’ + 2/ and z — e;_, = 2/. Let (r}, ¢;)
be the cell of z, which corresponds to the (j —n) entry of z. Then z, —rje., = 2. So
=4z, — 2, —e =0+ (2, —1jec;) — 2o —e; =1’ —Tje., — €.

If ¢; # 1, then d(x,2") = 2, which contradicts X being a Hamming code. Since
1 <r; <p-—2,if ¢; =i, then d(x,2’) = 1, which also contradicts X being a Hamming

code.

Case 3. Suppose ¢ < j <n. Then z+ 2, +e; —e; = 2’ + 2, and z = 2. Thus z, = 2/,
which gives  +e; —e; = 2’. Since ¢ # j, we have d(z,2’) = 2, which contradicts X
being a Hamming code.

Therefore, X is a root set of ng_l. O



3.3 The composite case

Let r = PQ for relatively prime integers P and (). Let p and ¢ be the largest square-free
integers dividing P and @Q, respectively. Suppose X/, C Z'~" and X| C Z2~! are root sets.
From these, we construct a root set of ZII:qul. Such a construction, coupled with Lemmas
3.2 and 2.8, proves Theorem 2.7 for any r and m for which r | m"~*.

Let z € Z,(JI;A)(QA). Define z4 as the (P —1) x () — 1) matrix whose entries are from z read

in row by row. Let z, € Z!~! be the transpose of the row sum vector of zy. Let z, € ZE
be the column sum vector of z,. Observe that (z+2'), = 2z, + 2, when a € {¢, p, 7}. Again,
note that ¢ provides a 1-1 correspondence between the ordinates of z and the cells of z,. Let
(i, c;) denote the cell of z, corresponding with the ith ordinate of z. Then (e;), = e,, and

(€:)r = €,

Example 3.3. Let P =4 and Q =5 (and hence p =2 and ¢ = 5). Let z € ZiZ be as given
below.
z=[01234567890 1]

Then z4, z,, and 2, are

012 3
2g=14 5 6 7 ,zp:[628},andzgz[2581].
8 9 0 1
Additionally,
0000
lerlg=10 01 0|, [ed,=[0 1 0],and[es,=[0 0 1 0].
0000

By Lemma 2.8, there exist root sets X, C qu_l and X, C Zf?q_l constructed from X/ and

X/. Define X C ZF'?~! in the following manner:

X = {(xp +2,) X (x4 2;) X 2 | xp € X, v, € Xy, 2 € Zg‘l)(Q_l)} (2)

For sake of clarity, we denote the indices as

P = {1,....,P—1} (the indices for =, + z,)
Q = {P...,P+Q -2} (the indices for x, + 2,)
R = {P+Q—-1,...,PQ —1} (the indices for z)

Lemma 3.4. X is a root set of Z197".

Proof. As with Lemma 3.2, we must show the three properties of Definition 2.6 hold.



(a)

(b)

The cardinality of X is

(p9)"' (pg)?! oo (gt mr!

Assume that x 4 ¢; € X for some z € X and i € [PQ — 1]. Then

(2p + 2p) X (Tg + 27) X 2+ €5 = (2, + 2,) X (2, +2) x 2/

for some {xp, )} C X,, {xq, 2} C X, and {z,2'} C Z\P-v@-n,

If i € P, then z = 2’ (and hence 2, = z)), giving z, + ¢; = z;,, which contradicts X,
being a root set. If i € Q, again z = 2’ (and hence z, = 27), giving z, +¢; = 7 (where
Jj =i — P+ 1), which contradicts X, being a root set. If i € R, then z+e; = 2’ (where
j=1i—(P+Q—2)). Let (rj,c;) be the cell of z, corresponding with the jth ordinate

of 2. So z, = [z + €], = z, + e,;. Then
Ty =1, + 2, =2, =1, + (2 +€,) — 2, =T, + ¢,
contradicting X, being a root set. Thus, if x € X, then x+¢; ¢ X for all i € [PQ —1].

Assume that x +e; — e; € X for some {i,j} C [PQ — 1], (: < j), and z € X.

(Tp + 25) X (T + 27) X 2+ — € = (2, + 2,) X (2, + 2,) X 2/
for some {w,, 2} C X, {zg, 7} € X, and {2,2'} C ZE D@D We will consider
this in cases based on the location of the indices ¢ and j.

Case 1. Suppose that j ¢ R (and hence i ¢ R). Then z = 2/, and thus 2, = 2, and
z; = 2. It {i,j} € P, then z, + ¢; — ¢; = 1z, contradicting X, being a root set.
If {i,j} € Q, then x; + ey — ey = 2, (Where ' =i — P+ 1and j' = j— P+ 1),
contradicting X, being a root set. If i € P and j € Q, then x, +e; = 1, contradicting

X, being a root set.

Case 2. Suppose that j € R and i ¢ R. Then 2’ = z+¢e; (where j' =j — P —Q +2).
Let (rj,c;) denote the cell of z, corresponding to the (j')th entry of z. If i € P,
then x; = z, — e.;, contradicting X, being a root set. If i € Q, then z;,
contradicting X, being a root set.

Case 3. Suppose {i,j} CR. Let k=i —(P+Q —2)andl =j— (P+Q — 2), so
z+ep—e = 2. Then 2, +e,, —e, = 2, and 2, + e, — e, = 2,. Suppose i # 1. Then

- xp - 67‘]'7

l 1

_ / / . _ / . . _ ! o
T, =2, +2, =2, =2,+ (2t ey —en) — 2, =, + € — €,
contradicting X, being a root set. If r;, = r;, then ¢; # ¢;, and thus
o / o o
Tqg =, + 2 — 2 =2, + (2 + €, =€) — 27 = T + € — €

contradicting X, being a root set. Therefore, if x € X, then x +¢;, —e; ¢ X. O

8



Combining the results of Lemmas 2.8, 3.2, and 3.4 give a proof of Theorem 2.7. Thus, we
have the following result:

Theorem 3.5. Let m,r > 2 be integers. Then K"

rxm Pas a Hamilton cycle decomposition if
and only if r | m"™1.

4 Previous Constructions

For the remainder of the paper, we say the root sets constructed in the previous sections are
code-constructed. In [5], a root set is found for cases where r divides m, and is constructed
differently.

Definition 4.1 (from [5]). Let » > 2 and m > 2 so that r divides m. For each j € Z,,
define A; C Z7 " as

A = {(a:l,...,xr_l) : imz = j (mod 7’)}

=1

Suppose x € Ay. Then z+e; € A; and x+e;—e; € A;_;, for all pairs {7, j} C Z,. Therefore,
|A;| = m"!/r for each j € Z,. Hence, Ay is a root set of ZI' 1.

Definition 4.2. Let X be a root set of Z'~!. Then X is satisfactory if there exists an
ordering (aq,...,a,_1) of [r — 1] such that for each z = (xy,...,2,_1) € X,

r—1

Z a;x; =0 (mod ). (3)

=1

Observe that Ay is a satisfactory root set, and any other satisfactory root set is isomorphic
to Ag by permuting the ordinates. In [5], the constructions assumed that r divides m. We
first show this is a necessary condition, and that a code-constructed set is satisfactory if,
and only if, r is square-free. Note that when r is not square-free, the previous result in
Section 3.2 gives rise to a code-constructed Hamilton cycle decomposition of Kﬁ?m which is
not isomorphic to the satisfactory Hamilton cycle decomposition found in [5].

Lemma 4.3. Let r and m be integers and let X C ZI'~! be a satisfactory root set. Then r
divides m.

Proof. Without loss of generality, we assume that X = Ay. Since r divides m"!, every
prime dividing r also divides m. Since m and r have common factors, it follows that m # 1
mod 7. Let j =1 —m mod r, (so j #0) and let y = e; —e; =e; + (m — 1)e;. So

r—1

Ziyi:qu(m—l):Omodr. (4)

=1



So y € X. Since {0,y} € X and 0+ ¢; = y + ey, it follows that j = 1 and y = 0. So by (4),
m = 0 mod r, giving that r divides m. O

Lemma 4.4. Let r, m, and g be positive integers with r > 2 and r dividing m. Let X and
X be the code-constructed sets of ZI'' and Z;:nl, respectively. If X is satisfactory, then X
15 also satisfactory.

Proof. Let m = tr and let (ay,...,a,_1) be an ordering of [r — 1] such that for each 2z’ € X,
Z a;z; =0 (mod 7).

Let € X. Then z = 2’ +m - o/, where 2/ € X and v € ngl. So

r—1

r—1 r—1
Z a;r; = Z a;(z; + mu;) = Z a;(z; + tru;) = 0 (mod r).
i=1 i=1

i=1
Therefore, X is satisfactory. O]

Lemma 4.5. Let r and m be integers such that r > 2 and r divides m. If X C Z'~1 is a
satisfactory, code-constructed root set, then r is square-free.

Proof. Let (ay,...,a,_1) be a reordering of [r — 1] such that (3) holds for each x € X. Let 1/
be the largest square-free integer dividing r and define ¢ so that r = ¢r’. By the construction
in Lemma 2.8, the code-constructed root set X’ C L 1is embedded in X ,and 2’ +1'e; € X
for each i € [r — 1], 2’ € X', and ¢; € Z';!. Let z € X’ be fixed. Since 2’ + r'e; and 2’
each satisfy (3), then so must r’e;. So a7 = 0 (mod ), meaning that a; = b;t for some
b; € [r' — 1]. Tt follows that for ay,...,a, 1 to be distinct, r = r’. So r is squarefree. ]

Proposition 4.6. Let X C Zg_l be a code-constructed root set. Then X is satisfactory.

Proof. The code-constructed root set X with m = p, r = p, and k = 1 (and thus n :_1)
involves the use of a trivial Hamming code of dimension 0, which is {0} C Z,. Let z € X.
Then x = z, X z, where 2z € qu. By its definition, z, is given by the sum

p—2

Zy = E 12;

i=1
Let ay =p—1and a; = (1 — 1) for each 4, 2 <i < p—1. Then

p—1 p—1 p—2

Zaz%‘ = a1 + Z a;iv; = (p—1)25 + Zmz = pzy = 0 (mod p)
=2 i=1

=1 ; =

Thus, X is satisfactory. O
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Proposition 4.7. Let p and q be relatively prime integers and suppose the code-constructed
root sets of Zh~ L and 7 L are satisfactory. Then the code-constructed root set of /e Lis
satisfactory.

Proof. Since the code-constructed root sets of Zgil and ngl are satisfactory, by Lemma 4.4,

so must the root sets X, C Zb " and X, C Z_ . So there exist orderings (a},...,a)_;) and

(bys -, b _y) of [p— 1] and [q — 1] respectively so that for each x, € X, and z, € X,

Z a;[xpl; = 0 (mod p) and Z bi[x4)i = 0 (mod q)

Let X be the code-constructed root set as defined in (2) of Section 3.3. Let x € X, where

x=(z+2) % (x4 2) x z for some z, € X,, 7, € X,, and z € ZL V™ It is sufficient
to show that there exists an ordering (a1, ..., ap-1,b1,...,bg-1,¢1,. .., Cp-1)(g-1)) Of [pg — 1]
such that

(p—1)(¢—1)

p—1
Zalx,ﬁkzp +Zb Tq+ 2] +chzz (5)
=1

is congruent to 0 (mod pq). Let a; = alq and bj = b;p for each ielp—1]andje[g—1]. So

—

p— qg—1
a;[z,]; =0 (mod pg) and Z a;[zq4); = 0 (mod pq).
i=1

=1

With our definitions of a; and b;, the expression in (5) reduces to

p—1 q—1 (p—1)(g—-1)
Z a;[z,)i + Z bi[z:)i + Z ¢;zi (mod pq). (6)
i=1 i=1 i=1

Let (r;, k;) be the corresponding cell in z, of the ith ordinate in z. Recall that [e;], = e,,
and [e;]; = ex,. Let R =[(p — 1)(q — 1)]. Observe that

E z; and [z]; = E 2.

JER JER

=i kj=i
For each i € R, define ¢; € Z,, so ¢; = —a,, (mod p) and ¢; = —by, (mod g). Observe that
¢; # 0 modulo p or ¢, and hence ¢; ¢ {a1,...,ap_1,b1,...,b,_1}. Since (r;, k;) is distinct for
each i, each ¢; is distinct. So (a1,...,ap—1,b1,...,04—1,C1, ..., Cp—1)g-1)) is an ordering of
[pg — 1]. Now, we show that the expression in (5) is congruent to 0 modulo pg. First, we
look at the expression in (6) modulo p:

p—1 (p—1)(¢-1) p—1 (p—1)(g-1) p—1 p—1
E ailzp)i —|—E Cj%j E ailzp)i + E —a,,)z; = ai[zp]i+2 E (—ai)z;
i= i=1 i=1 i=1 jER
’I“j—’L
p—1 p—1 p—1 p—1
= ailzli =) ) 7 = ailzpli — ) ai[z]i = 0.
i=1 i=1  jER i=1 i=1
ri=1
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Similarly, when looking at the expression in (6) modulo g¢:

(p—1)(¢g—1)

q—1
ZbZ 2rli +chz] =
=1

(p—1)(g-1) q—

2,); +Z ~by)z = Z EAP +ZZ

q—1

2_b

i=1 i=1 i=1 jJER
kj=i
qfl q—1 q—1

i=1 = ieﬁ i=1 =1

Since the expression in (6) is congruent to 0 modulo p and ¢, the expression in (5) is congruent
to 0 modulo pq, proving the proposition. O

The results of this section are summarized as follows:

Theorem 4.8. Let r and m be positive integers with r > 2 and r dividing m"~*. Then ZT 1
has a satisfactory root set if and only if r divides m. In this case, the code-constructed root
set of ZT 1 is satisfactory if and only if v is square-free.
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