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Abstract

If 19 denotes the infimum of the set of real numbers A such that the entire function & represented by

o0

o0
A 2 it 2 dx
Ey(1) =/63(l°gx) +7 logx <x5/4 E (2n47t2x - 3n2n)e_" "x> —
0 Vl=1 *

has only real zeros, then the de Bruijn—-Newman constant A is defined as A = 420 The Riemann hypoth-
esis is equivalent to the inequality A < 0. The fact that the non-trivial zeros of the Riemann zeta-function ¢
lie in the strip {s: 0 < Res < 1} and a theorem of de Bruijn imply that A < 1/2. In this paper, we prove that
all but a finite number of zeros of = are real and simple for each A > 0, and consequently that A < 1/2.
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1. Introduction

This paper is concerned with the zeros of certain entire functions that are related with the
Riemann zeta-function.
Let the functions ¥, ¢ and @ be defined respectively as

w(x)=Ze_"2”, p(x) = x4 (2xy" (x) + 39 (x)), and @ (u) =2¢(e™).
n=l1

We immediately see that ¢(x) ~ 272x9/4e=X for x — 0o and @ (u) ~ 4n? exp(%" — e for
u — 0o. The functional equations
1
20 (x)+1=x"12 [21,0(—) + 1}, e(x)=p(/x), and @ (u)=>P(—u)
X
are well known. In fact, the first one is a consequence of the Poisson summation formula; the
second follows from the first by differentiating it twice and rearranging the terms; and the third

is equivalent to the second one.
We define the function =) by

oo o0
i d ;
E}L(t) — /\e%(logx)zij’logx(p(x)?x — / e)»uz(p(u)ellu du, (ll)
0 —00

where X is a constant. The last expression shows that &, is the Fourier transform of an even
function of # which tends to O very rapidly as u — oco. As a consequence, =) is an even entire
function of order 1 and maximal type by the Paley—Wiener theorem and [17, pp. 9-10]. In par-
ticular, &) has infinitely many zeros, by Hadamard’s factorization theorem. If A € R, then &)
assumes only real values on the real axis, and by Pélya’s criterion [16] it has infinitely many real
ZEeros.

If we put s = % +it, then = and the Riemann zeta-function ¢ are related through

Bo( =8~ 1)1*(5)713‘/2;@).

2

It is known that the zeros of & lie in the strip {¢: |[Im?#| < 1/2}, and the Riemann hypothesis is
equivalent to the statement that = has only real zeros [18].
If L1 < Ay, then the zeros of =}, lie closer to the real axis than those of &}, .

Proposition A. If | < Xy, A >0, and the zeros of By, lie in {t: |Imt| < A}, then those of Ej,
lie in {t: |Imt| < A}, where A = y/max{A2 —2(r; — A1), O}.

This proposition is easily proved by applying a theorem of N.G. de Bruijn [6, Theorem 13]
to the integral representation (1.1) of Z,. See also Theorem 2.3 below, which generalizes de
Bruijn’s theorem.

Since the zeros of &y lie in {¢: |Im?| < 1/2}, Proposition A implies that =, has only real ze-
ros when A > 1/8. It also implies that if A1 < A2 and &, has only real zeros, then so does &;,.
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In [14], C.M. Newman proved that =, has non-real zeros for some negative constant A. Conse-
quently, there is a real constant 20 <1 /8 such that &) has only real zeros when 2@ <2 but
has non-real zeros when A < A9) [14, Theorem 3]. The Riemann hypothesis is equivalent to the
inequality (% < 0. On the other hand, Newman conjectured the opposite inequality 0 < A(©),
and called his conjecture a quantitative version of the dictum that the Riemann hypothesis, if
true, is only barely so [14, p. 247].

The de Bruijn—Newman constant A is defined as A = 4.9 [5]. Thus we have A < 1 /2, and
the Riemann hypothesis and Newman’s conjecture are equivalent to the inequalities A < 0 and
0 < A, respectively. The first explicit lower bound for A was given by G. Csordas, T.S. Norfolk
and R.S. Varga in 1988 [5]: They proved that

—50< A.

Since then, this lower bound has been greatly improved in favor of Newman’s conjecture by
many authors [15, Section 1]. However, it seems that no upper bounds for A better than A < 1/2
have been published.

In this paper, we improve the inequality A < 1/2 very slightly.

Theorem 1.1. The de Bruijn—-Newman constant A is less than 1/2.

It should be remarked that our method of proving this theorem gives no explicit upper bound
for A less than 1/2.

It follows from Hadamard’s factorization theorem that the zeros of E(gm) lie in the strip
{t: |Im¢| < 1/2} for every m > 0, and that if the Riemann hypothesis were true, then Eém)
would have only real zeros for every m > 0. (See Theorems 2.5 and 2.6 below.) However, it is

known that the “proportion” of real zeros of Eém) tends to 1 as m — oo [2]. As we shall see

in Section 2, the function E)Em) is obtained by applying to Eém) a certain differential opera-

tor of infinite order, and Proposition A still holds if we replace =) by Ek(m). Motivated by this
observation, we consider the sequence {1} defined by

A = inf{)»: Ek(m) has only real Zeros} m=0,1,2,...).
Theorem 1.2. The sequence {1} is non-increasing, and its limit is < 0.

We remark that, by Newman’s theorem [14, Theorem 2], we have —oo < A for all m. In
the course of proving Theorems 1.1 and 1.2, the following theorem plays a crucial role.

Theorem 1.3. For every A > 0 all but a finite number of zeros of =, are real and simple.

Suppose A > 0. Then Theorem 1.3 states that there is a positive constant 7 such that =, has
finitely many zeros in the vertical strip {¢: |Re?| < 7} and all the zeros of Z, that lie outside
the strip are real and simple. Since =, has infinitely many zeros, we may denote the zeros of &)
in the closed half plane {t: Ret > T} by

Yo,) <YRr2) <Yn3 <--.

For T > 0 let N, (T) denote the number of zeros of & in {t: 0 < Retr < T}.
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Theorem 1.4. If A > 0, then

. log y(.n)
nli)ngo(]/()\,n—i-l) - V(A,n))T =1
and
N;(T) Tl d T+)”1 T+0(1) (T )
= log — — — — log — — Q).
> 21 £ 27 2w 4 & 2

This theorem, in particular, shows that for A > 0 the distribution of the gaps between consecu-
tive real zeros of &), is very different from the generally conjectured one for Zy. On the Riemann
hypothesis, Montgomery’s pair correlation conjecture [13] implies that

log yn log v,

liminf(yn4+1 — yn) =0 and lLimsup(Vp+1 — ¥n) = 00,
n—>00 27 n—>00 2
where y1, 12, ¥3, ... denote the positive zeros of Zy with y; < y» < y3 < ---. In this sense,

the functions Z,, A > 0, seem to be quite different from Zy, although &), — &g as L — 0
uniformly on compact sets in the complex plane. In fact, as we shall see in the sequel, there
is a one-parameter family {H,} of entire functions which is analogous to {&,} and the zero-
distributions of the functions H,, A > 0, are very different from those of Hj, A < 0, in respect
that the analogues of Theorems 1.1 through 1.4 are all true for the functions Hj, A > 0, but H,
has no real zeros at all when A <0.

This paper is composed as follows. In Section 2, we introduce some notations and general
theorems that are needed in later discussions; and prove that Theorem 1.3 implies Theorems 1.1
and 1.2. We prove Theorem 1.3 in Section 3. In proving Theorem 1.3, we will require some
technical results, namely Propositions 3.3 and 3.4. They are proved in Section 4. Section 5 is
devoted to proving Theorem 1.4. Finally, in Section 6, we give some examples to which our
method of obtaining Theorems 1.1 through 1.4 applies. There one finds such one-parameter
families of entire functions mentioned.

2. Zeros of real entire functions and proof of Theorems 1.1 and 1.2
Suppose u is a constant and f is an entire function of order less than 2. Then the series
X n
W
>
n=0 """

converges absolutely and uniformly on compact sets in the complex plane [11, Lemma 2.1].

Hence it represents a new entire function. We denote it by ¢*P” . In this case, the entire functions
2

f and e*P” f are of the same order and type, and we have

euﬂ (e“sz) _ e(““)sz

for every constant A [11, Lemmas 3.4 and 3.5], [1, Theorem 1.1].
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By an elementary argument, we see that

r,_—;(m) _ —AD? r;(m)
= =e STh)

holds for every constant A and for every non-negative integer m. A straightforward calculation
leads to the following lemma.

Lemma 2.1. Let g be an entire function of order less than 2, a a constant, and f(z) =
(z —a)g(2). If & is a constant and h = e_)‘ng, then

P £(2) = (z — a)h(z) — 200 (2).

If A #£0, then

_ 2 A2
(z—a)h(z)—2m’<z)=—2xexp((Z 4;’) )dizexp(— (c 4;‘) )h(z).

An entire function is said to be a real entire function if it assumes only real values on the real
axis. If f is a real entire function and a is a zero of f, then so is a. In view of the following
theorems we know that if f is a real entire function of order less than 2 and A > 0, then the zeros

2 . .
of e P £ lie closer to the real axis than those of f.

Theorem 2.2. If f is a real entire function of order less than 2 and ) > 0, then the number of
non-real zeros of e P ? f does not exceed that of f.

Proof. The theorem is an immediate consequence of Theorem 9a of [6] and Proposition 3.1
of [11]. O

Theorem 2.3. Let A, A > 0 and f be a real entire functton of order less than 2. If the ze-
ros of f lie in {z: |Imz| < A}, then those of e~ *D? f lie in {z: |Imz| < A} where A =
max{A2 — 21, 0}. If A? < 24, then all the zeros of e~ rD? f are (real and) simple.

Proof. See Section 3 of [11]. See also [3, Theorem 3.10]. O

Theorem 2.4. Suppose that f is a real entire function of order less than 2, and that for every
€ > 0 all but a finite number of zeros of f lie in {z: |Imz| < €}. If A > 0, then all but a finite
number of zeros of e P ? f are real and simple.

Proof. The theorem is a special case of Theorem 2.2 in [11]. O

A real entire function f is said to be of genus 1* if there are a real constant « > 0 and a real

entire function g of genus at most 1 such that f(z) = e~ 2(2).

Theorem 2.5 (Jensen’s theorem). If f is a real entire function of genus 1* and z| is a non-real
zero of f', then f has a non-real zero zg such that |z; — Re zo| < Im zy.
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Proof. If ¢ € C is such that |c — Rea| > |Ima| for every non-real zero a of f, then

Im(f'(c)/f(c))Imc <0. O

Corollary. Let h be a real entire function of order less than 2, .. > 0, a € R, and h((z) =
(z — a)h(z) — 2AR' (2). If 21 is a non-real zero of hy, then h has a non-real zero zg such that
|z1 — Rezg| < Imzo.

Proof. Since h is of order less than 2, it is of genus at most 1, by Hadamard’s factorization
theorem. Therefore the result is an immediate consequence of Lemma 2.1 and Theorem 2.5. O

Theorem 2.6 (The Pélya—Wiman theorem). Suppose f is a real entire function of genus 1* and
f has finitely many non-real zeros. Then f' is again a real entire function of genus 1* and the
number of non-real zeros of f' does not exceed that of f. Moreover, there is a positive integer N
such that ) has only real zeros.

Proof. See Section 2 of [10]. See also [4] and [12]. O

Ifr, A>0and f(z) = 22 + A2, then e=*P* f(z) = 72 + A% — 2. Thus Theorem 2.3 cannot
be improved in the general case; however, in a certain case, it is possible.

Theorem 2.7. Suppose that f is a real entire function of order less than 2, [ has finitely many
non-real zeros, and the number of non-real zeros of f in the upper half plane {z: Im z > 0} does
not exceed the number of real zeros of f. Suppose also that Ay > 0 and the zeros of f lie in

. 2 —AD? g (o
& | < . , , ¢ | <
{z: [Imz| < Ag}. If 0 < A < AG/2, then the zeros of e f lie in {z: |Imz| < A} for some

A< /A =25

Proof. Suppose 0 < A < A3/2, and put Aj =,/ A3 — 2. By Theorem 2.2, ¢=*D? f has at most
a finite number of non-real zeros; and by Theorem 2.3, the non-real zeros lie in {z: |Imz| < Ay}.
Hence it is enough to show that e’)‘sz has no zeros on the line {z: Imz = A;}.

Let N denote the number of non-real zeros of f in the upper half plane. From the assumption,
we may write

f@Q=@—a) - (z—an)g(2), 2.1)

where ai, ..., ay are real zeros of f, and g is a real entire function of order less than 2.
. 2
The functions f and g have the same non-real zeros. Hence e~*P” g has at most N non-real

zeros in the upper half plane, and the non-real zeros lie in {z: |Imz| < Ay}. Let hg = e D g,

and define hy, ..., hy by
hn(2) = (2 — ap)hp—1(z) —2xh;,_;(z) (n=1,...,N).

An inductive argument shows that ho, iy, ..., hy are real entire functions of order less than 2.
By (2.1) and Lemma 2.1, we have hy = ¢~ *P f.
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Suppose, to obtain a contradiction, that 4y has a zero zy on the line {z: Imz = A1}. Then,
by the corollary to Theorem 2.5, there are complex numbers zg, ..., zy—1 in the upper half plane
such that 4, (z,) =0 and

|Zn41 — Rez,| <Imz, (2.2)

forn=0,1,...,N — 1.

It follows from (2.2) that Im z,,+-1 < Imz,, and that Im z,,1.1 = Im g, if and only if z,4+1 = z,.
Since hg(zg) =0 and hg = e_)‘ng, we have Imzg < Aq, and we are assuming that Imzy = Aj.
Hence zg = z1 = --- = zy, and we conclude, by Lemma 2.1, that zo is a zero of 4y whose
multiplicity is greater than N. This is the desired contradiction, because h¢ (= e~*P ? g) has at
most N non-real zeros in the upper half plane. O

Proof of Theorem 1.1. To prove the theorem, it is enough to show that there is a A; < 1/8 such
that the zeros of &), liein {f: |Im¢?| < A} for some A <,/ % —2X1: If such a A exists, then &)},
with A = %Az + A1 (< 1/8), has only real zeros by Theorem 2.3. In fact, we will show that if
0 < A < 1/8, then the zeros of & lie in {z: |Imz| < A} for some A < ,/% — 2.

Suppose 0 < A < 1/8. Choose Ag sothat 0 < Ap < A, and put Ag =,/ i — 2Xp. Since the zeros

of &g liein {¢: |[Im¢| < 1/2} and &), = e~MoD? Eo, Theorem 2.3 implies that the zeros of &}
liein {¢: |Im?| < Ap}. By Theorem 1.3, all but a finite number of zeros of 5, are real; and &),
has infinitely many zeros for arbitrary constant A. Hence Theorem 2.7 implies that the zeros of

E, (= e*("*)‘O)DzE,\O) liein {#: |Im¢| < A} for some A < \/A% —2(A—Xo) (= \/% —2)0). O

It may be remarked that, by Theorems 1.1 and 2.3, all the zeros of =g are real and simple.

Proof of Theorem 1.2. By Hadamard’s factorization theorem, the functions =, &}, &7, ...
are real entire functions of genus 1* whenever X € R. If A € R and Ek(m) has only real zeros,
then so does & )Em'H), by Theorem 2.6. Thus {1} is non-increasing. Let A > 0 be arbitrary. By
Theorem 1.3, & has a finite number of non-real zeros; hence, by Theorem 2.6, there is a positive

integer m such that E)Em) has only real zeros, so that A" < A. Therefore

lim A" <0. O

m—00

3. Proof of Theorem 1.3
In this section, we assume that A is a fixed positive constant and prove the following.
Proposition 3.1. For every € > 0 all but a finite number of zeros of &) liein {t: |Im¢?| < €}.

Since A is arbitrary, this proposition together with Theorem 2.4 implies Theorem 1.3.
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We need some preparations. First of all, to simplify the expressions, we put

o0

; d
H(r) = / qo(x)e”ng)”’”“"g*%,
0

thatis, H(¢t) = &4, (2mt), and will show that for every € > 0 all but a finite number of zeros of H
liein {¢: |Im?| < €}. When a and b are complex numbers, we denote by f ab f(x)dx the integral

of f over the path parameterized as x =a + (b —a)u, 0 < u < 1, and by fanroo f(x)dx the one
over the infinite path parameterized as x =a +u, 0 < u < co.
We define the function ¢ (~1 by

o 1 )
(=D — - —n*mx
v (x)= E nzne .
n=1
Thus

d
—y V@) =y (x) (Rex >0),
dx

YD (x) ~ =7~ le™™* for Rex — 0o, ¥~ is continuous in the closed right half plane
{x: Rex >0}, and | (x)| < 7/6 for Rex > 0. If m is a non-negative integer, we put

i+00
L,(t) = / x—7/4(10gx)mek(logx)2+intlogxw(—l)(x) dox.
i

Here, log denotes of course the principal branch of the logarithm. By an elementary argument,
we see that [,,, is an entire function.
Define the polynomials Py, P;, P2, ..., by Po(u) =1 and

Popi(w) =@ —n)P,(u) +20P,(u) (n=0,1,2,...).
LetZ ={(,m): [,m=0,1,2,3 and [ + m < 3}, define the coefficients a( ), (I, m) € Z, by
R 5 . 1 l m
2P; 2)Llogx+lm+z —-3P 2)Llogx+lm+z = Z aq,mt (logx)™,
(I,m)eZ

and put

L= Y agmt'In(®).

(I,m)el
Proposition 3.2. There is a real polynomial R of degree < 2 such that

Anz

H(@t) = R(t)e‘T‘% — L(t) — L(7).
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Proof. Suppose 0 <6 < /2. Put

e +o0 p
24 X
Ky(t) = / (p(x)el(Ing) +17Ttlogx7’
i

and denote by y the path parameterized by x = (¢~ +u)~!, 0 < u < co. By applying Cauchy’s
theorem we obtain

; d
H(t)=Ky(t) — / (p(x)ek(logx)zﬂntlogx?x’
14

because ¢ is analytic in the right half plane {x: Rex > 0},
o(x) =212 (1+ 0(x7"))  (Rex > ¢)
for every € > 0, and
) =212 (1+ 0() (Ix—r|<7)

for every r > 0. Since ¢(x) = ¢(1/x) = ¢(X), we see that

: d —
_/w(x)ek(logxﬂﬂmlogx?x =Ky (D).

14

Hence

H(@t)=Ko(t) + Ko (@).
We have defined the function ¥~ so that
d 0 () — @+
Ew x)=1v (x) (Rex >0)
and
YW ) ~ (—1)"e T (Rex — 00)

hold for every n > —1. The polynomials Py, P;, Pa, ... have the property that

n
(di> (xaek(logx)2+intlogx) = x97"p, (20 logx + it + a)ek(logx)2+intlogx
X

n=0,1,2..., acC).

We express Ky (t) as
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¥ +00
Ko(t) =2 / x5/4eA(logx)2+iﬂtlogx 1//”()6) dx

eif

ef400
+3 / x1/4ek(logx)2+iﬂtlogxw/(x)dx
i

and apply integration by parts three times to the first integral and twice to the second one to
obtain

Ko(t) = Qo()e ™10 _ Ly(1),

where
2 5 5
Qo) =—2) (=1)'ela™ p, (zxie +imt+ Z)w“‘”)(e'@)
n=0
! 1 1
-3 Z(_l)ne(z—n)tepn (2)\1-9 +int+ Z)w(—n) (619)’
n=0
and
e'f+oo
L@ (t) — Z a(l,m)tl / x77/4(10gx)me)»(logx)erintlogxw(fl)(x) dx.
(I,myel i0

Since deg P, = n for all n, Qp is a polynomial of degree < 2. If we define Ry by Ry (¢) =
Qo (t) + Qo(f), then Ry is a real polynomial of degree < 2 and

H(t) = Ry (0)e ™ =% — Ly(t) — Ly (D).
On the other hand, we have
015?/2 Lo(1) = L(t)
for every ¢. Hence there is a real polynomial R of degree < 2 such that

li Ro(t) =R(¢
9;1711/2 o (1) (3]

for every ¢, and this proves the proposition. O

If m > 0andn > 1 are integers, we put

i400

I(m,n)(t) — f x—7/4(10gx)inek(logx)z—nznx—&-imlogx dx
i
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and
i+00
i(m,n)(t) _ / x—7/4(10gx)mek(logx)2+i7rtlogxwr(l—l)(x)dx’
i
where
> -1
P =" kz—e*kz’”“
k=n

For S € R and T > 0 we put
—5_ S a(ogT)’—Z-T
F(S,T)y=T"377°¢"% i
The following two propositions will be proved in the next section.
Proposition 3.3. Suppose m > 0 and n > 1 are integers, and A is a positive constant. Then there

is a positive constant T\ such that

m

| Ly (T +8)| = can®> ST=41081 100 | F (5, T)(1 4 O(T " (log T)%))

(—ALKS<A, T=>T),
where

¢ = /232 M llog =)

Proposition 3.4. Suppose m > 0 and n > 1 are integers, and A is a positive constant. Then there
are positive constants C and T such that

m

F(S,T) (mA<S<A, T=T).

I iT
[ Lomy (T +i9)| < CT 3 4+logn log -
n

Now we prove Proposition 3.1.

Proof of Proposition 3.1. Let € > 0 be arbitrary. We must show that H has at most a finite
number of zeros outside {¢: |Im¢| < €}. By Proposition A, there is a positive constant A (< #)
such that the zeros of H lie in {¢: |Im¢| < A}, because H (t) = E4) (27t), A > 0 and the zeros
of Ep liein {z: |Im¢?| < 1/2}. We may assume that 0 < ¢ < A. Since & is an even real entire
function and A € R, so is H. If a is a zero of H, then so are —a, a and —a. By Proposition 3.2,

H(t)=E(t) — L(t) — L(i),
where

7?2 a2

E(t) = R(t)e~ T~
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and R is a polynomial. To prove the proposition, it is enough to show that there is a positive

constant 7y such that
|E(T+iS)|+ |L(T+iS)| < |L(T —iS)| (<S<A, T>Ty.

Suppose Se Rand 7 > 0. Putt =7 +iS. Let N be a positive integer such that

1
3 4xlog N < —4xrlog?2.

3.1

By Propositions 3.3 and 3.4, we can find positive constants C and Ty depending only on N and

A such that the inequalities

I(m,n)(t)

<CT~logn 4y =0,1,2,3, n=2,3,...,N — 1),
T, 1)(2)

T t
‘M <CT-HP2 (4 —0.1,2,3)

Tn, 1) (@)

and

I 1y (1)

-1

hold whenever —A < S<Aand T > Ty.
Since

1 _
y I ==> ﬁe—""’“ +yi ),

we have, by (3.2) and (3.3),
N-1

1 ~ —1
In() == Loy () + Loy (1) = 71<m,1>(r)(1 + 0 (T~ #le2))
=1

n
(A< S<A T=2To).

Since

Ly= Y agmt In()

(I,m)eZ
and a0y = —2i73, (3.4) and (3.5) imply
L(t) =2in* Lo (0)(14+ 0(T~H82))  (—A<S<A, T>T1))
in the case when 41 log2 < 1, and

L) =2in* Lo () (1+ O0(T 'ogT)) (-A<S<A, T>Tp)

(3.2)

(3.3)

(3.4)

(3.5)
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in the case when 4Alog2 > 1. If we put A = 23/2;-[23—)»112/4’ then, by Proposition 3.3, we obtain
2
|L(T +i8)| = AT #7750 T =T (1 4 o (T~ 410e?))
(—ASS<A T2Ty
in the case when 41 log2 < 1, and
x2
|L(T +i8)| = ATF 7S 0e T =TT (1 L 0(T~ (log T)?))
(=A<SS<A T2=2T

in the case when 4Alog2 > 1. Now, it is clear that if we take Ty sufficiently large, then (3.1)
holds. O

4. Proof of Propositions 3.3 and 3.4

We begin this section by introducing some functions which will be used in our proof of the
propositions.

The relation e* — 1 —z = %uz defines a unique one-to-one conformal mapping z = g(u) from
the region

2 ={u: Reu > —v/27 or [Imu|Reu # —27}
onto the strip {z: |Imz| < 27} such that g(0) =0 and g’(0) = 1. If we put
2y = {u: |Imu|Reu >},

then £21 C £2 and g(£21) = {z: |Imz| < }. We define the function G by

Gu)=es™ — 1. 4.1)

The function G is analytic in £2 and one-to-one in £21. We have G(0) =0, G'(0) =1, G(£21) =
{w: Rew > —1 or Imw # 0}, and

1
Gu) —log(l +Gu)) = Euz (u € £21). (4.2)
Lemma 4.1. If we put o = e/, then there is a constant py with 0 < py < 2/ such that the
inequalities
L

<(=D/Reg((=D/pa), (=D Img((=D/pa)<p (j=1,2)

\S)

hold for 0 < p < pp.
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Proof. The result is a consequence of the facts that g is analytic in the disk {u: |u| < 2./7},
2(0)=0,g(0)=1,Rea=—Ima=1/+/2,and 1/2<1//2<1. O

Now we prove Propositions 3.3 and 3.4. Letm > O and n > 1 be fixed integers, and X be a fixed

positive constant. Suppose S e Rand T > 0. Putt =T +iS, & =iT/n?, h(x) = ¢" ”w,ﬁ 1)(x)
and

Ux)=U(x;1) = x77/4(10gx)mek(logx)zfnznerimlogx

— x~ 1775 (log x )" Hog ¥ P wain T logx

Thus
1400 i+o00
Ionny () = / Ux)ydx, — Ipnn(@)= / U (x)h(x)dx,
i i
and
—1/2 27 S L —4xlogn iT|"
§U®E)|=27"2cun®™ST2=1¢ M log — | F(S,T).
n

To prove Propositions 3.3 and 3.4, it is enough to show that for every A > 0 there is a positive
constant 7 such that

Ionmy @) = e ™4 T /)7 25U &) (1 + O(T ' (log T)?)) 4.3)

and

[ Lon.my ()| = O(|EU®)]) 4.4

holdfor —A<S<Aand T >

The functlon h is analytic in the right half plane {x: Rex > 0}, continuous in the closed right
half plane {x: Rex > 0}, and |h(x)| < 7 /6 for all x in the closed right half plane. On the other
hand, U is analytic in the region {x: Rex > 0 or Imx s 0} which properly contains the closed
right half plane.

Let pg be as in Lemma 4.1,

M= lm‘a)i‘g(u)’ and p =min{1/2, po, (82 M)~ '}.
ul=

We put @ = e T4 x = E(1 + G(—pa)), x2 = £(1 + G(pa)), and xg = x1/|x1]. By (4.1),
we have x; = éeg( p") and xy = éeg(p“) If we write x1 = i|x; |e’ and xp = z|x2|e’92 then
Lemma 4.1 implies that [&|le™ < |x1| < |Ele™?/2, |E]eP/? < |xa] < |E|eP, p/2 < 6 < p and
—p < 0 < —p/2. In particular, xg and x; lie in the second quadrant {x: x # 0 and /2 <
argx < m}, and x, in the first quadrant {x: x £ 0 and 0 < argx < /2}. By applying Cauchy’s
theorem, we obtain

i+o00 X0 X1 X2 X2+00

/ U(x)dx=/U(x)dx+/U(x)dx+/U(x)dx+ / U(x)dx

i i X0 X1 X2
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and
i+o0 & X X2+00
/ U(x)h(x)dx:/U(x)h(x)dx—i—/U(x)h(x)dx—i— / Ux)h(x)dx.
i i & X2

Now, the propositions are proved by a routine application of the saddle point method [7], how-
ever, for the reader’s convenience, we present a detailed proof. We prove the propositions by
showing that for every A > 0 there is a 77 > 0 such that the following hold for —A < S < A and
T>T:

X2

/ Ux)dx =a(T/2)"2EUE)(1+ O(T ' (log T)?)), 4.5)
X1
X0
/ Ux)dx = 0(‘U(S)|T%+7{A+4Mogne—k(log T)Z)’ (4.6)
f Ux)dx = O(|UE)|e TP/, 4.7)
X0
Xp+00
U(x)dx = O(|UE)|TP0e TP/, (4.8)
X2
£
/U(x)h(x) dx = 0(|gU®)]), (4.9)
X2
/U(x)h(x)dx =o(lu@|r*), (4.10)
£
and
X3+00
Ux)h(x)dx = 0(|U(.§)|T”"e’”rﬂ2/2). 4.11)

X2

Thus (4.3) is a consequence of (4.5) through (4.8), and (4.4) is a consequence of (4.9) through
4.11).

In the remainder of this section, we assume that A is a fixed positive constant and that —A <
S <A



296 H. Ki et al. / Advances in Mathematics 222 (2009) 281-306

Proof of (4.5) and (4.10). If we put x (1) = £¢2“") then Lemma 4.1 implies that x (u) lies in
the second quadrant when —p < u < 0 and in the first quadrant when 0 < u < p. By (4.1), we
have x(u) = &(1 4+ G(au)). Hence

X2

)
/U(x)dx:aé/G/(au)U(Seg(“”))du
—p

X1

and
X2 p
/U(x)h(x)dx=a$/G’(au)U(Eeg(au))h(geg(au))du_
§ 0

Since £ =iT/n?, we have |log&| > /2. In particular, log& # 0. Hence
U(Seg(otu)) — U(s)(l + (logs)flg(au))melkg(au)10g§+)ng(au)27(47—‘+nS)g(au)efnTu2/2. (4.12)
If we put
V)=V 1) =G'u)(1 + (log&) " g(u))" P8 W hoet trg@~GHr9)gw) - (413)

then V is analytic in {u: |u| <2/},

X2 o
/U(x)dx=agU(s)/ V(au)e " T%/2 gy (4.14)
x1 —p
and
X2 P
/U(x)h(x)dx=agU(g)/V(au)h(geg<“”>)e—”T“2/2du. (4.15)
£ 0
We have

max|gw)| <rM  (0<r <1,

lul<r

because g(0) =0 and |g(u)| < M for |u| = 1. We also have |logé&| > n/2 and —A < § < A.
Hence there is a positive constant C; such that

max |V()| <CiT*™  (0<r<1). (4.16)

lul<r
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Since p = min{1/2, py, (8AM)~}, it follows that |V (u)| < C;T/* for |u| < p, and we have
seen that |h(x)| < /6 for Rex > 0. From

r 1 /2T\"F [k+1
/u"e*”“z/zduz— T r(Z=) k>-1n 4.17)

2\ 2 2
0

and (4.15), we obtain

X2

/ Ux)h(x)dx
3

P
T
< ;|U(§)| / |V (au)h (£e5@) e T2 qu = O(|U &) T¥*).
0

This proves (4.10).
We have g(0) =0 and G'(0) = 1. Hence V (0) = 1; and V is analytic in {u: |u| <2./7}. We
may express V as

V() =1+bu+bu*+Bwu® (lu| <247,
where by = V'(0), b, = 1V"(0), and

1 V()
Bw=55 ] 3c-n
lz|=r

dz  (jul <r <2y7). (4.18)

By (4.13), we see that |b>| < C2(log T)? for some positive constant C»; and by (4.18), we have

max |V(u)|.

max ([B(u)| < —
|u|<p| | 4p3 1ul=2p

Hence, by (4.16), there is a positive constant C3 such that | B(u)| < C3T Y2 for |u| < p. Thus we
obtain (4.5) from (4.14), (4.17),

o 00 )
/V(otu)e_”Tuz/zdu=2/e_”T”2/2du —Z/e_”Tuz/zdu
o 0 0
0 P
+2a2b2/u2e*””z/2du+a3fB(u)u3e*”T”2/2du
0 —p

and

o0
/e_”Tuz/zdu < (pnT)_le_”sz/z. ]
o
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Proof of (4.6). By straightforward calculation, we obtain

2\ —m/2
; T4nS 4 T g L
oo oY)
so that
U ()| < C|U &)|TtmA+4rlogn —hdlogT)?
for some positive constant C. If we write xo =ie'?!, then p/2 < 6; < p (< 7/2). Thus

%+91

/ |U(e)|de6.

X0

/U(x)dx <

i

We have

a4 oy = " _ 27 6inf —
d010g|U(e )|—0 206 +n-msind —xT.

T > (2’” +n?+ ) then the right-hand side is less than —1 for every 6 > /2, so that

Z+01

[ 1oE)]as <

T

2

and hence (4.6) holds. O

Proof of (4.7). Suppose T > n’e, so that |x| > 1. We have |log£| > /2, x| = £e8(7P9) | —p <
Reg(—pa) < —p/2 and p/2 < Img(—pa) < p. By (4.12), there is a positive constant C such
that

UG < ClU@e TP,
Since xp = x1/|x1],

X1

/U(x) dx

X0

lx1]
< / |U(rx0)| dr.
1

2

Let ¢ be a constant such that 0 < ¢ < n“m sin(p/2). If we put xg = ie'? then

mlogr 2Xlogr

2 .
0
r(ogn? 1 &1 + %) Frsing

ilogIU(rxo)! N
dr 4

7
>n’n sing - (Z +rrA>r_1 r=1).
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Hence there is a positive constant b; such that

b

/|U(rx0)|dr<c*1|U(bxo)| (b= b).
1

Since |x1| > |Ele ® =n~2e~PT, (4.7) holds whenever T > n%efb;. O
Proof of (4.8) and (4.11). From (4.12),
U ()| < Ci|U@)|T20e 7T

for some positive constant Cj. It is clear that

xp+00

/ Ux)dx

X2

X400

/ Ux)h(x)dx

X2

’

</}U(x2+x)|dx.
0

Let

. 7
Ui (x) = e—nzﬂx-HJTTlng and Us(x) = x—z—ﬂS(logx)mek(logx)z’
so that U (x) = Uy (x) U (x).
Since |x2| > e”/>n 2T and 0 < T —p<argxy <5 — 5, wehave

d TI
—log‘Ul(xz ~|—x)‘ =—n2n+w S—nzn 1 —e_"/zcosﬁ (x =0).
dx |xs + x |2 2

If |x2| > e, then

d
—logIUz(xz +x)| =Re

Uj(x2 +x) . Uj(x2 + x)
dx

Us(xa +x) | Ua(xz +x)

7
< x|t (Z + A +m + 21 log |x| +,\n) (x =0).

Let ¢ be a constant such that 0 < ¢ < n27(1 —e~?/2cos(p/2)). Since |x2| > e?/>n 2T, there
is a positive constant 7 such that

7
x| (4_1 + A+ m+2rlog|x;| +An) < n2n<1 — P2 cos g) e

holds whenever T > T;. Now, suppose that 7 > T7. Then

d d d
—log|U(x2 +x)’ = —log|U1(x2 —i—x)] + —log|U2(x2 —i—x)] <—c (x=0),
dx dx dx
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so that
o0
/ |Uz (2 + )| dx < e HU ()5
0

hence (4.8) and (4.11) hold. O

Proof of (4.9). We have

U Girh(ir)| < %|U(ir)|

2
=z (logr)2+ﬂ—2 " exp k(logr)2— z—}-;—;S logr — )‘_7T2_|_7T_2T
6 4 4 4 2

forr > 0.1 T > n2e*  GHT) thatis, log €] > A~1(Z 4+ m A), then we have

unhin| < Zlu@| (<r<i).

so that

£
/ U(x)h(x)dx

1

€]
</|U(ir>h<ir>|dr<%(|s|—1)|U(s)|,
1

and hence (4.9) holds. O
5. Proof of Theorem 1.4

Suppose A > 0. As in Section 3, we put H(t) = &4, (2t). Let L and R be as in Proposi-
tion 3.2, and put

a2
2

Ho(t) = R(t)e*#* L_2L(1),

so that H () = Re Hy(¢) for all t € R. Throughout this section, 7" denotes a positive variable, and
the asymptotic expressions are understood as 7 — oo.
Since

Ly= Y agm! In()

(I,m)el

and

i+00
Im(t) — / x—7/4(10gx)me)»(logx)z-‘riﬂtIOgXI//(—l)(x) dx,

i
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we have

L'ty= Y agm(ixt' L) + 16 L)),
(I,m)el

By the same argument as in the proof of Proposition 3.1, we obtain
Ho(T) = —4in* T 19,1 (T)(1 + (1))
and
H{(T) =473 T 11,1 (T) (1 + o(1)).
If we put
Ux)=Ux:T) = x77/4ek(logx)27ﬂx+inTlogx7
then, by (4.3), we have
Loy (T) = e /4T /2" VATUGT) (1 + o(1))
and
10,1)(T) = (ogiT) 10,1y (T)(1 + o(1)).

In particular, there is a positive constant Ty such that Hy(T) # 0 for T > Tp.
If we write

Ho(T) = |Ho(T)|e ™D,
then we have
H(T) = |Hy(T)|cosmO(T).

‘We also have

i6)(T) = ilm Ho(T), Ho(T)
dT 7 Hy(T) Hy(T)

= irr(logiT)(l +0(1)) (T > Ty),
and
O(T)=TlogT — T +AlogT + O(1).

Hence we obtain Theorem 1.4, because H (1) = Ey4, (27t).



302 H. Ki et al. / Advances in Mathematics 222 (2009) 281-306

6. Examples

We begin with a general argument. Suppose {a,} is a sequence of real numbers with a; # 0,
and {b,} is a non-decreasing sequence of positive numbers with b; < by such that

]

anb_A<oo
lan|b,

n=1

for some positive constant A. Put

o0 o0
L(s)=) apb,* and y(x)=) awe "
n=1

n=1

Then L is analytic in the half plane {s: Res > A}, ¥ is analytic in the right half plane {x: Rex >
0}, ¥ (x) = ¥ (x) for all x there, and ¥ (x) ~ aje~"1* for Re x — 0o. One can find that these two
functions are related through

]

[(s)L(s) = /xsw(x)d% (Res > A). 6.1)

0

Since a; # 0, {b,} is non-decreasing and b; < by, there is a constant B (> A) such that L has no
zeros in the half plane {s: Res > B}. If we define the functions ¥ (=1, %2 . by

YD) =Y an(—by) e (=1.2,..),
n=l1

then these functions are analytic in the right half plane, and ¥ (") is continuous and bounded in
the closed half plane {x: Rex > 0} whenever/ > A.

Suppose there are constants § € {0, 1} and k, g, ..., cy € R, with ¢y # 0, such that
(—1)5xk§:c x"w")(x):ic—”x/f(")(l) (Rex > 0) 6.2)
n=0 ' s x . '
If we put

n=0

00 N dx
_ s n.y (n)
h(S)—/X (E cn X"y (X))—x ,
0

then i becomes an entire function satisfying the functional equation

h(s) = (=1)°h(k — s),
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and, by (6.1), there is a real polynomial P of degree N such that
h(s)=P(s)I"(s)L(s) (Res> A). (6.3)

Define the function ¢ by

N
() =x2 " euxy (),

n=0
and for arbitrary constant A define the function H, by
00
H, (1) = ;8 / e)»(logx)2+it10gx(p(x)dx_x.
0

We see that ¢ is analytic in the right half plane, ¢ (x) = ¢(¥) = (— 1)%¢(1/x) for all x in the right
half plane,

k
p(x) ~Cx2tNe™P1¥  (Rex — o0)

holds for some constant C # 0, Hy(t) = i‘sh(g +it), H, is an entire function of order 1 and
maximal type satisfying H, (—t) = (— 1)°H, (1), and H,_is a real entire function whenever A € R.
Since L has no zeros in the half plane {s: Res > B}, (6.3) implies that the zeros of Hy lie in
{t: |Imt| < A} for some constant A > 0. There is now no difficulty in extending the results of
this paper to the functions H,, A > 0.

Example 1. Let x be a primitive Dirichlet character modulo g (> 2), and denote the Gauss sum
by 7(x):

q
T(x) =Y x(me* "/,

n=1
We have |t(x)| = ,/q and
o0 . o
w303ty s = CTT00 S e, (6.4)
n=1 n=1

where a = 0 if x(—1) =1 and a = 1 otherwise [9, p. 85]. Choose a constant w so that
(—i)*7(x)w?® = /g and put

Y(x) = Zn“ Re(wx (n))e_”zm/q.

n=1

Then (6.4) implies that

X2 () = Y (1/x).
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Thus (6.2) is satisfied with § =0, k = % +a and N = 0, and we obtain the analogues of Theo-
rems 1.1 through 1.4 for the functions H,, A > 0, defined by

00

: dx

HA(I)Z/ek(logx)2+ztlogx(p(x)7,
0

where ¢(x) = x 375 ¥ (x).
If x is real, that is, x (n) € R for all n, then it is known that (—=i)“7(x) = /g [9, p. 49], and
hence we may take @ = 1. In this case, Hy and the Dirichlet L-function are related through

1
Hy(t) =T (s)(q/m)*L(2s —a, x) (s =7 + % + it>,

so that the zeros of Hy liein {¢: |Im¢| < 1/4}.
If x is not real, then Hp may have infinitely many non-real zeros. A concrete example is found
in Section 10.25 of [18].
Example 2. Let the functions A and i be defined by
o
Al)=Qm) T T()@E(s —k+1) and Y (x) =) or-1(m)e "™,

n=1

where k is an even integer, ¢ is the Riemann zeta-function and

or_1(n) = deil.

d|n
These functions are related through
oo
dx
A@) = | X’ (x)— (Res > max{l, k}).
X
0

The function A is meromorphic in the whole s-plane and has a finite number of poles. The poles
lie in the set {0, —1, —2, ...} U{l, k}, and they are symmetrically located with respect to the point
s = k/2. The non-real zeros of A liein {s: 0 <Res <lork —1 <Res <k}. If k <4, A has
no real zeros; otherwise it has exactly % — 2 real zeros and they are at the odd integers in the
interval [3, kK — 3]. From well known properties of ¢ and I", we see that A satisfies the functional
equation

A(s) = (=D Ak — s),
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and A is bounded in the vertical strip {s: a < Res < b} whenever —0co < a < b < oo. Let
P denote the monic real polynomial of the smallest degree such that P A becomes an entire
function. Then there are constants § € {0, 1} and ¢, ..., cy € R, with cy = (—l)N, such that

o N
dx
_ s n..(n)
P(s)A(s)—/x ( E cnx" (x)) o €O

0 n=0

and (6.2) hold; hence we obtain the analogues of the results of this paper for the functions

e *P*H 3 > 0, where
k k
Ho)y=i®P( = +it)Aal=+ir). (6.5)
2 2
For instance, if k > 4, then we have

k2 k(RO () ) g I (k) (_)
(=D (7(2 X ¥ (x) O tyl;) Rex>0)

[8, pp. 10-14], P(s) =s(s — k),

o0

s(s —k)A(s) = /xs((k + Dxy’(x) —i—xzw//(x))i—x (s €C),

0

and
(= D26k (ke + Doy’ ) + 279" () = k+1w( )’Lé‘ﬁ(%) (Rex > 0).

Finally, we remark that if k < 4 or k is a multiple of 4, then § = 0 and the function H defined
by (6.5) is an even real entire function having no real zeros at all, and hence so are the functions

P’ H, % <0, by Lemma 3.2 of [11].
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