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1 Distribution Overview

1.1 Discrete Distributions

Notation' Fx(x) fx(z) E [X] V [X] Mx (s)
0 r<a
. . _ I(a <z <)) a+b (b—a+1)72%-1 e — g~ (0F s
f f{a,...,b lelzatl << ==
Uniform Unif{a,...,b} — a<z<b b—atl 5 1 stb—a)
1 x>b
Bernoulli Bern (p) 1—p)'" P (1—p) " P p(1—p) 1—p+ pe’
Binomial Bin (n,p) Lop(n—z,2+1) (n) p*(1l—p)"* np np(1 — p) (1—p+pe’)”
T
ol k k n
Multinomial Mult (n, p) mpgfl Rk ; Ti=mn np; npi(1 —p;) (2 Pi65i>
m\ (N—m
. T —np (w)(n,z) nm nm(N —n)(N —m)
Hypergeometric Hyp (N, m,n) S _— R e —_—
np(1 - p) ) N N2(N —1)
-1 1-— 1-— "
Negative Binomial NBin (r, p) I(r,z+1) (m _:i 1 )pr(l —p)° r ” P r p2p (ﬁ)
. _ 1 1-p pe’
Geometric Geo 1-(1-p)* zeN" 1—-p)* ' zeNT = —_—
() (1-p) p(1—p) ’ po T~ (1 —pe
e N e s
. A Ale®—1)
Poisson Po()) e Z T p_ A A e
i=0

I'We use the notation v(s,x) and T'(x) to refer to the Gamma functions (see §22.1), and use B(xz,y) and I to refer to the Beta functions (see §22.2).
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1.2 Continuous Distributions

Notation Fx(x) fx(x) Mx(s)
0 r<a 7 b b sa
Uniform Unif (a, b) e a<x<b Ha<z<b) £ -°
b—a b—a s(b—a)
1 x>b
Normal N (u,0%) O(z) = ’ o(t) dt d(z) = 1 exp —M exp § ps + o’s”
’ - o 207 SR
1 1 Inz —p 1 (Inz — p)?
Log-Normal In N ,02 — 4+ —erf { } ——eX {—7
® (k") 2 2 V202 zV2mo? P 20

Multivariate Normal MVN (y, X)

J vy
Student’s ¢ Student(v) I, (2, 2)
. 2 1 k x
Chi-square Xk F(k/z)fy (27 2)
di di
F F(di,d I a4« - =
(d1, dz) d1i1+d2 (27 2>
Exponential® Exp (8) 1—e/F
Gamma® Gamma (a, ) %
Inverse G InvG 8 Los)
nverse Gamma nvGamma (o, 3) T
Dirichlet Dir ()
Beta Beta (a, 8) I (o, B)
Weibull Weibull(\, k) 1— e @/
Pareto Pareto(zm,, «) 1-— (%n)a T > Tm

v+1 2\ —(v+1)/2
T (1)
iZ3N (%) v
1

(271.)*k/2 ‘Erl/?e*%(E*M)TE_l(I*M)

/21 w2
25727 (I /2)

(dy2) 41 dg?
(dyz+dg)d1td2
zB (d—l ﬂ)

27 2
L —asp

2d3(dy + dz2 — 2)
di(ds — 2)2(da — 4)

™| e

(a=1)*(a—2)

E[X:] (1 - E[Xi])

(a+B)2(a+B+1)

(@ —=1)*(a—-2)

1
exp {,uTs + ESTES}

(1—-2s)""%5<1/2

* We use the rate parameterization where 8 = ;. Some textbooks use 3 as scale parameter instead [6].
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— = u=0,0°=5 — = u=0,0°=1 AN ——'v=5
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2 Probability Theory

Definitions

Sample space )

Outcome (point or element) w €
Event A CQ

o-algebra A

1. e A
2. A17A2,...,€.A - Uji]AZEA
3. AcA = -Ac A

Probability Distribution P

1. P[A]>0 VA
2. P[] =1

Ja]-Se
=1 =1

e Probability space (92, .4,P)

3. P

Properties
e Pl]=0
e B=OQNB=(AU-A)NB=(ANB)U(-ANDB)
o P[-A]=1-P[4]
e PB|=P[ANB]+P[-AN B]
e P[Q=1 P[g]=0
e - (U,4) =N, 4. (N, 4) =U, "4n DEMORGAN
e P[U,An] =1-P[N, 4,]
e PI[AUB]=P[A]+P[B] -P[AN B]

= P[AUB] <P[A] +P[B]
P[AUB]|=P[AN-B]+P[-ANB]+P[ANB]
e PIAN-B]=P[A]-P[AN B]

Continuity of Probabilities

e AjCAyC... = limy oo P[A4,] =P[4] where A=J2, 4
e A1 DAy D ... = lim, o P[A,] =P[A] where A = ﬂ;’il A;

Independence I
Al B < P[ANB]=P[A]P|[B]

Conditional Probability

P[AN B]

PIAIB =~

P[B] >0

Law of Total Probability
P[B]=> P[BIAP[A] Q=] |4
=1 i

BAYES’ THEOREM

_ P[B|AJPA) o
PR =~ pEiap  C-UA

Inclusion-Exclusion Principle

f=> =ty

r=1 i<i1<-<in<n

ﬁ Ai

j=1

3 Random Variables

Random Variable (RV)
X: Q=R

Probability Mass Function (PMF)
fx(@)=P[X=2|=P[{we Q: X(w) ==z}
Probability Density Function (PDF)

b
PMgXSH:/f@Mz
Cumulative Distribution Function (CDF)

Fx :R—0,1] Fx(z) =P[X < 1]

1. Nondecreasing: 1 < o = F(z1) < F(x2)
2. Normalized: lim,_, o =0 and lim,_,,, = 1
3. Right-Continuous: lim,, F(y) = F(x)

b
P[agygb\xzx]z/ frix(ylo)dy — a<b

_f
fY\X(y | I) - fX(x)
Independence

LPX<zV<yl=P[X <Py <y]
2. fxy(z,y) = fx()fy(y)



3.1 Transformations e E[XY] = /nyny y(z,y) dFx (z) dFy (y)
Transformation function ——— o E[p(Y)] # o(E [X]) (cf. JENSEN inequality)
e PIX>Y]=1 = E[X]|>E[Y]
Discrete e PIX=Y]=1 <= E[X|=E[Y]
f2(2) =Plp(X) =2 =P[{z:p(@) =2}] =P [X €7 (2)] = Y [fx(x) o E[X]= i]}v X >z
rep~1(2) z=1
Continuous Sample mean .
X, = l X,
FZ(z):IP’[go(X)gz]:/ f(z)dx with A, = {z: o(x) < 2z} nin; !
A, -

. . . Conditional expectation
Special case if ¢ strictly monotone

dd | |1 B |X == [uf(ylz)dy
F22) = o7 6 | 07| = £x(o) 5| = It . E0X] E[E KT
The Rule of the Lazy Statistician ¢ Eox,v)| x=2 [=] /_ (@, y) fyix(y|z)de
E(Z] = [ ¢la)dFx (o) B2 X =al= [ ooz dyds
eE[Y +Z|X]=E[Y|X]+E[Z]|X]
E [La(z)] = /IA(I) dFx () = /A dFx(z) =P[X € 4] e Elp(X)Y | X] = @(X)E[Y|X]
Convolution e Ey x[=]c = Cov[X,Y]=0
> xy>o [*
e 7 =X+Y fz(z) = /_OO fxy(z,z—z)de = /0 fxy(z,z—2z)dz 5 Variance
o 7 :=|X-Y| fz(z) = 2/ fX,Y(x, z+x)dx Definition and properties
© 4= g f2(2) = /_00 ol fxy (2, 22) do = /_OO rfe(z) fx (%) fy (v2) dz o VIX] =0k =E[(X -E[X])’] =E [X*] - E[X]

oV

inl =Y VX +2) Cov[X,, Y]]
4 Expectation i=1 i=1 i#i

Definition and properties °V Z Xi} - ZV (X)X ALX;
rfx(x discrete Standard deviation

Zx: Felay X t sdX]=VV[X]|=0x
e E[X]=pux = /SﬂdFX (z) = Covariance

/ zfx(z)dz X continuous o Cov[X,Y]=E[(X —E[X])(Y —E[Y])] = E[XY] - E[X]E[Y]
e P X=c=1= E[X]=c e Cov[X,a]=0
e E[cX]=cE[X] e Cov [X,X] =V [X]
e E[X +Y]=E[X]+E[Y] e Cov [X,Y] = Cov Y, X]



e Cov [aX,bY] = abCov [X,Y]
o Cov[X +a,Y +0b] =Cov|[X,Y]

o Cov Y X;,) V| =) ) Covl[X, Y]]
i=1 j=1 i=1 j=1
Correlation Cov [X.Y]
ov [ X,
p[X,Y]=
VIX]VIY]
Independence

X1ULY = p[X,Y]=0 <= Cov[X,Y]=0 < E[XY]|=E[X]E[Y]
Sample variance

% =

Conditional variance

« VIVIX]=E[(Y ~E[V|X]?|X] =E[y?|X] ~E[Y | X]’
« VY] =E[V[Y|X]+V[E[Y]X]

6 Inequalities

CAUCHY-SCHWARZ

MARKOV
Plo(x) > f < T
CHEBYSHEV
PIX-E[X] >4 <
CHERNOFF 5
P[X > (1+0)u] < (W) §>—1
HoOEFFDING

X1,..., X, independent A P[X; € [a;,b]] =1 A 1<i<n

PX-E[X]>t]<e® t>0

- > 2n2¢?
i=1\"1 ?

JENSEN
 convex

E [p(X)] > ¢(E [X])

7 Distribution Relationships

Binomial

e X, ~Bern(p) = ZXi ~ Bin (n,p)

i=1
e X ~Bin(n,p),Y ~Bin(m,p) = X +Y ~ Bin(n+ m,p)
e lim,, ., Bin(n,p) = Po (np) (n large, p small)

e lim,,_, o Bin (n,p) = N (np,np(1 — p)) (n large, p far from 0 and 1)

Negative Binomial
X ~ NBin (1,p) = Geo (p)
X ~ NBin (r,p) = >;_, Geo (p)

X; ~NBin(r;,p) = > X; ~NBin(>_r;,p)
X ~NBin(r,p). Y ~Bin(s+r,p) = P[X <s]=P[Y >r]

Poisson

° XZ'NPO()\Z‘)/\XiJ.LXj — iXiNPO <i)\z>

i=1 i=1

= ) i Ai
ij ~ Bin (ZXJW)

. XZ-NPO()\i)/\XiJ.LXj = X;
j=1 =1

Exponential

e X, ~Exp(f)ANX; IL X; = ZXi ~ Gamma (n, 3)
i=1
e Memoryless property: P[X >z +y|X >y =P[X > z]

Normal

o X ~N(p,0%) = (%) ~N(0,1)

e X ~N (0’ )NZ=aX+b = Z~N (ap+b,a’0?)
Xy N (pa 07 ) ANXs L X = 35, Xi ~ N (3, i, 22 07)
Pla<X <] =a (%) - (5
O(-2)=1-0(z) ¢(x)=-ad(x) ¢"(z)=(2?~1)¢(2)
e Upper quantile of N (0,1): 2z, = ®71(1 — «)

Gamma

o X ~ Gamma (o, ) <= X/f ~ Gamma (a, 1)

e Gamma (a,8) ~ > i Exp (8)
o X; ~Gamma (g, B) AN X; 1L X; = >, X; ~ Gamma (), a4, 3)

10



I'(a) /Oo a1, 9.2 Bivariate Normal
0 Let X ~ N (pz,02) and Y ~ N (p1y,07).

Beta
1 a1y g1 L@+B) avy s flz,y) = 1exp{—z}
B(Oz,ﬁ)x i m)ﬁ 1_ F(ai)r(ﬁ)x ' x)B 1 2m0.0,/1 2 2(1 — p2)
Bla+k,3 +k—1 _
o E[X"] = (];Jé(aﬁ)):aiﬁJrk_lE[Xk '] Z:Km—um>2+<y—uy>2_2p<x—ux> (y—uy)]
e Beta(1,1) ~ Unif (0,1) O Oy Ou Oy

Conditional mean and variance

8 Probability and Moment Generating Functions E[X|Y] =E [X] +p% v —E[V)

o Gx(t) =E [t¥] It <1

e 7 & Xt ) V[X‘Y]:O'X 17[)2
° Mx(t) _ Gx(et) _ Z Zf) ] Z ] L4t

i=0 ' i=0 ) . .
« PIX = 0] = Gx(0) 9.3 Multivariate Normal
o P[X =1]=G%(0) Covariance matrix ¥ (Precision matrix % 1)

@)
e PIX =i = GXZ_'(O) V [X1] o Cov [X1, X4]
o E[X] =G (17) = : :
P [Xk} :Mgfk)(()) Cov [Xk,Xl] V[Xk]
X _gwg- F X ~ N (1,8
e E (X_k)!]GX(l) N (1, %),
o VI[X] = GR(17) + G (1) = (Gx (1))’ fx(@) = (2m) 72|57 2 exp {§< — )" (- m}
e Gx()=Gy(t) = XLV
Properties

9 Multivariate Distributions

NODAX =pu+227 —= X ~N(11,%)
(1, %) = V(X —p) ~ N (0,1)

(1, Y) = AX ~ N (Ap, AXAT)

NI Aol =k = a*X ~ N (" p,a”Sa)

X ~ N
9.1 Standard Bivariate Normal N
Let X, Y ~N(0,1) A X 1L Z where Y = pX + /1 — p?Z o

Joint density
x4+ y® — 2pxy} 10 Convergence

V4 1 {
= ———exp{—
— 2 2(1 — p?
2ryl=p ( P Let {X1, Xa,...} be a sequence of Rv’s and let X be another Rv. Let F,, denote
Conditionals the cDF of X,, and let F' denote the CDF of X.
Types of Convergence

f(z,y)

Y[X =2)~N(pr,1—p*) and  (X|Y =y) ~N(py,1-p%)
1. In distribution (weakly, in law): X, 2 X
Independence
XUY < p=0 lim F,(t) = F(t) V¢ where F' continuous

n—o00 11



2. In probability: X, — X B
Zp = = = Z  where Z ~ N (0,1)

(Ve > 0) nILH;oPHX"_X|>€]:O V [X,] o
3. Almost surely (strongly): X,, = X lim P[Z, <z]=®(2) zeR
n—oo
i [ lim X, = X} =P [w cQ: lim X,(w)= X(w)} =1 CLT notations
am Zn ~ N (Oa 1)
4. In quadratic mean (Lg): X,, = X 5
-
lim E [(X,, — X)*] =0 " "n
n—roo ~ 0-2
Relationships Xn —pN (O’ n)
7 ~ 2
e X, WX — X, B X — X, 23X Vi(Xn = p) = N(0,0%)
e X, 2XA(FeR)P[X=c=1 — X, 5 X 7
¢ X, 5 XAY, 5Y = X, +Y, > X+Y
* Xy qj XNY, q_:> V = X, + Y;’} SX+Y Continuity correction
e X, - XANY,—»Y = X,Y, > XY
[}

Xp DX = o(Xp) > p(X) , 5 x+§—u)
n = X = p(Xa) = p(X)

B h = limy00 E [Xn] = bAlim, o0 V[X,] =0 )
Loy Xy IDAE X =pAV[X] <00 &= X, B p P[X, > 1] %1_(1)(:10—2—#)

b

<

SLUTZKY’S THEOREM Delta method

e X, > XandV, e = X, +Y, > X+¢ 2 5
e X, D XandV, 5c = X,Y,>cX Y, %N<u, n) = ¢(Yn) %N<<p(u)7(<p’(u)) )
e In general: XngXandYniY;Q X,+Y, > X+Y

10.1 Law of Large Numbers (LLN) 11 Statistical Inference

iid o . .
Let {X1,...,X,} be a sequence of 11D RV’s, E [X3] = p. Let Xy,---, Xy ~ F if not otherwise noted.
Weak (WLLN)

XpSp  n—ooo 11.1 Point Estimation
Strong (SLLN) ~ e Point estimator 8, of 0 is a RV: 0, = g(X1,...,X,)
KXo Zp m—eo o bias(d,) = E [én} y

Consistency: gn 50
Sampling distribution: F'(6,,)

10.2 Central Limit Theorem (CLT)
Let {X1,...,X,} be a sequence of 11D RV’s, E [X;] = y, and V [X{] = o2

Standard error: se(6,) = ,/V [@\n}



e Mean squared error: MSE = E {(é\n - 9)2] = bias(6,)% + V [(9\4

o~

lim,, 00 bias(@n) =0 A lim,_o0 se(é\n) =0 — §6, is consistent

93/\/(0,1)

0. —
Asymptotic normality:

tent estimator o,,.

11.2 Normal-Based Confidence Interval

Suppose @\n ~ N(Q,sAeZ). Let z4/0 = o1 - (a/2)), ie., P [Z > za/g] = /2

and P [—za/g <Z< za/Q] =1— a where Z ~ N (0,1). Then
Cn :é\n:tza/QsAe

11.3 Empirical distribution

Empirical Distribution Function (ECDF)
_ i I(X < 7)

Properties (for any fixed z)
sE[R]-F
M| ]

o MSE—

Fz)(1 = F(x))

’11>

o F, 5 F(x)
DVORETZKY-KIEFER-WOLFOWITZ (DKW) inequality (Xi, ...,

: |:r (x)—ﬁn(x)‘ >e} — Qe 2ne

Nonparametric 1 — « confidence band for F'
L(z) = max{F, — €,,0}
U(z) = min{ﬁn +en, 1}

I
€= 2nga

X, ~ F)

SLuTzZKY’s THEOREM often lets us replace se(é\n) by some (weakly) consis-

11.4 Statistical Functionals

Linear functional: T'(F

Often: T(ﬁn)
p** quantile: F

Statistical functional: T'(F)
Plug-in estimator of § = (F) 0, = T(F,)
()

= [z

)dFx

Plug-in estimator for hnear functlonal.

1(F,) = [ olw)dF. ;i

~ N (T(F),s%Q) — T(F,) + 2,28
“L(p) =inf{z: F(z) > p}

hd //Z:X’n
R _
~2 __ L 2
e 7n_1;(xz X,)
~ _ %Z’:l:l(X _ﬁ)S
o K= —
03
° b\: Z:l:l(Xl_Xn)(E_Yn)
Vi (X = X)2y /S0 (Y -

12 Parametric Inference

Let § = {f(z;0) :
and parameter 0 = (01,...,0).

0 e @} be a parametric model with parameter space © C R

12.1 Method of Moments

J

J

th

th

moment

o;(0) =E [X7] = /xj dFyx (z)

sample moment

n
~ 1 j
aj:fg X7/
n“
=1

Method of Moments estimator (MoM)

13



Properties of the MoM estimator

) é\n exists with probability tending to 1
e Consistency: 6, — 0
e Asymptotic normality:

~

Vil —6) > N (0,%)

where ¥ = gE [YYT] gt Y = (X, X2%,...,X"T,

g = (917 v 79[@) and g; = %a;l(e)

12.2 Maximum Likelihood
Likelihood: £, : © — [0, 00)

Log-likelihood

0n(0) =log L,(0) = > log f(X;6)

i=1

Maximum likelihood estimator (MLE)

L,(6,) = sup L,(0)
0

Score function

S(X10) = 2 1og f(X:0)

Fisher information
1(0) = Vo [s(X;0)]

1,(6) = nI(0)

Fisher information (exponential family)

Observed Fisher information
b 0? &
L0) = =50 glog f(Xi:0)

Properties of the MLE

e Consistency: gn 50

e Equivariance: 8, is the MLE = ga(gn) is the MLE of ¢(0)

e Asymptotic optimality (or efficiency), i.e., smallest variance for large sam-

ples. If 6,, is any other estimator, the asymptotic relative efficiency is:

1. sex \/1/1,(0)

= N(0,1)
se
2. e~ \/1/1,(6,)
(H”A f) = N(0,1)
seé
e Asymptotic optimality
]
ARE(0,,0,) = —= <1
v |2

e Approximately the Bayes estimator

12.2.1 Delta Method
If r = @(5) where ¢ is differentiable and ¢’(0) # 0:

(o _AT) = N(0,1)

se(7)

where 7 = <p(§) is the MLE of 7 and

12.3 Multiparameter Models
Let 6 = (04, ...,0;) and = (51, e ,:9\;6) be the MLE.

020, 020,
962 I 96,00,

Hjj =

Fisher information matrix

In(e) - -

Under appropriate regularity conditions

~

@—6) ~N(0,J,)

Eo [Hi1] --- Eg[Hu

Ee[ﬁm] Ee[ﬁkk}

14



with J,, () = I;1. Further, if §j is the j*" component of @, then

i —8) 5 pro1)

S€;
where s@? = Ju(4,4) and Cov [é\j,gk} = J,(j, k)
12.3.1 Multiparameter delta method
Let 7 = (01, ...,0;) and let the gradient of ¢ be
9
00,
2
00,

Suppose V<p|0:§ #0and T = ap(@‘\) Then,

where

~

and J,, = J,,(0) and Vi = V<p|0:§.

12.4 Parametric Bootstrap

Sample from f(x; é\n) instead of from F,, where 6, could be the MLE or method

of moments estimator.

13 Hypothesis Testing

Hy:0 €0 versus H :0€06,

Definitions

Null hypothesis Hy
Alternative hypothesis H;

Simple hypothesis 6 = 6,

Composite hypothesis 6§ > 0y or 6 < g
Two-sided test: Hy: 0 =0y versus Hy: 60 # 6y
One-sided test: Hy: 0 <0y versus Hj:0 > 0

Critical value ¢
Test statistic T'

Rejection region R = {x : T'(x) > ¢}
Power function S(0) =P [X € R]
Power of a test: 1 —P[Type Il error] =1 — 38 = inf S(0)

0€O,

Test size: « = P [Type I error] = sup S3(0)

IS
| Retain Hy Reject Hy
Hy true vV Type I Error ()
H; true | Type II Error (3) v/ (power)

p-value

e p-value = supgcg, Py [T(X) > T(z)] = inf{o: T(x) € Ra }

e p-value = supycg, Po[T(X*) >T(X)]

1-Fyp(T(X)) since T(X*)~Fy

p-value

evidence

< 0.01
0.01 —0.05
0.05-0.1
>0.1

Wald test

o Two-sided test

0
e Reject Hy when [W| > z,/2 where W = —

o P[[W]>zy] = a

very strong evidence against Hy
strong evidence against Hy
weak evidence against Hy

little or no evidence against Hy

~

— 6

se

o p-value = Py, [[W] > |w|] = P[|Z] > |w]] = 2®(—|w])

Likelihood ratio test

SUPgco L,,(0) -

~

n(0n)

T(X) =
° T SuPgee, Ln(0)

o \MX)=2logT(X) > Xi_, Where Z:Zl2 ~ X3 and Zi,

L
En(é\n,O)
k

i=1

e p-value = Py, [A(X) > Az)] = P [x2_, > A(=)]

=inf{a: T(X) € Ry}

iid

ey Zy ~ N(0,1)

15



Multinomial LRT

(o)
® MLE: pp = | —, [
n
o 7(x) = LolP) _ T (ﬁ)x
Ln(po) 57 \Poj

e The approximate size a LRT rejects Hy when A(X) > x3_;

Pearson Chi-square Test

k
X; — E[X;))?
o T = ; (JE[X[J]J]) where E [X;] = npo; under Hy
« T2 X3,
e p-value =P [x}_; > T(x)]

e Faster — X? | than LRT, hence preferable for small n
Independence testing

e [ rows, J columns, X multinomial sample of size n = I x J
Xij
n

e MLEs under Hy: Doij = Pi.p.j =

e MLEs unconstrained: p;; =
Xi. X
n n

o LRT: A=2%21, 507, Xislog (25 )
e PearsonChiSq: T = Zi:l ijl W(M

ij

e LRT and Pearson = xjv, where v = (I — 1)(J — 1)

14 Exponential Family

Scalar parameter

fx(2]0) = h(z) exp{n(0)T(x) — A(0)}
= h(x)g(0) exp {n(0)T (x)}

Vector parameter

fx(z]6) eXp{Zm T( (9)}

= h(z)exp {n(0) - T(z) — A(0)}
= h(x)g(0) exp {n(0) - T'(x)}

Natural form

Ix(x|n) = h(z)exp{n T(x)— An)}
= h(z)g(n )exp{n T(x)}
= h(z)g(n) exp {n" T(z)}

15 Bayesian Inference

BAYES’ THEOREM

02y = T@IOFO) _  F]0)f(6)

= o L,(0)f(0
e Tiasa <O
Definitions
o« X" = (X1,...,X»)
o 2" = (x1,...,2,)
e Prior density f(6)
e Likelihood f(z™|6): joint density of the data
In particular, X™ b = f(2"|0) = Hf x;|0) = L, (0)

e Posterior density f(6|z™)
e Normalizing constant ¢, = f(z") = [ f(z]0)f(6) d0
e Kernel: part of a density that depends on 6

_ _ " 0L.(0)f(0
e Posterior mean 6, = [0f(6|2™)df = %

15.1 Credible Intervals

Posterior interval
P[0 € (a,b)|x"] /f@\:v dd=1-«

Equal-tail credible interval

/;f(&;z:")dH_/boof(9|x”)d9_a/2

Highest posterior density (HPD) region R,

1. Pl0eR,)=1-«
2. R, ={0:f(0|z™) > k} for some k

R,, is unimodal — R,, is an interval 16



15.2 Function of parameters

Let 7 = ¢(0) and A ={6:p(0) <7}.
Posterior CDF for 7

H(rlx”):ﬂ”[w(ﬁ)STI%"}:/Af(@IfC")d@

Posterior density

h(r|a™) = H'(r|2")
Bayesian delta method

T|an/v(<p(§),§e

=10

15.3 Priors

Choice

e Subjective Bayesianism: prior should incorporate as much detail as possible
the research’s a priori knowledge—via prior elicitation

e Objective Bayesianism: prior should incorporate as little detail as possible
(non-informative prior)

e Robust Bayesianism: consider various priors and determine sensitivity of
our inferences to changes in the prior

Types

Flat: f(0) o constant

Proper: [*°_f(0)d0 =1

Improper: ffooo f(0)df = ¢

JEFFREY’s Prior (transformation-invariant):

f(0) oV I(0)  f(0) o \/det(1(0))

Conjugate: f(0) and f(6|z™) belong to the same parametric family

15.3.1 Conjugate Priors
Continuous likelihood (subscript ¢ denotes constant)
Likelihood Conjugate prior Posterior hyperparameters
Unif (0, 6) Pareto(x,,, k) max {x(n), xm} Jk+n
Exp () Gamma (a, ) a+n,B+ Z x;
i=1
2 2 fo | Diq Ti 1 n
N(,UHO'C) N(,UO,O'O) (O_g O_g > / (Ug + 0_3)7
1 L !
o5 o2
2 n )2
N (pte, 0?) Scaled Inverse Chi- | v + n, vag + 2= (i — 1)
9 v+n
square(v, o)
A\ -
N (u,0%) Normal- w, v + n, a + g,
scaled Inverse v +1nn (@~ \)?
Gamma(\, v, a, Z x4
( B) 54—2;(96 )+ 2T )
MVN(, %) | MVN (o, So) (S5 40207 (35 o + 0217,
(=t +nss)
MVN(u., X) Inverse- n+k, ¥+ Z(Il — pie) (s — pe)T
i=1

Pareto(z,,, k)
Pareto(xm,, ke)

Gamma («., )

Wishart(x, ¥)
Gamma («, )
Pareto(zo, ko)

Gamma (g, Bo)

Li

Tm

c

n
a+n,B+Zlog

i=1
o, kg — kn where kg > kn

n
g + nae, Bo + E z;
i=1

17



Discrete likelihood

Likelihood Conjugate prior | Posterior hyperparameters
Bern (p) Beta («, ) a—i—zn:xi,b’—ﬁ—n—zn:xi
i=1 =1
Bin (p) Beta (a, 8) oz—i—ia:i,ﬁ—&—i]\fi— Y T;
i=1 i=1 i=1
NBin (p) Beta («, 8) a+mn, B+ 2”: T
i=1
Po (X) Gamma (a, ) o+ i zi, f+n
i=1
Multinomial(p) | Dir (o) a+ i z®
i=1
Geo (p) Beta («, 8) a+n,B+ i T
i=1
15.4 Bayesian Testing
If Hy: 0 € Og:
Prior probability P [Hy] = A f(6)do
<0
Posterior probability P [Hy | z"] = A f(@|z")de
0

Let Hy...Hy—1 be k hypotheses. Suppose 6 ~ f(0| Hy),

f(a" | Hy,)P [Hy]

Marginal likelihood

O f(an | Ho)P [Hy)

" | Hy) = /@ F(a" |6, H,) (6| H,) do

Posterior odds (of H; relative to H;)

P[H|«"] _  f@'|H) _ PH]
P [H; [ 2"] f(z™ | Hj) P [Hj)
—_————— ~———
Bayes Factor BFjy; prior odds

Bayes factor

log,o BFio BFig evidence
0-0.5 1-1.5 Weak
05—-1 1.5—10 Moderate
1-2 10 — 100  Strong
> 2 > 100 Decisive
S i T — P[H,] and p* = P [H, | "]
p—1+1§7pBFwwerep— 1] and p* = 1|

16 Sampling Methods

16.1 Inverse Transform Sampling

Setup

e U ~ Unif (0,1)

o X ~F

o ") =inf{z | F(x) > u}
Algorithm

1. Generate u ~ Unif (0, 1)
2. Compute z = F~1(u)

16.2 The Bootstrap

Let T,, = g(X1,...,X,) be a statistic.

L. Estimate Vp [T,,] with Vg [T5,].
2. Approximate Vg [T},] using simulation:

(a) Repeat the following B times to get T}, ;, ..
the sampling distribution implied by ﬁn
i. Sample uniformly X7,..., X} ~ ﬁn
ii. Compute T;F = g(X7,..., X}).
(b) Then

1< 1 & i
Uboot = Vﬁn = E Z (T;:,b - E ZT;T>
b=1 r=1

16.2.1 Bootstrap Confidence Intervals

Normal-based interval
T, + Za/QS/éboot
Pivotal interval

1. Location parameter § = T'(F')

-, T}, p, an 11D sample from

18



2. Pivot R, =0, — 0
3. Let H(r) = P[R,, <] be the cDF of R,
4. Let R, |, = gz,b —0,,. Approximate H using bootstrap:

E>
)

I
W~
M=

I(Ry,, <)

b=1

5. 0% = B sample quantile of (8} ,,....0% )
ST

6. r; = beta sample quantile of (R
7. Approximate 1 — « confidence interval C,, = (d, B) where

~ N I7— « n * o *
i= O-H'(1-5)=  Gu-riap= 20,0
h— 6, — 01 (%) - O — 7oy = 20, — 07,5

Percentile interval

Cp = ( 2/27 La/2)

16.3 Rejection Sampling
Setup

e We can easily sample from g¢(6)
e We want to sample from h(6), but it is difficult
k(9)

e We know h(6) up to a proportional constant: h(f) = W

e Envelope condition: we can find M > 0 such that k(6) < Mg(6)

Algorithm

1. Draw 64 ~ g(f)
2. Generate u ~ Unif (0, 1)
k(gcand)
4. Repeat until B values of §°?"? have been accepted

3. Accept 94 if 4 <

Example

e We can easily sample from the prior g(6) = f(0)
e Target is the posterior h(6) < k(0) = f(z™|0)f(0)
,

e Envelope condition: f(z"|6) < f(z"|0,) = Ly (0,) = M
e Algorithm

1. Draw 624 ~ f(0)

LR ) e, =050,

2. Generate u ~ Unif (0,1)
En (ecand)

3. Accept geand if 4 < —~
L,(60r)

16.4 Importance Sampling

Sample from an importance function g rather than target density h.

Algorithm to obtain an approximation to E [¢(8) | z™]:
1. Sample from the prior 64,...,60, i ()
= B
2 iz £n(6:)
3. Elg(0) "] = £iL, a(0)w

Vi=1,...,B

) )

17 Decision Theory

Definitions

e Unknown quantity affecting our decision: 6 € ©
e Decision rule: synonymous for an estimator 6

e Action a € A: possible value of the decision rule. In the estimation

~

context, the action is just an estimate of 6, 6(x).

e Loss function L: consequences of taking action a when true state is 6 or

discrepancy between 6 and 6, L : © x A — [—k, 0).

Loss functions

e Squared error loss: L(,a) = (0 — a)?

Ki(0—a) a—0<0
Ks(a—0) a—0>0

Linear loss: L(0,a) = {

Ly loss: L(#,a) = |0 —al?
0 a=10
1 a#46

Zero-one loss: L(0,a) = {

17.1 Risk

Posterior risk
(1) = [ L6.0))1(0]2)d0 = Bayx [10,(0))

(Frequentist) risk

R(0.6) = [ L06,6())f(2|8) d = Exo [L(6.8(1))]

Absolute error loss: L(68,a) =10 —a|  (linear loss with K1 = K»)
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Bayes risk

(1.0 = [[ 10,61 (w,6) dwds = Bax [16.80x))]

~

r(f,0) = Eq [JEXW [L(e, G(X)H — &, [R(a 5)}

r(£,0) = Ex [Egx [L(0,0(X))] = Ex [r(8] X)]

17.2 Admissibility

e 0 dominates 0 if

-~

Vo : R(6,6") < R(6,0)
30 : R(6,6") < R(Y,0)

e 0 is inadmissible if there is at least one other estimator @ that dominates
it. Otherwise it is called admissible.

17.3 Bayes Rule

Bayes rule (or Bayes estimator)

-~ ~

(f,0) = infzr(f,0)

~

o O(x) =infr(f|z) Ve = r(f,0) = [r(0]|z)f(x)dx

Theorems

e Squared error loss: posterior mean
e Absolute error loss: posterior median
e Zero-one loss: posterior mode

17.4 Minimax Rules

Maximum risk

-~ o~

R(0) = Slelp R(6,6) R(a) = Slelp R(0,a)

Minimax rule

~ ~ ~

sup R(0,0) = inf R(0) = inf sup R(0, )
0 6 o 9

6 = Bayes rule A 3c: R(6,0) =c
Least favorable prior

0/ = Bayes rule A R(0,67) < r(f, é\f) Vo

18 Linear Regression

Definitions

e Response variable Y
e Covariate X (aka predictor variable or feature)

18.1
Model

Simple Linear Regression

YVi=Bo+/Xi+te Ele|Xi]=0, Vi, |Xi]=o?

Fitted line R N
7(x) = fo + frx

Predicted (fitted) values
Yi =7(X5)

Residuals R L
b= - Vi =Yi— (Bo+ B X:)

Residual sums of squares (RSS)

€2

M=

RSS(Bo, B1)

i=1

BT = (Bo, /1)T : min rss
Bo,B1
AO = Yn - B\l 777,
3 S - X)) -, S XY - nXY
' X - X,)? S X2 nx?

~ 2 fpiyn x2
v [Bx"] = UT%( (" Zﬁl Xi f")
) = Ly e
se(f) = SX(’W
where s =n"' Y0 (X; — X,)? and 6% = L5 3" | €2 (unbiased estimate).

Further properties:

e Consistency: Bo = Bp and B\l 5 By
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e Asymptotic normality:

BO*BODN(M) and B- ﬂlDN(on
se(5o) se(B1)

e Approximate 1 — « confidence intervals for 8y and [31:

Bo + Za/QSAe(BO) and f) + Za/QS/é(Bl)

e Wald test for Hy: 1 =0 vs. Hy : 81 # 0: reject Hy if [W]| > Zq/2 Where

W:BI/sAe(B\l)-

R2
R? — i (Y _f)g —1_ diei g?i _q_ RSS
i (Yi—Y)? Y (Yi—Y)? TSS

7

Likelihood

L=T]r&xsv) =[x X)) x [ frix (Vi | Xi) = L1 x L5
=1

i=1 i=1

L =] rx(x
i=1

Ly = HfYIX(Yi\Xi) “U_nexp{—%; ‘ (Yz‘ — (Bo —51X¢)>2}

=1

Under the assumption of Normality, the least squares estimator is also the MLE

but the least squares variance estimator is not the MLE.

18.2 Prediction

Observe X = x, of the covariate and want to predict their outcome Y.

17* = 30 + B\lx*
\Y% {?*} =V {Bo} + 22V {31} + 2z.,.Cov {30,31}

Prediction interval

18.3 Multiple Regression

Y=XB+e¢
where
Xu - X b1 €1
e T I R A
an e Xnk ﬂk €n
Likelihood
1
n/2
L(p, %) = (2r0?)™/ exp{ MRSS}
N
Rss = (y — XB) (y— XB) = |V = XB|* = > (Vi -« B)°
i=1
If the (k x k) matrix X7 X is invertible,
B=(XTXx)'xTy
v[p1x] = o
BrN(B.0*(XTX)™)

Estimate regression function
k
)= B
j=1

Unbiased estimate for o2

MLE

1 — o Confidence interval
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18.4 Model Selection

Consider predicting a new observation Y* for covariates X* and let S C J
denote a subset of the covariates in the model, where |S| =k and |J| = n.
Issues

e Underfitting: too few covariates yields high bias
e Overfitting: too many covariates yields high variance

Procedure

1. Assign a score to each model
2. Search through all models to find the one with the highest score

Hypothesis testing
HolﬁjZOVS. leﬁj;éO Vield

Mean squared prediction error (MSPE)

=~
2!
\
>~<
*
e,

MSPE = E {(

Prediction risk

Training error

R2
i (Yi(9) - Y)?
TSS TSS S (Y —Y)?

The training error is a downward-biased estimate of the prediction risk.

E [Etr(S)] < R(S)

bias(R (S)) = E [13:”(5)} —R(S) = -2 znj Cov [17 Y;}
=1
Adjusted R?
n — 1 RSS

2 — —_ PR
R(S) =1 n — k TSs

MALLOW’S C), statistic

R(S) = Ry, (S) + 2k52 = lack of fit + complexity penalty

AKAIKE Information Criterion (AIC)

AIC(S) = tn(Bs

Bayesian Information Criterion (BIC)

73%) -

~ k
BIC(S) = (u(Fs,5%) — 5 logn

Validation and training

Leave-one-out cross-validation

19 Non-parametric Function Estimation

Rov(S) =Y (Vi — ¥)?
i=1

m = |{validation data}|, often g or

U(S) = Xs(X%Xs) ' X5 (“hat matrix”)

19.1 Density Estimation

Estimate f(x), where f(z) =

Integrated square error (ISE)

L(f, F) = / (@) - Fu@)’ da =

Frequentist risk

P[XeA=[,f(

+/f2(x) dx

R(f,f.) =E [L(ﬁfn)] :/b2(x)dx+/v(x)d;v

2
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19.1.1 Histograms

Definitions

Number of bins m

Binwidth = L

Bin B; has v; observations

Define p; = v;/n and p; = fBJ_ f(u)du

Histogram estimator

j=1
E [fu@)] = %
\% {ﬁL(x)} = pj(jﬁ;pj)
R(fn. ) ~ % / (f'(w)* du+ ih

Cross-validation estimate of E [J(h)]

2

m

Tev(h) = [ Ta)yda =23 Foo(x) =
i=1

19.1.2 Kernel Density Estimator (KDE)

Kernel K

o K(z)>0

o [K(z)dz=1

o [zK(z)dx=0

o [2?’K(z)dx=0% >0

n+1 9
Dh (n—1Dh ;pﬂ'

R 1 - X;
fnl2) = EZ%K (x h >
=1
R( o) (o) [ @) do s o [ Ko@) do
e 61_2/562_1/563_1/5

nl/5

RUF) = =0 ([ dx)4/5 ([ i)

C(K)
EPANECHNIKOV Kernel

3
x| < \/5
K(x) — ) 4V5(1—22/5) | ‘ .
0 otherwise

Cross-validation estimate of E [J(h)]

1/5

Jor( = [ Bt =33 oy = iz 325 (B2) + o
i=1

i=1j=1

K*(r) = K®(2) —2K(z) KO (x) = / Kz — y)K(y) dy

19.2 Non-parametric Regression

Estimate f(x) where f(z) =E[Y | X = z]. Consider pairs of points

(z1,Y1),..., (xn, Yy) related by

Y, =r(z)+e€
E [61‘] =0
V [&] = o
k-nearest Neighbor Estimator
A()lzy here Ny (z) = {k values of losest to '}
=7 i T = sy n
r(z k where Ny (z values of x; T, closest to x}

i:x; ENg (x)

o= o2, ¢ = /K?(a:) da, c5 = /(f”(x))?dx

(0)



NADARAYA-WATSON Kernel Estimator

R(Pp,7) ~ %4 ( / 22 K?(z) d:c)4 / (r”(x) + 27 (z) ];/((j)))z dx

Cross-validation estimate of E [J(h)]

n

Jov(h) => (Y = i) : P
i=1 i=1 1— K(0)
o K ()

19.3 Smoothing Using Orthogonal Functions

Approximation
) J
= Bidj(x) =Y Bigi(x)
j=1 j=1
Multivariate regression

Y=35+1n
¢o(z1) -+ @y(w1)

where 7; =¢; and &= : . :
Go(@n) -+ dy(an)
Least squares estimator
B=(@T®) Ty
~ %@TY (for equally spaced observations only)

Cross-validation estimate of E [J(h)]

n J

Rov(J) =" | Yi= > és(@)Bj -

i=1 j=1

20 Stochastic Processes
Stochastic Process

{0,£1,...} =Z discrete
[0, 00) continuous

e Notations X, X(t)
e State space X
e Index set T'

20.1 Markov Chains

Markov chain
PX,=2|Xo,...,Xn-1]=P[Xp=2|Xpn-1] YneTl,zeclX

Transition probabilities

bij P[ n+1:]|Xn:Z]
pij(n) =P [Xpqn = j| Xp =] n-step
Transition matrix P (n-step: P,)

e (i,7) element is p;;
e p;j >0

o> pij=1

CHAPMAN-KOLMOGOROV

Dij m"'n sz] pkj

Pm+n - PmPn
P,=Px---xP=P"
Marginal probability

tn = (pn(1), ..., un(N)) where p;(i) =P[X, =1]
o 2 initial distribution

= Pn
1229 Ho 24



20.2 Poisson Processes

Poisson process

o {X;:t€]0,00)} = number of events up to and including time ¢
e Xo=0
e Independent increments:

vt0<"'<tn3Xt1*XtoJ_I_"'J_Lth*th_l

e Intensity function A(¢)
— P[Xepn — Xe = 1] = AMt)h + o(h)
— P[Xiyn — Xt =2] =o0(h)
o Xy — Xy ~Po(m(s+t)—m(s)) where m(t) = fot A(s)ds
Homogeneous Poisson process

AMt)=XA = X, ~Po(\t) A>0

Waiting times
W, := time at which X; occurs

1
W, ~ Gamma, (t, A)

Interarrival times

Sy = Wi — Wy

1
Sy ~ Exp <)\)

St

Wi 2 ' ' t

21 Time Series
Mean function

o =Bl = [ afla)ds

— 00

Autocovariance function
Vo (s,t) = E[(ws — ps) (@ — pe)] = E [w5m¢] — prspi

Vo (t,t) = E [(ze — pe)?] =V [a4]

Autocorrelation function (ACF)

p(s,t)

Cov [zs,2¢] (s, 1)

Cross-covariance function (CCV)

T VIV VA e

Vay(8,t) = B [(2s — pra,) (41 — pry, )]

Cross-correlation function (CCF)

Yay(s, 1)
pryls,t) =
Ve (s, 8) 1y (£ 1)
Backshift operator
Bk (.Tt) = Tt—k
Difference operator
ve?=(1-B)¢

‘White noise

® Wy¢ ~ wn(oa 0—1211)

o Gaussian: w; %IN(OJEU)
° V [wt] - 02 t € T

[ ]

Yu(s,) =0 s#t A steT

Random walk
e Drift &
® Iy = (St + Z‘?:l w]
o E [l’t] =it

Symmetric moving average

k
my = E A5 Tt—j

j=—k

k
where a; = a_; > 0 and Z aj =1
j=—k
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21.1 Stationary Time Series

Strictly stationary

Play, <eci,.oo,x, <cgp) =Play4n <ci,..., Typn < c

Vk € N,tg,cp,h € Z
Weakly stationary

< 00 vVt e Z
m vVt € Z
o (s, t) =u(s+mt+7) vr,s,t € Z

Autocovariance function

o y(h) =E[(zesn —p)(me —p)]  VhEL
o 7(0) = E [(z; — p)?]

*7(0) =0

e 7(0) > [y(h)]

e y(h) =~(=h)

Autocorrelation function (ACF)

Cov [zpn,a] Y(t+h,t)

pm(h) =

Jointly stationary time series

Yoy (R) = E [(Ze4n — ) (Yt — f1y)]

Yay(h)

Pl = )

Linear process

Te = p+ Z Yjwe_; where Z || < o0

j=—00 j=—00

=02 Y bint

j=—c0

VYV 2] Vizd /At +ht+h)y(tt

21.2 Estimation of Correlation

Sample mean

Sample variance

n—h
~ 1 _
(h) == ) (Ti4n — ) (2w — 2)
=
Sample autocorrelation function
. 7(h)
plh) = ==
7(0)
Sample cross-variance function
1

ﬁxy - Z xt+h - x - y)

3

Sample cross-correlation function

Ay (h)

Peu) = s O 0)

Properties

1
® 05, (n) = —= if x; is white noise

vn
1
® Op,y(h) = ﬁ

if z; or y; is white noise

21.3 Non-Stationary Time Series
Classical decomposition model
Ty = Mt + 5¢ +we

e 4y = trend
e s, = seasonal component
e w; = random noise term



21.3.1 Detrending

Least squares

1. Choose trend model, e.g., u; = By + B1t + Bgt2
2. Minimize RSS to obtain trend estimate fi; = 50 + ﬂlt + Bgtz
3. Residuals £ noise wy

Moving average

e The low-pass filter v; is a symmetric moving average m; with a; = ﬁ
k
1
Uy = 2% + 1 i;kxt_l
o If m f:_k wi—j ~ 0, a linear trend function u; = By + 1t passes
without distortion

Differencing

o up =P+ Pt = Va, =
21.4 ARIMA models
Autoregressive polynomial

p(2)=1—1z——dpz, 2ECANG,#0
Autoregressive operator
G(B)= 1= 61B — - 6, B"

Autoregressive model order p, AR (p)

Ty = P1T—1 + -+ Gpri—p +wy = G(B)ry = wy

AR (1)
— kvo0,lgl<1
— 00
* Ty = ¢Itk+z¢jwtj qu]wt]
Jj=0 j=0

—_———

linear process
o Ez] =370 ¢ (E[wi—s]) =0
2 4 h
o y(h) = Cov [zyn, z) = T2%
e p(h) = 1(3)) = ¢h
p(h) = dp(h —1) h=1,2,...

Moving average polynomial
0(z) =14+012+ -+ b,z 2z€CANl,#0
Moving average operator
0(B)=1+60,B+---+0,B
MA (g) (moving average model order q)

e =we + 01wy + -+ O0qwi_g <= = 0(B)wy

q
(Et] = ZQJE [wt,j] =0
7=0

2 x~a—hg g <h<
v(h) = Cov [Ty4n, z¢] = {Uw ZJ:O 0;0;+n 0<h<gq

0 h>q
MA (1)
Ty = wy + Owe_q
(1+6%02 h=0
y(h) =< 002 h=1
0 h>1
h=1
By = J T
Pt {0 h>1
ARMA (p, q)

Ty = P12p—1 + -+ PpTp—p W + brwe—1 + -+ Ggwi—g

¢(B)z: = 0(B)w;
Partial autocorrelation function (PACF)

A
° xh L 2 regression of x; on {zp—1,2p—2,...,21}

o onp = corr(zy, —QJZ Lz —xg Hh h>2
e E.g., ¢11 = corr(zy,w0) = p(1)

ARIMA (p,d, q)
Viz, = (1 — B), is ARMA (p, q)

¢(B)(1 — B)z; = 0(B)w;
Exponentially Weighted Moving Average (EWMA)

Ty = Ty—1 + W — AWy
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Frequency index w (cycles per unit time), period 1/w
Amplitude A
Phase ¢

= Acos ¢ and Us = Asin ¢ often normally distributed RV’s

Tt = Z(l — NNz +wy when [N < 1

Fnp1 = (1= Nz, + AEy

Seasonal ARIMA

Periodic mi
e Denoted by ARIMA (p,d,q) x (P,D,Q), eriodic mixture

o Op(B%)p(B)VPViz, =6+ 04(B%)0(B)w i
P(B)OBIV. ' Q(B")8(B)wr = Z (Uk1 cos(2mwyt) + Uge sin(2mwyt))
k=1

21.4.1 Causality and Invertibility
e Upy,Ugs, for k=1,...,q, are independent zero-mean RV’s with variances U,%

o v(h) =Y {_ 0% cos(27rwkh)
* 1(0) =E [2f] = 3, o

Spectral representation of a periodic process

ARMA (p, q) is causal (future-independent) <= 3{¢;}: Z?io 1; < oo such that

Ty = Zwt—j = 1/J(B)1Ut
j=0

ARMA (p, q) is invertible <= 3{m;}: 3272, m; < oo such that v(h) = o2 cos(2mwoh)
) o —2miwoh 0% oriwoh
= —¢ + ¢ 0
= Z Xt*] = wt 2 2
7=0 Y2 omioh
= e N AR (w)
Properties —1/2
e ARMA (p, q) causal <= roots of ¢(z) lie outside the unit circle Spectral distribution function
> . H(z) 0 w < —Wwo
= N <1
z) Z%Z o(2) |Z| > F(w) — 02/2 —w < w < wp
0'2 w 2 wWo
e ARMA (p, q) invertible <= roots of 6(z) lie outside the unit circle
. " F(—o0) = F(~1/2) = 0
) z = =
DR N + Fioe) = F(1/2) =10

=0 Spectral density

Behavior of the ACF and PACF for causal and invertible ARMA models oo . )
_ —2miwh
AR (p) MA (q) ARMA (p, ¢) fw)= 3, he Tps¥s3
ACF tails off cuts off after lag g tails off h==c0
PACF | cuts off after la, tails off tails off ,
e 1 e Needs > 2 |v(h)| <oo = ~(h) = _162 e2mwh f(Wydw h=0,%1,...
21.5 Spectral Analysis * flw)=0
Period o flw)=f(-w)
€riodic process ° f(o.)) — f(l _ w)
1/2
xy = Acos(2rwt + @) * (0) =Viz]=J_ {/2f< ) dw
= Uj cos(2nwt) + Us sin(27wt) e White noise: f,(w) = o2
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e ARMA (p,q), ¢(B)xzy = 0(B)wy:

) 1072

w |¢(6727riw)|2
1P _ opzFand 0(z) =1+ > 7_, Okz
Discrete Fourier Transform (DFT)

n

—-1/2 —2miw;t

d(wj) =n"Y g xre i
i=1

Fourier/Fundamental frequencies

fac(w) =0

where ¢(z) =

wj =j/n
Inverse DFT

=n —-1/2 Z d 2mw]

Periodogram
I(j/n) = 1d(j/n)|?

Scaled Periodogram

P(ifn) = ~1(j/n)
n 2 n
= <2 Z Tt cos(27rtj/n> + (721 Z Ty SiH(QWtj/”>

2

22 Math

22.1 Gamma Function

e Ordinary: T'(s) :/ t5te~tdt
0
e Upper incomplete: T'(s,x) z/ ts~te7tdt

x
e Lower incomplete: (s, x) :/ t5 e dt
0

o I'(a+1)=oal(a)
I(n) =(n—1)!
['(0) =T(-1) = o0
(1/2) = V=
(=1/2) = —2(1/2)

a>1
neN

L]
—

o I

22.2 Beta Function

e Ordinary: B(z,y) = B(y,

Regularized incomplete:

['()T'(y)

1
)= [ " T1-t)Vrdt = =
) /O (1—1) T(z+y)
Incomplete: B(x; a,b) = / tr 11— )t dt
0

a+b—1

B(z; a,b) abeN (a+b—1)! ; 1
L(a,b) = — =+ %= I(1 — )t
208 = 5y ; Tato—i-° 12

o Ip(a,b) =0 Ii(a,b) =1

o I.(a,b)=1—11_,(b,a)

22.3 Series
Finite
- (n+1)
° Zk: = 5
k=1
o D (2k—1)

(n+1)(2n+1)

ozn:k2:n 5

k=1
= n(n+1)\°
e o= (M)
k=1 2
n n+l
° k= Gl c#1
Pt c—1
Infinite

k=0 p k=1
oo B d o0
100
k=0 P k=0
- k—1
o Z T+ . >l‘k _ (1 _

Binomial

L]
=
ﬁ”Mj
o

y
2 (3=
2 ()= ()

e VANDERMONDE’s Identity:

S () - ()

e Binomial Theorem:
n

3 (Z) a""*B* = (a + b)"

k=0

(
-

Il
=]

-2 10=

N d% <1ip> B (l—lp)2

Ip| <1
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[3] R. H. Shumway and D. S. Stoffer. Time Series Analysis and Its Applications With R
Ezxamples. Springer, 2006.

22.4 Combinatorics

Samphng [4] A. Steger. Diskrete Strukturen — Band 1: Kombinatorik, Graphentheorie, Algebra.
Springer, 2001.
k out of n W/O replacement W/ replacement [5] A. Steger. Diskrete Strukturen — Band 2: Wahrscheinlichkeitstheorie und Statistik.
=) ' Springer, 2002.
ordered nk — H(n _ Z) — n ; nk [6] L. Wasserman. All of Statistics: A Concise Course in Statistical Inference. Springer, 2003.
pals (n—k)!
dJered n nk n! n—1+r n—14+r
unoraere: _ T = T -
k ko El(n—k)! r n—1

Stirling numbers, 2"¢ kind

n n—1 n—1 n 1 n=0
{k} { k }+{k1} =r=n {0} 0 else

Partitions
Puikr =Y Pu k>n: Pop=0 n>1: Po=0, Ppo=1
i=1
Balls and Urns f:B—=U D = distinguishable, =D = indistinguishable.
|B|=n, [U|=m | f arbitrary f injective f surjective | f bijective
n > ! —
B:D,U:D m" e men mv{"} mem=n
0 else m 0 else
B:-D,U:D m-+n m n m=n
n n m—1 0 else
B:D,U:=D zm:{”} m=n {”} Lom=mn
P k 0 else m 0 else
B:-D,U:-D 3 P m=n Prm me=n
Pt 0 else 0 else
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